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CONIC   SECTIONS 


APPLICATION  OF  ALGEBRA  TO  GEOMETRY. 


SECTION  I.      > 

POSI 


ON    THE    METHODS    OF    DETERMINING    THE    POSITION    OF    A 
POINT    IN    A    PLANE. 


Rectangular  and  oblique  co-ordinates.     Polar  co-ordinates. 

1.  In  order  to  determine  the  position  of  a  point  in 
a  plane,  some  fixed  point  in  the  plane  is  taken  for  the 
origin  of  co-ordinates ;  and  through  it  are  drawn  two  fixed 
lines,  called  the  co-ordinate  axes,  at  right  angles  to  one 
another. 

Then  if  the  perpendicular  distances  of  a  point  from  each 
of  the  co-ordinate  axes  be  given,  its  position  will  be  com- 
pletely determined. 

For  let  A  (fig.  l),  be  the  origin  of  co-ordinates,  X^AX, 
Y'AY,  the  co-ordinate  axes,  P  any  point,  and  PM^PN  the 
perpendiculars  let  fall  from  it  upon  the  co-ordinate  axes; 
these  perpendiculars  are  called  the  rectangular  co-ordinates 
of  P,  and  as  their  values  change  for  the  diflferent  points 
of  the  plane,  they  are  denoted  by  the  variables  a?  and  y. 

Then  the  point  P  will  be  determined  in  position,  if  we 
know  the  values  of  its  two  co-ordinates;  that  is,  if  we 
know  that  for  that  point  ^  =  o,  y  =  6 ;  for  if  along  AX  we 
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measure  AN  =  a,  and  through  N  draw  an  indefinite  line 
parallel  to  JF,  this  line  will  contain  all  points  in  the 
plane  whose  distance  from  ^F  is  a,  or  for  which  a?  =  a, 
and  therefore  the  point  in  question ;  similarly,  if  we  measure 
along  AY  the  distance  AM^h,  and  through  M  draw  an 
indefinite  line  parallel  to  AX^  this  line  will  contain  the 
point  in  question ;  therefore  these  two  lines  MP,  NP  will 
by  their  intersection  in  P,  determine  one  single  position  for 
the  point  whose  co-ordinates  are  ^  <=  a,  y  =  h\  which  position, 
as  we  see,  coincides  with  the  angular  point  opposite  the 
origin  of  the  rectangle  constructed  with  the  sides  ANjAM 
equal  to  the  two  given  co-ordinates. 

2.  Instead  of  the  perpendicular  PJ/,  its  equal  AN  is 
commonly  used  to  determine  the  position  of  the  point  P; 
and  the  two  AN^  JVP,  are  called  the  co-ordinates  of  P,  and 
are  denoted  by  oo  and  y;  the  former,  for  the  sake  of  dis- 
tinction, being  called  the  abscissa,  as  being  cut  off  from  AJC, 
and  the  latter,  which  is  parallel  to  the  other  axis  AY^  the 
ordinate. 

When  the  point  is  given,  and  consequently  its  co-ordi- 
nates known,  they  are  usually  represented  by  the  first  letters 
of  the  alphabet  a,  6,  &c.  as  above;  or  by  the  accented 
letters  w\  y\  or  w^\  y'^;  also  the  axes  of  the  co-ordinates 
AJT,  AYf  are  often  called  the  axis  of  w  and  the  axis  of  p* 

3.  The  determination  of  the  point  P  will  not  however 
be  complete,  unless  we  take  into  account  the  signs  of  the 
quantities  a,  6,  in  the  equations 

0?  =  a,     jr  =  6, 

in  order  to  measure  these  distances,  when  they  are  positive, 
along  the  positive  parts  AJT^  AY^  of  the  co-ordinate  axes; 
or  along  the  negative  parts  AJT^  AY^  of  the  axes  produced 
in  the  contrary  direction,  when  they  are  negative;  as  is 
explained  in  Trigonometry,  (Art.  20).  For  since  the  co-or- 
dinate axes,  which  must  be  supposed  to  be  prolonged  inde- 
finitely, form  about  the  origin  four  angular  compartments, 
there  are   four  positions  in  which  P  might  be   situated,  at 
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absolute  distances,  a,  6,  from  the  co-ordinate  axes;  and  it 
is  only  attention  to  the  algebraical  signs,  with  which  the 
values  of  those  distances  are  aflfected,  that  will  enable  us 
to  select  the  true  one.  The  direction  of  the  negative  ab- 
scissae is  quite  arbitrary,  as  is  also  that  of  the  negative 
ordinates;  we  shall  however,  according  to  the  usual  practice, 
measure  the  positive  abscissae  from  the  origin  towards  the 
right,  and  the  negative  abscissae  from  the  origin  towards  the 
left;  and  the  positive  ordinates  we  shall  measure  upwards 
from  the  axis  of  a?,  and  the  negative  ordinates,  downwards. 
Hence  if  the  point  P  be  situated  in  the  compartment  XAY, 
both  its  co-ordinates  are  positive;  if  in  the  opposite  com- 
partment X'AY^  both  are  negative;  and  for  points  in  the 
compartments  X'AY,  XAY^   we  must  have  respectively 

also  for  points  in  the  axis  of  tV,  and  axis  of  y,  we  shall 
have  respectively 

.i?  =  a,     y**0;     a?*=0,    y  =  6; 

and  for  the  origin,   a?  *»  0,   y  «  0. 

4.  Sometimes  it  is  requisite  to  take  the  co-ordinate  axes 
not  at  right  angles,  but  inclined  at  a  given  angle  to  one 
another;  in  which  case  the  system  of  co-ordinates  is  called 
oblique.  Thus  (fig.  2),  if  XAX\  YAY\  be  two  lines 
drawn  through  the  point  J,  and  intersecting  one  another  at 
a  given  angle ;  and  if  from  any  point  P  in  the  plane  XA  F, 
PM9  PN,  be  drawn  respectively  parallel  to  AX^  AY,  and 
meeting  those  axes  in  M  and  N;  PM^  or  its  equal  AN, 
and  NP  are  the  co-ordinates  of  P,  referred  to  the  oblique 
axes  AX^  AY. 

5.  To  find  the  distance  of  a  point  from  the  origin  in 
terms  of  its  co-ordinates. 

Let  P  be  the  point  (fig.  1). 

AN^a/,  NP-y^  its  given  co-ordinates.  Join  APy 
and  let  AP  =  d;  then  from  the  triangle  ANP,  right-angled 
at  JV', 
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AP'^AN^'\-NP',  or  d^^a/^^y\ 

6.  To  find  the  distance  between  two  points  in  terms  of 
their  co-ordinates,  and  the  angle  of  inclination  of  the  line 
which  joins  them  to  the  axis  of  x» 

Let  P'  be  a  point  (fig.  3),  whose  co-ordinates  are  w  and 
y' ;  and  P  any  other  point  whose  co-ordinates  are  x  and  y ; 
join  PPy  and  draw  P'Q  parallel  to  AX  meeting  the  ordi- 
nate of  P  in  Q;  then  from  the  triangle  PQPy  right-angled 
at   Q, 

or     (P^ix-xy-^iy-yy, 

.-.  d  =  \/(x-xy^(y'yy. 

Both  in  this  formula  and  in  that  of  Art.  5,  we  take 
the  radical  with  a  positive  sign,  as  the  question  only  relates 
to  the  absolute  distance  of  the  points. 

Next  let  a  be  the  angle  which  PP'  forms  with  P'Qj  and 
which  is  equal  to  the  angle  at  which,  if  produced,  PP^ 
would  be  inclined  to  the  axis  of  <r, 

PQ     y-y' 


then     tan  a  = 


PQ      w-ai 


7  • 


7*  Suppose  the  co-ordinates  to  be  oblique,  and  the  axes 
of  the  co-ordinates  to  be  inclined  to  one  another  at  an 
angle  co ;  then,  for  the  distance  of  a  point  from  the  origin, 
we  have  (fig.  2) 

AP^  =  AlP  +  NP "^AN. NP  cos ANP, 

but    cos ANP  =  —  cos XAYs^  - cosai, 

.-.   (P^  o]^  +  f^  -\-2wy  cos  CO ; 

and  for  the  distance  between  two  points  we  have,  in  a 
similar  manner,  from  the  triangle  PQP  (fig.  3),  in  which 
the  angle  PQP  =  tt  -  w, 

d^^(af^  a/y  +  (y  -  yy  +  2  (a?  -  a?')  (y  -  y')  cos  «. 
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8.  There  is  also  another  mode  of  determining  the  posi- 
tion of  a  point  in  a  plane,  viz.  by  means  of  its  distance 
from  a  given  point  or  pole,  and  the  angle  which  that  dis- 
tance makes  with  a  fixed  line  or  axis  in  the  plane. 

Let  A  (fig.  4),  be  the  origin  or  pole,  and  AX  a  fixed 
line  or  axis ;  and  P  any  point  in  the  plane  passing  through 
AX,  Join  APy  then  AP  is  called  the  radius  vector,  and 
is  usually  denoted  by  r,  and  the  angle  PAX  is  called  the 
angle  of  revolution,  and  is  denoted  by  Q\  and  r  and  0  are 
called  the  polar  co-ordinates  of  P;  and  if  given  values 
r  =  d,  0  =  a,  be  assigned  for  them,  the  position  of  P  will 
be  completely  determined. 

9.  To  express  the  distance  of  two  points  from  one 
another  in  terms  of  their  polar  co-ordinates. 

Let  P'  be  a  point  (fig.  4)  whose  polar  co-ordinates  are 
r'  and  0\  and  P  any  other  point  whose  co-ordinates  are 
r  and  0;  then  the  angle  PAP^  =  0  ^  9\  and  joining  PP', 
we  get  from  the  triangle  PAP'^ 

PP'  or  d  =  x/r^  H-  r'^  -  2rr' cos  (0  -  ff). 


Equation  to  a  curve.     Locus  of  an  equation. 

10.  Knowing  in  this  way  how  to  determine  the  position 
of  a  point  in  a  plane  by  means  of  its  co-ordinates,  conceive 
a  curve  line  to  be  traced  on  a  plane,  and  each  of  its  points 
to  be  referred  to  two  known  axes ;  and  that  we  have  between 
the  abscissa  and  ordinate  of  each  point  an  invariable  relation. 
In  a  great  many  cases  it  happens  that  this  relation  is  of  a 
nature  to  be  expressed  by  an  equation  between  the  abscissa 
and  ordinate ;  and  this  equation,  when  obtained,  enables  us  to 
find  -either  of  these  quantities  by  means  of  the  other ;  so  that 
giving  to  the  abscissa,  for  instance,  arbitrary  values,  we  can 
deduce  from  the  equation  corresponding  values  of  the  ordinate; 
and  we  thus  determine  as  many  points  of  the  curve  as  we 
please. 
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The  equation  which  expresses  generally  the  invariable 
relation  of  the  abscissa  and  ordinate  of  every  point  of  a  curve 
to  one  another,  is  called  the  equation  to  the  curve :  and,  con- 
versely, the  curve  is  called  the  locus  of  the  equation.  Simi- 
larly, the  equation  which  expresses  the  invariable  relation  of 
the  radius  vector  and  angle  of  revolution  of  a  curve,  is  called 
the  polar  equation  to  the  curve. 

It.  All  lines  are  regular  ot  irregular;  irregular  lines, 
described,  as  it  is  termed,  liberS  manu,  are  not  subjects  of 
mathematical  investigation,  and  cannot  be  represented  by 
equations;  but  regular  lines  which  are  described  according 
to  some  constant  law,  which  determines  the  position  of  all 
their  points,  can  be  represented  by  equations.  This  idea  of 
regular  lines  agrees  with  the  geometrical  loci  of  the  ancients. 
They  gave  that  name  to  those  lines  of  which  every  point 
was  equally  proper  to  solve  an  indeterminate  geometrical 
problem.  Thus  a  circle  was  said  to  be  the  locus  of  the 
vertices  of  all  triangles  on  a  given  base  and  having  a  given 
vertical  angle.  Des  Cartes  first  adopted  the  method  of  ex- 
pressing by  an  algebraical  equation  the  nature  of  lines. 
The  object  of  the  following  sections  will  be  to  investigate 
the  equations  to  curves,  and  from  those  equations  to  discover 
their  geometrical  properties,  by  means  of  interpretations  made 
according  to  the  laws  of  Algebra. 
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SECTION  II. 

ON    THE    STRAIGHT    LINE. 


Straight  line  referred  to  rectangular  co-ordinates. 

12.  We  will  now  suppose  the  locus  of  the  point  P  to  be 
a  straight  line,  as  defined  in  Geometry;  and  proceed  to  in- 
vestigate its  equation  by  means  of  some  of  its  properties; 
that  is,  an  equation  expressing  an  invariable  relation,  which 
is  satisfied  by  the  co-ordinates  of  every  point  in  the  line. 

13.  To  find  the  equation  to  a  straight  line. 

Let  A  be  the  origin  (fig.  5),  AX  the  axis  of  a?,  J  F  that 
of  y,  RT  the  given  straight  line,  P  any  point  in  it,  and 
AN  =  X,  PN  =  y  the  co-ordinates  of  the  point  P, 

Let  AB  =  c,  and  the  tangent  of  angle  PTN  =  m.  Draw 
5Q  parallel  to  AX  meeting  PN  in  Q;  then  PQ  =  jBQ.tan 
PBQ  =  AN.  tan  PTN  =  mos, 

and  PN^PQ-^QN^PQ-h  AB, 

.'.  y  szmw  +  c; 

and  as  this  relation  is  satisfied  by  the  co-ordinates  of  every 
point  in  the  line,  it  is  the  equation  required. 

14.  The  meanings  of  the  constants  m  and  c  are  to  be 
particularly  observed ;  c  is  the  part  of  the  axis  of  y  inter- 
cepted between  the  straight  line  and  the  origin,  or  the 
ordinate  through  the  origin;  m  is  the  tangent  of  the  angle 
which  that  part  of  the  line  which  falls  above  the  axis  of  w 
makes  with  the  axis  of  w  produced  in  the  positive  direction. 
They  remain  the  same  for  the  same  line,  but  are  different 
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for  different  lines,  and  are  called  arbitrary  constants;  every 
straight  line  has  two  of  them,  and  therefore  a  straight  line  may 
be  drawn  fulfilling  two  conditions. 

The  equation  y  =  mx  -*-  c,  which  is  the  most  convenient 
form  and  the  one  commonly  employed,  represents  a  straight 
line  when  determined  by  the  conditions  of  passing  through 
a  known  point  in  the  axis  of  j^,  and  making  a  given  angle 
with  a  fixed  line,  viz.  the  axis  of  o^ ;  so  that  m  is  a  number 
or  ratio,  denoting  the  tangent  of  the  angle;  and  c  denotes 
a  line,  viz.  the  distance  from  the  origin  of  the  point  in  the 
axis  of  y  through  which  the  line  passes. 

15.  The  equation  to  a  straight  line  may  also  be  put 
under  the  two  following  forms,  which  are  sometimes  useful. 

Let  AT=  -a^  the  negative  sign  being  prefixed  because 
AT  is  measured  towards  the  left  from  A\  then 

m^taxiBTA^ ; 

a 

c 

a 

or  -  +  -  =  1,     ,^_^^  4>|^t-/A^/^^ 

the  equation  to  a  straight  line  when  determined  by  means 
of  the  portions  of  the  co-ordinate  axes  intercepted  between 
it  and  the  origin,   t^/^  ^/f  ^"-•^  ^i^^^-^^  '"iLx^c^/^^ 

Also  if  a  perpendicular  upon  the  straight  line  from  the 
origin,  AD  -  p,  and  the  angle  which  the  perpendicular  forms 
with  the  axis  of  os  produced  in  the  positive  direction,  DAX^n  a, 

P 

we  have  tB.nBTA  =  -cot a  and  c=  -: ,  therefore 

sma 

V 
y  ^  —  a?  cot  a  +  -; —  ;    or  y  sm  a  +  ^  cos  o  =  p,  j>.. 

f  sm  o       /A#*^/^,^>^>«^  ^-i-^-  Cf^^^Ji^ 

the  equation  to  a  straight  line  when  deferminea  by  the  per- 
pendicular upon  it  from  the  origin. 
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16.  The  indeterminate  equation  of  the  first  degree  be- 
tween two  variables,   is  in  its  most  general  form 

Ax  +  By  -^  C  =  0, 

which  in  all   cases  is    the  equation  to  a  straight  line.     For 
by  putting 

A  C 

we  reduce  it  to  the  form 

y— wa?  — c  =  0,    or   y  =  ma?  +  c, 
which   coincides  with  the  equation  to   a  straight  line. 

17.  A  straight  line  may  always  be  determined  from 
its  equation 

when  the  constants  m  and  e  are  known. 

First  consider  the  equation  y  =  mxj  which  represents  a 
line  passing  through  the  origin;  assume  for  w  any  positive 
value  AN  =  OD  (fig.  6),  take  for  y  the  value  NP^maf 
(supposing  m  a  positive  quantity)  and  join  AP,  this  is  the 
required  line.  But  if  m  be  negative,  so  that  the  equation 
is  2^  =  —  ma?,  taking  AN  =  w'  and  NP  measured  downwards 
=  m<2?'  (fig  7),  and  joining  AP^  we  have  the  line  required. 

We  can  now  readily  construct  any  line  whatever  whose 
equation  is 

y  =  mw  +  c. 

For  if  in  this  equation,  we  give  to  w  the  same  values  that 
we  assigned  to  it  in  the  equation  y  =  ma)^  the  difierence 
of  the  corresponding  values  of  y  will  be  constant  and  equal 
to  c ;  the  straight  line  which  is  the  locus  of  y  =  mw  +  c  is 
consequently  parallel  to  the  line  AP  (fig.  6)  determined  by 
y  =  ma}\  if  therefore  we  take  AB  or  AB'  equal  to  c,  ac- 
cording as  c  is  affected  with  a  positive  or  negative  sign, 
and  draw  BD,  or  B>D'  parallel  to  JP,  we  shall  have  the 
straight  line  required.      If  m  be  negative,  so  that  the  pro- 
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posed  equation  is  ys  -iRtV  +  c,  then  we  must  take  AB  or 
Aff  (fig.  7)  equal  to  c,  and  draw  BD  or  BfD  parallel  to 
AP. 

18.  As  the  straight  line  is  determined  when  any  two 
points  are  known  through  which  it  passes,  the  position  of 
the  line  which  is  the  locus  of  any  indeterminate  equation 
of  the  first  degree,  may  also  be  assigned  by  determining 
two  of  its  points;  and  for  this  purpose  the  points  most 
convenient  are  those  in  which  it  cuts  the  axes  of  w  and  y ; 
the  co-ordinates  of  which  are  obtained  by  making  w  and  y 
successively  zero  in  thd  given  equation. 

Thus  if  the  equation  be  y  ^mof  +  c,  in  which  m  and 
c  are  positive,   making  /r  »  0,   we  have  y  *  AB  s  c   (fig.  5), 

c 

and  making  y  =  0  we  have  w^  AT  ^ .      Hence   joining 

TB  and  producing  it  indefinitely,  we  have  the  line  re- 
quired. 

The  distance  of  the  points  of  intersection  from  the 
origin,  determined  in  this  manner,  must  of  course  be  mea- 
sured along  the  positive  or  negative  parts  of  the  co-ordinate 
axes,  accordingly  as  they  are  affected  with  positive  or  ne- 
gative signs. 

Problems  relative  to  the  straight  line. 

19.  These  principles  being  laid  down,  we  proceed  to 
the  resolution  of  several  problems  relative  to  the  straight 
line,  the  results  of  which  are  of  great  use;  as  its  equation 
contains  two  disposable  constants,  they  may  be  determined 
so  as  to  make  the  line  fulfil  various  conditions;  as,  for  in- 
stance, to  pass  through  two  given  points,  to  pass  through 
a  g^ven  point  and  be  parallel,  or  perpendicular,  or  inclined 
at   a  known   angle,  to  a  given  line,  and  so  on. 

20.  To  find  the  equation  to  a  straight  line  which  shall 
pass  through  two  given  points,  whose  co-ordinates  are  x\  y'y 

a,\y". 


Digitized  by 


Google 


11 

Any  point  in  the  line,  of  which  the  co-ordinates  are  x 
and  y,  being  assumed,  we  have  y  =  maf'\-c.  But  since  a/ 
and  y  are  also  co-ordinates  of  a  point  in  the  same  line, 
they  will  satisfy  this  equation, 

.-.  y'  =  mof'  +  c. 

Hence  subtracting  this  equation  from  the  former,  we  have 

y-y'  =  w(a?-a?'). 

This  is  the  equation  to  a  line  fulfilling  one  condition, 
viz.  passing  through  the  point  (^',  y')>  ^^^  since  m  is  arbi- 
trary, an  infinite  number  of  lines  may  be  so  drawn.  But 
since  the  line  is  moreover  to  pass  through  the  point  (^",y"), 

.  -/'    -/    -«« /«."    -v.'\   ^«.  »v>    y  "^  y  , 

•••  y   --y  ^m(w    -w)j    or  m=—, j; 

hence  substituting  this  value   of  m  in    the  above  equation, 
we  get 

the  equation  required,  which  also  may  be  written 

.,    y  -y  ^  ,y ^  -^y 

00     —  X  X     —  X 

which  is  of  the  general  form  y  —  mx  ■\'  c, 

21.  To  find  the  equation  to  a  straight  line  which  shall 
pass  through  a  given  point  and  be  parallel  to  a  given  straight 
line. 

Let  the  equation  to  the  given  line  be 

y  =  mx  +  c, 

where  m  and  c  are  known  ;   and  the  equation  to  the  required 
line 

y  =  m'x  +  c', 

where    rnf  and    c    are    unknown ;    then   in    order  that  these 
lines  may  be  parallel    we    must  have  m  =  m',  for   they;  are 
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respectively  parallel  to  lines  passing  through  the  origin  whose 
equations  are 

y  =  mwy    y  =  mw, 

and  these  two  latter  lines  must  coincide,  since  the  two  for- 
mer are  parallel ;  consequently  m  =  tn.  The  equation  to 
the  line  parallel   to  the  given  line  then  becomes 

where  c  remains  indeterminate,  since  there  is  an  infinite 
number  of  lines  which  are  parallel  to  a  given  line ;  but 
if  it  be  required  to  pass  through  a  given  point  {io\  t/)  we 
must  have 

y'  =  ma:'  +  c\    which  gives  c. 

Subtracting  therefore  this  from  the  preceding,  c  will  dis- 
appear, and  we  have  for  the  equation  to  the  required  pa- 
rallel 

y  -  y'  =  m  (a?  —  a'). 

22.     Having  given  the  equations  to  two  straight  lines, 
to  determine  their  point  of  intersection. 

Let  the  equations  to  the  two  lines  be 

y  «  mof  +  c. 

y  =  m'a?  +  c'. 

At  the  point  where  these  lines  intersect,  they  have  thV 
same  co-ordinates,  and  conversely  their  co-ordinates  are  not 
equal  at  any  other  point  except  that  in  which  they  inter- 
sect; hence  for  that  point  only   we  have    * 

mof  +  c  =  mw  4-  Cj 
which  gives 

*  c  —  c 


w- 


tn  -^  nh 


and   substituting    this  value   for  w  in   the  equation  to   one 
of  the  lines,  we  get 


wi  —  w* 


Digitized  by 


Google 


13 

When  ini  ^m  these  values  become  infinite,   as  ought  to 
happen,  for  the  lines  are  then  parallel ;  when  c'  =  c  as  well  as 

ni  =  fw,  the  values  become  - ,  that  is  to  say,  indeterminate, 

which  likewise  ought  to  happen,  as  the  lines  then  become 
coincident  in  all  their  points. 

23.     Having  given  the  equation^to  two  lines,  to  find  the 
angle  between  them. 

Let  y  =  mco  +  c, 

y  =  rrlx  +  c, 

be  the  equations  to  the  lines  BT^  B!T^  (fig.  8);  and  a,  a', 
the  angles  at  which  they  are  respectively  inclined  to  the  axis 
of  w^  so  that  tan  a^m^  tan  d  =  ml\  and  let  0  be  ^e  angle 
between  them. 


Then  angle  BPB!  =  z  PTA  -  z  PTA^ 


tan  a  —  tan  a 


or  ib  ^a  —  d\  .'.  tan  0  = , , 


or 


tan0 


tan  a .  tan  a 


i  -{-mm' 


Similarly,  sin  0  =  sin  o.  cos  a'  -  cos  a .  sin  d  =     .         , 

1  +  mml 

cos  o)  =  — -.  — ,  . 

24.  Hence,  in  order  that  the  two  lines  may  be  parallel, 
we  must  have  tan  ^  =  0,  or  m  —  w'  =  0,  as  before. 

And  in  order  that  they  may  be  at  right  angles  to  one 
another,  we  must  have  tan  0  =  oo  ,  or  1  +  mm'  =  0. 

25.  To  find  the  equation  to  a  straight  line  which  passes 
through  a  given  point,  and  makes  a  given  angle  with  a  given 
straight  line. 

Let  BT  (fig.  8)  be  the  given  line,  and  y^mx  -^-c  its 
equation,  therefore  tan  PTA  =  m. 
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B'T'  the  required  line  whose  equadoD  may  be  aitumed  to 
he  y-y  ^m  (of-  w%  since  it  passes  through  the  point  (» ,  y'), 

then  tan  PTA  -  m\  also  let  tan  TPT^  t  a  given  quantity ; 
then  because 

/.PTA^PTA^TPT,  ora  «a-0, 

tana-tan0  .      m^t 

tana  = : r^»  ^^^  "^ i' 

1 -t- tana.tan0  1  +  m^ 

therefore  y  -y (^  -  ^')  is  the  required  equation. 

1  +  tnt 

26.     If  the  lines  are  to  be  parallel,  ^  »  0,  and  as  before 
the  equation  is 

y  —  y'  as  m  (^  —  a/). 

If  the  lines  are  to  be  perpendicular  to  one  another  ^  «  oo  , 
and  therefore  the  equation  is 

m 

Hence  if  the  coefficient  of  a?  in  one  equation  be  the  re- 
ciprocal of  the  coefficient  of  a?  in  the  other  with  a  contrary 

sign,  that  is,  if  the  equations  be  y  =  mw  +  c,  y  « of  -^  c\ 

m 

the  lines   which   they   represent   are  at  right  angles  to   one 

another;  and  in  that  case  the  co-ordinates  of  their  points  of 

intersection  are  (Art.  22), 

m  (c  —  c) 


^  =  ,  ^  ^8  >   y 


27-  Having  given  the  co-ordinates  of  a  point  and  the 
equation  to  a  straight  line;  to  find  the  length  of  the  per- 
pendicular dropped  from  the  point  upon  the  line. 

Let  a/ J  y\  be  the  co-ordinates  of  the  grren  point,  and 
y  a  ma  4-  c  the  equation  to  the  given  line,  then  the  equation 
to  the  perpendicular  will  be 
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In  order  to  get  the  co-ordinates  of  the  point  of  intersection 
of  the  given  line  and  perpendicular,  we  must  deduce  from 
their  equations  values  of  oo  and  y;  to  make  the  elimination 
more  easy,  put  the  first  y  =  mw  +  c  under  the  form 

y  -  y'  =  m  (^  -  a?')  +  c  +  mx  —  y'; 

combining  this  with  the  equation  to  the  perpendicular,  and 
taking  for  the  unknown  quantities,  the  differences  y  —  y', 
X  —  «r',  we  get 

,     m(y  —mx—c)  ,         y—mx—c 

values  frwn  which  it  is  easy  to  deduce  the  co-ordinates  x  and 
y  of  the  foot  of  the  perpendicular.  But  if  we  denote  by  p 
the  length  of  the  perpendicular  intercepted  between  the  point 
and  the  given  line,  we  have 

p  =  \/(a7-a?')2  +  (y-yy; 
therefore,  putting  for  x  -- x   Mid  y  —  y   their  values, 
y  —  mx  —  c 


p=±  = 


Vl  +m^ 


As  the  value  of  p  must  be  positive,  we  must  take  the 
upper  or  lower  sign,  according  as  the  numerator  y' -  war' -  c 
is  positive  or  negative. 

If  the  given  point  is  situated  in  the  origin,  x'^Oy 
y'  =  0,  and  the  value  of  p  is  reduced  to 


P 


s  Jk- 


^/I 


+  mr 


28.     The  result  of  the  preceding  Article  may  be  readily 
obtained  as  follows. 

Let  y  =  mx  +  c   be  the  equatjixi  to  the  given  line  MT 
(%•  9), 

AN^x'y  PN^y   the  co-ordinates  of  the  point  P, 

then  the  perpendicular  PQ  =  PR  cos  RPQ  =  PR  cos RTN. 
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But  PN^y\  and  RN^ma/^c; 

.'.  PR»y  -  ma/ "  c; 

also  oo^RTN^     . -:=  «      j — ; 

y/l  +  tan^RTN     y/l  +  m» 

.-.  the  perpendicular  p  « 


xA 


+  !»• 


29.  Hence  also,  if  through  a  given  point  a  line  be 
drawn  cutting  a  given  line  at  a  known  angle,  we  can  find 
the  distance  of  the  given  point  from  the  point  of  inter- 
section of  the  lines.  For  if  PS  be  a  line  passing  through 
the  point  P  and  cutting  the  line  BM  (fig.  9)  at  an  angle 
PSR  =  a,  drawing  PQ  perpendicular  to  BM^  we  have 

i/  -^mof  -  c 


SPsina^QP- 


y/i+m' 


gp      y-mw-c 


sino\/l  +w»* 


Straight  Line  referred  to  Oblique  Co-ordinates. 

30.  To  find  the  equation  to  a  straight^  line  referred 
to  oblique  co-ordinates. 

Let  the  axes  of  the  co-ordinates  be  inclined  to  one 
another  at  an  angle  w,  and  suppose  the  line  PT  to  cut 
the  axis  of  x  at  an  angle  =  a.  Let  AN «  j?,  NP  » y,  be 
co-ordinates  of  any  point  P,  and  draw  BQ  parallel  to  AX 
(fig.  10),  meeting  the  ordinate  of  P  in  Q; 

PQ      sin  PPQ            sirta  ^^         ^sino 

then  — ^  =    .    ^^  =  -r-7 r,     or  PQ 


BQ      sin  BPQ      sin(ft>-o)*  sin(a)-a)' 

and  NQ'^AB^c; 


wsma 
sin  (fti  -  a) 


the  required  equation. 
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Hence  if  a  straight  line  referred  to  oblique  axes,  be 
represented  by  the  equation 

y  =  fnw  +  c, 

m,  the  coefficient  of  ^,  expresses  the  ratio  of  the  sines  of 
the  angles  which  the  line  makes  respectively  with  the  axes 
of  w  and  y;  and  e,  as  before,  is  the  ordinate  through  the 
origin. 

In  using  the  equation 

sm  (o)  -  o) 

we  must  remember,   with  respect  to  the  constants  involved, 

(1)  that  c  is  a  positive  or  negative  quantity,  according  as 
the   line   cuts    the   axis    of  y   above   or    below    the    origin; 

(2)  that  (o  is  the  angle  YAX  formed  by  the  positive  parts 
of  the  co-ordinate  axes,  and  not  the  adjacent  angle  YAX^  \ 
and  (3)  that  a  is  the  angle  PTX  formed  by  the  portion 
of  the  line  which  is  situated  above  the  axis  of  a?,  with 
the  positive  part  of  that  axis. 

31.  It  is  easily  seen  that  when  a  line  is  determined 
by  the  portions  of  the  co-ordinate  axes  intercepted  between 
it  and  the  origin,  its  equation  is  of  precisely  the  same 
form  as  when  the  co-ordinates  are  rectangular;  for  let 
AB  =  c,  AT ^  —  a^  and  w  and  y  be  the  co-ordinates  of  any 
point  P;  we  get  from  the  similar  triangles  ABTy  PBQ 

c        y-c  0?      y     ^ 
=  ,     or  -  +  -=i. 

—  a  w  ^       ^  a. 

Also  when  a  line  is  determined  by  the  condition  of  passing 
through  two  given  points,  or  of  being  parallel  to  a  given 
line,  its  equation  is  of  the  same  form  whether  the  co-ordinates 
be  rectangular  or  oblique;  in  the  following  cases  the  results 
are  different. 

32.  To  find  the  angle  between  two  lines  whose  equa- 
tions are  given,  referred  to  oblique  axes. 
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First,  to  calculate  the  angle  which  a  line  whose  equa- 
tion is  given,  makes  with  the  axis  of  x.  Let  y  s  mw  +  c 
be  its  equation,  and  w  the  angle  of  inclination  of  the  axes, 
and  let  the  line  make  an  angle  a  with  the  axis  of  ^,  and 
therefore  an  angle  w-  a  with  the  axis  of  y,  then 

sin  a 

:  fit. 


which  gives  tana 


sin  (o>  -  a) 

iiisinctf 


I  +  fracosctf 


Next,  let  y « m'w  +  c'  be   the  equation   to  another  line 

referred   to  the   same   axes,    making   an   angle   a'   with   the 

axis  of  W'^ 

.        171  smctf 

^  .-.  tanas -. . 

r-  1  +m  cosa> 

Let  0  be  the  angle  between  the  lines, 

.  ^  ,  f       X        tana'-  tana 

then  tan  d)  B  tan  (a  -  a)  = ; 

^  ^  ^      1  +  tana',  tana 

{vttl  -  m)  sin  (o 


1  +  mrti  +  (wi  +  m')  cos  o) 


33.     Hence  if  0  =  90^,  then 

1  +  mivl  +(111  +  m')  cos  w  =  0 ; 
1  -t-  m  cos  (o 


w  =  - 


m  +  cosay 


the  condition   in   order   that   two  lines   referred   to   oblique 
axes,  may  be  perpendicular  to  one  another. 

34.  To  find  the  perpendicular  distance  of  a  given  point 
from  a  given  line  referred  to  oblique  axes. 

Let  a?',  y',  be  the  co-ordinates  of  the  given  point  Q 
(fig.  11),  y-mx-^c  the  equation  to  the  given  line  CN 
which  makes  an  angle  a  with   the  axis  of  <r;   and  let   QP 
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be    the    perpendicular    let    fall    from    Q    upon    CN;    then 
QPx=QiNr.sin(ft>-a) 


j/  —  mw'  —  c  .  (y  —  mm  —  c)  sin  co 

sm  a  =      ;■  --        ■   = 


m  sin  o) 
since  tan  a  = 


1  +  m  cos  cw 


Straight  Line  referred  to  Polar  Co-ordinates. 

35.  To  find  the  polar  equation  to  a  straight  line. 

Let  A  be  the  pole  (fig.  12),  XA  the  initial  line 
PT  the  proposed  straight  line,  and  AP  =  r,  XAP  =  0  the 
polar  co-ordinates  of  any  point  P  in  it;  ^Q  a  perpendi- 
cular upon  it  from  the  pole  equal  p,  and  XAQ  the  angle 
which  that  perpendicular  makes  with  the  initial  line  equal  a, 

then  AP=  AQ  sec  QAPy 

y  or  r  =  ^  sec  (0  —  a). 

If  the   proposed   line   be   perpendicular   to   the   initial   line 
so  that  a  =  0,  the  equation  becomes 

r  ^  p  sec  0. 

36.  Since  the  polar  equation  to  a  straight  line 

r  =  p  sec  (0  —  a) 
becomes     r  cos  (0  —  a)  =  p^ 
or     r  cos  0 .  cos  a  +  r  sin  0 .  sin  a  =  p, 
it  appears  that  every  equation  of  the  form 
^  Jrcos0  +  jBrsinS  +  C=:  0, 

is  the  polar  equation  to  a  straight  line. 


2 — 2 
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MA  =  A;,  the  co-ordinates  of  the  new  origin  A\  A'N* « ar', 
N^P  =  y'j  the  co-ordinates  of  the  same  point  P  referred  to 
the  new   axes   A'X\    A'Y*y    parallel    to    the    former;    then, 

w^AM-^-A'N'^h'^w    and   y  ^  A'M -k- ITP  ^k  ^-y',       *- 

and  if  these  values  be  substituted  for  w  and  y,  we  shall 
have  the  equation  to  the  curve  referred  to  the  origin  A\ 
the  axes  retaining  their  former  directions. 

40.  To  change  the  directions  of  the  axes  without  al- 
tering the  origin,  supposing  both  systems  to  be  rectangular. 

Let  XAX'^  YAY'  =  e  (fig.  16)  be  the  angle  at  which 
the  new  axes  AX\  AY'  are  inclined  to  the  original  axes 
AX,  AY. 

Let  AN=w,  PN=y,  AN' ^  w,  PN' rni/,  be  the  co- 
ordinates of  the  same  point  P  referred  to  these  respective 
axes. 

Draw  N'Qy  N'M  parallel  and  perpendicular  to  AX, 

then   w  =  AM  -  QN^  =  a?'  cos  0  -  y  sin  0, 

y  =  MN'  +  PQ^of'  sin  O  +  y  cos  6, 

and  if  these  values  be  substituted  for  a?  and  y,  we  shall 
have  the  equation  to  the  curve  referred  to  the  axes  AX*^  AY\ 

41.  To  change  the  direction  of  the  axes  without  alter- 
ing the  origin,  supposing  both  systems  to  be  oblique. 

Let  AX,  AY  (fig.  17)  be  the  primitive  axes  inclined 
to  one  another  at  an  angle  XAY=Wi  and  AX\  AY*  the 
new  axes  determined  by  the  angles  iCAX^a,  YAX^fi, 
which  they  respectively  form  with  the  primitive  axis  of  w. 

Let  P  be  any  point,  AN  =  a?,  NP  =  y  its  primitive 
co-ordinates,  and  AN'  =  a?',  N'P  =  y  its  new  co-ordinates. 
Then    denoting  by    ofy   the   angle    XAY  contained  by   the 
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axes    of  iv  and   y   produced  in   the   positive    directions,   and 
similarly  of  the  others,   we  have 


„/    • / r 


X  sin  wy  =  a?  sm  a?  y  +  y  sin  y  y, 

each  of  these  expressing  the  perpendicular  distance  of  P 
from  AY; 

,  sin  (w  -  a)         ,  sin  (w  -  R) 

.-.  a?  =  a?  . -h  y  : . 

sm  ft)  sm  (t) 

Also,  y  sin  ^y  =  of  sin  x  x  -{-y  sin  y'o?, 

each   of  these    expressing    the  perpendicular  distance   of   P 

from  AX\ 

,  sin  a        ,  sin  Q 

,-.     y  =  X  —, —  -h  y  -: . 

sm  (o  sm  o) 

In  making  use  of  these  formulae,  we  must  recollect  that 
w  represents  the  angle  XAY  contained  by  those  portions  of 
the  primitive  axes  along  which  the  positive  co-ordinates  are 
measured,  and  varies  from  zero  to  tt;  and  that  a  and  /3 
denote  the  angles  formed  by  AX,  AY*y  the  positive  direc- 
tions of  the  new  axes,  with  the  positive  part  AX  of 
the  primitive  axis  of  x ;  and  that  each  of  these  may  re- 
ceive any  value   from  ^ero  to  Stt.    e/^x^y^/'^  a^'^5o^ 

42.  These  formulae  are  not  often  employed  in  the 
above  general  state;  and  we  may  deduce  from  them,  as 
particular  cases,  the  following,  the  use  of  which  is  more 
frequent. 

First,  by    making    o)  =  —  and   /3  =  —  +  a,   we  fall   upon 

the  formulae  of  the  second  case  for  passing  from  one  system 
of  rectangular  co-ordinates  to  another  system  also  rectan- 
gular. 

TT 

Secondly,  by  making  co  =  —  we  obtain  the  formulae  for 

passing  from  a  rectangular  to  an  oblique  system  of  co-ordi- 
nates, which  are 
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w^  X  cos a-k-y  cos j3, 
y  ^w  fAVLa^-^i  sin  j3. 

Thirdly,   by  making  /3  =  -  +  o   we  obtain  formulae  for 

Tit 

passing   from    an    oblique   to   a  rectangular   system   of  co- 
ordinates, which  are 

30  sin  (w  -  o)      y'  cos  («  -  a) 

^  = : ; , 

sm  ia  sm  w 

a!  sin  a      \/  cos  a 

y  =  — ^ ^-  — . 

sm  w         sm  w 


43.  In  the  preceding  transformations  we  have  sup- 
posed the  origin  to  remain  unaltered ;  if,  however,  the  origin 
is  to  be  changed  as  well  as  the  direction  of  the  axes,  we 
must  employ  the  formulae 

^  =  a?"  +  A,      y  «  y"  +  &, 

where  A,  k  are  the  co-ordinates  of  the  new  origin  parallel 
to  the  primitive  axes,  and  x\  y"  denote  the  values  of  x 
and  y,  found  in  each  of  the  preceding  cases. 

44.  To  transform  rectangular  into  polar  co-ordinates, 
and  conversely.     ^^Z*-"//  ^^^^' 

Let  AN  ^OD^  PN^y  (fig.  4)  be  the  rectangular  co- 
ordinates of  any  point  P  in  a  curve  referred  to  the  rect- 
angular axes  AX^  AY\  and  let  AP-r^  PAXtsQ  be  the 
polar  co-ordinates  of  P, 

Then  AN  ^AP  cos  PAN,    or  a7  =  rco80, 

PN^AP  sinPAN,         y^r  sm0, 

and  any  equation  between  x  and  y  may  be  transformed  into 
the  polar  equation  by  substituting  these  values  for  x  and  y. 
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Also  since  r  =  v^  +  p,    and   tan  0  =  t   or    0  =  tan"*  - , 

any  equation  between  r  and  0  may  be  transformed  to  rect- 
angular co-ordinates,  by  substituting  these  values  of  r  and  9. 

If  the  pole  do  not  coincide  with  the  origin  of  rectan- 
gular co-ordinates,  then  if  h  and  k  be  its  co-ordinates,  the 
quantities  to  be  substituted  for  x  and  y^  in  order  to  get 
the  polar  equation  will  be 

07  s  A  +  r  cos  0,    y  =  Ap  +  r  sin  0. 


*/^B-A  //^yf  ^, 
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SECTION    IV. 


ON    THE    CIRCLE. 


Equation  to  a  circle  under  various  forms. 

45.  To  find  the  equation  to  a  circle  when  referred  to  two 
diameters  at  right  angles  to  one  another  as  axes. 

Let  P  be  any  point  in  the  circumference  (fig.  18),  CN^x^ 
NP  =  y,  its  co-ordinates,  and  CP  the  radius  equal  c,  then 
from  the  right-angled  triangle  CNP^ 

CN^  +  NP"  =  C/*, 

or  a?*  +  y*  =  c*, 

which  is  true  for  every  point  in  the  circumference,  and  is, 
therefore,  the  required  equation ;  it  expresses  that  the  distance 
of  every  point  from  the  origin  is  equal  to  c. 

46.  To  find  the  equation  to  a  circle  when  referred  to 
any  rectangular  axes. 

Let  C  be  the  center,  and  P  any  point  in  the  circumference 
(fig.  19),  draw  CBy  PN  perpendicular  to  AXy  and  CM  paral- 
lel to  AX^  and  let  the  co-ordinates  of  C  be  AB  «  a,  EC  «  b ; 
the  co-ordinates  ofJS  AN  =^  x^  NP^y;  and  the  radius  CP^c. 

Then  from  the  right-angled  triangle  CPMy 

But  CM^BN^w-a,  MP  ^  PN  -  CB  ^y -h\ 

therefore  we  get  for  the  general  equation  to  the  circle  referred 
to  rectangular  axes, 

{w  -  a)2  +  (y  -  hf  =  r«. 
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47.  From  this  we  may  deduce  several  particular  forms 
of  the  equation  to  a  circle  which  are  worthy  of  notice. 

First,  putting  a  ==  0,  6  =  0,  we  have  the  origin  in  the 
center  and  fall  upon  the  equation  already  found. 

Secondly,  putting  a  =  c,  6  =  0,  we  have  the  origin  at  the 
extremity  of  a  diameter,  and  that  diameter  the  axis  of  ^,  and 
we  get 

or,  reducing,  if  ^9,cw  —  af^. 

Thirdly,  putting  6  =  0  simply,  the  center  will  be  in  the 
axis  of  a?,  but  the  origin  will  not  be  in  the  circumference; 
similarly,  putting  a  =  0,  the  center  will  be  in  the  axis  of  y, 
and  in  these  two  positions  the  equations  will  be 

48.  The  above  general  equation  to  the  circle  when  de- 
veloped assumes  the  form 

tXf*  +  ^  +  AoD  +  By  ^  C  =^0y 

which  does  not  contain  the  rectangle  wy^  and  where  the  co- 
efficients of  the  squares  are  equal.  When  these  conditions 
are  satisfied  (the  axes  always  being  rectangular)  the  equation 
cannot  represent  any  other  curve  except  a  circle.  In  fact 
by  completing  the  squares  we  get 

which  evidently  represents  a  circle  the  ordinates  of  whose 
center  are  —  ^  -4,  —  -^  5 ;  and  of  which  the  radius 

The  equation  however,  will  not  in  reality  represent  a  circle, 
unless  the  quantity  ^  ^^  +  ^  5^  —  C  is  positive ;  if  this  quan- 
tity is  zero  the  circle  is  reduced  to  a  point,  namely  the  center ; 
if  it  is  negative  the  equation  is  impossible.  Peculiarities  of 
this  sort  are  oflTered  by  the  equations 
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^  +  y*  -  8y  -  12  iP  +  52  «  0, 

which  may  be  respectively  reduced  to  the  forms 

(*-6)«  +  (y-4)«-0,   (^  +  i)«  +  (y-2)««-4. 

But  the  equation  zr"  +  y^  +  4^  -  4<r  -  8  s  o,  by  comple- 
ting the  squares,  becomes  (a?  -  2)*  +  (y  +  2)*  —  l6,  which  re- 
presents a  circle  whose  radius  is  4,  and  the  co-ordinates  of 
the  center  2  and  —  2. 

49.  To  find  the  equation  to  the  circle  referred  to  ob- 
lique axes. 

Let,  as  before,  AB^a,  BC^b,  AN^Wy  NP^y 
(fig.  20)  be  the  co-ordinates  of  the  center,  and  of  any  point 
in  the  circumference  of  a  circle  referred  to  the  oblique  axes 
AXy  AYj  which  form  with  one  another  an  angle  s  w.  Draw 
CM  parallel  to  AX;  then  from  the  triangle  CPM  in  which 
Z  CMP  =  -TT  —  cw,  and  whose  sides  are  respectively  equal  to 
OB  —  Uy  y  —by  and  c  the  radius,   we  get 

(a?  -  a)*  +  (y  -  6)*  +  2  (a?  -  a)  .  (y  -  b)  cos  w  =  c*, 

the  required  equation. 

50.     The  above  equation  when  developed  becomes 
yj  a^  -\- 1^  -{■  ^  xy  cos  w  —  2  (a  +  ft  cos  <o)  J?  —  2  (6  +  o  cos  w)  y 

+  «*  +  6*  +  2a6  cos  ft)  -  c*  =  0, 
which  is  of  the  form 

^  +  y*  +  2a?ycoscw  +  Ax  +  By  •{-  C  ^^0. 

Whenever,  therefore,  an  equation  of  the  second  order  be- 
tween oblique  co-ordinates  of  known  inclination,  is  such  that 
the  two  squares  a^  and  y^  have  unity  for  coefficients,  and 
the  rectangle  xy  has  for  coefficient  twice  the  cosine  of  the 
angle  between  the  axes,  the  equation  represents  a  circle,  the 
co-ordinates  of  whose  center,  a  and  6,  and  the  radius  r,  are 
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determined  by  the  equations  a  -{-b  cos  a>  =  -  ^A,  b  +  a  cos  a» 
=  -^5,    a*  + 6*  + 2afecos« -c^  =  C 

Also  dropping  the  perpendiculars  CD,  CE  (fig.  20)  upon 
the  axes,  we  get 

yt         -42)  =  a  +  6cosft)=:  -  ^-4,    -4jB  =  6  +  acosft)=  — -j^fi. 

If  therefore  we  take  the  distances  AD,  AE  equal  respec- 
tively to  half  the  coefficients  of  a?  and  y  with  contrary  signs, 
and  erect  the  perpendiculars  CD,  CE,  we  shall  determine 
the  position  of  the  center  C. 

Thus  in  order  that  the  equation 

0?*  +  a?y  +  y*  —  ^aat  —  2oy  +  a*  =  o 

may  represent  a  circle,  we  must  have  2 cos  <o  =  l  orws^Tr; 
and  if  af,  y'  be  the  co-ordinates  of  its  center,  and  c  its 
radius, 

<r'+y'cosft)=a,  y'  +  tv'coswstt,  o/^  •fy'*  +  2a?'y'cos  o)-c*«a*; 

,     2a  a 

.•.     Of  =y  ^  —   and  c  =  — 7=. 

51.     To  find  the  polar  equation  to  a  circle. 

Taking  the  pole  for  the  origin,  let  a,  b  be  co-ordinates  of 
the  center  of  the  circle  (fig.  21),  c  its  radius,  and  AP  =  r, 
JCAP  =  0,  the  polar  co-ordinates  of  any  point  P,  supposing 
the  initial  line  to  coincide  with  the  axis  of  a?. 

Then  substituting  rcosd  for  w  and  rsind  for  y  in  the 
equation 

(a?  —  a)*  +  (y  -  by  =  c*  and   expanding  we  have 

r-  cos^  6  -  2ar  cos  0  +  a*  +  r^  sin*  6  -  2&r  sin  6  +  1^  ^c^, 

or    r*  -  2  (a  cos  0  +  6  sin  0)  r  +  a*  +  6*  -  c'  =  0, 

the  required  equation. 
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52.  If  we  suppose  the  pole  to  be  in  the  circumference, 
and  the  initial  line  to  be  a  diameter,  we  have  6  >-  0,  a  »  c, 
and  the  equation  becomes 

r*-2crco8  0  =  0; 

.•.     r  =  2ccos0, 

at  which  we  arrive  immediately  by  joining  APj  PB  (fig.  18), 
for  the  right-angled  triangle  BAP  gives 

AP=>AB cos BAPy    or  r«2ccos0. 

63.  Let  PY  be  a  tangent  to  the  circle  at  P  (fig.  21), 
and  AY  a  perpendicular  upon  it  from  the  pole;  and  sup- 
pose AY  =  Pf  AC  =  d,    then 

^=sin^PF=cos^PC-— ^!^ , 

r  2  re 

or    2cp  ^7^  ■{■(?—  d?^  a  relation   between  r  and  p. 

If  the  pole  be  in   the  circumference,  or  e «  d,  this  becomes 

r^  =  2cp. 

54.  From  the  preceding  equations  to  the  circle,  which 
assume  no  other  property  of  a  circle  than  that  it  is  the  locus 
of  a  point  which  is  always  at  the  same  distance  from  a 
given  fixed  point,  all  the  theorems  relative  to  the  circle 
established  in  geometry  may  readily  be  deduced.  We  shall 
however  confine  our  attention  to  those  which  relate  to  the 
tangent. 


Tangent  and  Normal  to  a  Circle. 

55.  To  find  the  equation  to  a  straight  line  which  touches 
a  circle  at  a  proposed  point. 

In  geometry  a  line  is  said  to  touch  a  circle  when  it 
has  only  one  point  in  common  with  the  circumference;  if 
therefore  through  the  two  points  P,  P'  (fig.  22),  we  draw  a 
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secant  PP'^  and  then  make  it  turn  about  P,  till  P  coincides 
with  P,  the  secant  in  its  ultimate  position  will  become  'a 
tangent  at  P,  for  it  will  have  only  one  point  in  common 
with  the  circumference.  This  consideration  furnishes  an  easy 
method  of  determining  the  tangent  at  a  given  point  of  the 
circumference. 

Let  the  co-ordinates  of  P,  P',  be  respectively  x,  y\ 
a?",  y'j  and  let  a  be  the  angle  which  the  line  joining  them 
makes  with   the  axis  of  Wy 

t       If 

then  tan  a' =  ^^7 jf\ 

CO  —  w 

but  since  the  points  are  in  the  circumference,  their  co-ordi- 
nates must  satisfy  the  equation  to  the  circle; 

and  subtracting  the  latter  from  the  former  we  get 

which  gives   -, 77=- -7 jt^ 

and  consequently  tan  a  = r 


y  +y 

Now  let  w"  =  of  and  y"  =  y  so  that  P'  coincides  with  P, 
and  the  secant  PT'  assumes  the  position  of  the  tangent  PT\ 
therefore  denoting  by  a  the  angle  which  the  tangent  forms 
with  the   axis  of  a?,  we  get 

tan  a  =  — ? ,  and  y  —  y  =  — -,{00  —  w) 

for  the  equation  to  the  tangent;  or  multiplying  by  y\  and 
remembering  that  af^  +  y^  =  c^,  the  equation  to  the  line 
touching  the  circle  at  the  point  <»',  y  is  in  its  most  simple  form 

yy'  +  xx'  =  c?. 

56.  The  equation  to  CP  is  y  =  —  zp,  which  compared  with 
the   above   equation    shews    that   CP  and    PT  are   at   right 
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angles  to  one  another;  that  is,  the  tangent  to  a  circle  at 
any  point,  and  the  radius  drawn  to  the  point  of  contact, 
are  perpendicular  to  one  another. 

57.  To  find  the  equation  to  the  normal  at  any  point 
of  a  circle. 

A  line  drawn  through  the  point  of  contact  perpendicular 
to  the  tangent  is  called  a  normal.  The  co-ordinates  of  the 
point  being  (jo\  y\  the  equation  to  the  normal  will  be  of 
the  form 

y-y  ^m  {m--  j/), 
the  condition  of  being  perpendicular   to  the   tangent  gives 

!,»'««  1«?L     (Art.  24); 
m      w 

or  reducing,     y^-^w^ 

X 

which  is  the  equation  to  a  line  passing  through  the  origin, 
in  this  case  the  center.  Hence  all  normals  to  a  circle  pass 
through  the  center. 

58.  To  find  the  equation  to  a  line  which  touches  the 
circle,  and  passes  through  a  given  point  without  the  circle. 

Let  h,  ky  be  the  co-ordinates  of  the  given  point ;  and  w\ 
y\  those  of  the  point  of  contact  which  are  unknown ;  when 
they  are  found  we  shall  have  for  the  equation  to  the  tangent 

yy  +  aw  «  c*, 

and  as  the  tangent  passes  through  the  given  point,  its  equa- 
tion must  be  satisfied  by  the  co-ordinates  of  that  point, 

.'.  ky  -f  A.t'  =  c*, 
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and  since  the  point  of  contact  is  in  the  circumference, 

which  are  the  two  equations  that  serve  to  determine  a!  and  y. 

59.  When  a  problem,  as  in  the  present  case,  leads  to 
two  equations  between  the  co-ordinates  a!  and  y  of  an  un- 
known point,  each  of  the  equations  taken  separately  gives 
a  geometrical  locus  on  which  the  point  is  placed;  conse- 
quently if  we  construct  the  two  loci,  we  shall  have  two  lines, 
the  intersections  of  which  will  determine  the  points  which 
satisfy  the  problem. 

The  locus  of  the  second  equation  is  the  proposed  circle, 

the  locus  of  the  first  is  a  straight  line  AB  (fig.  23),  which  is 

&  &  *> 

constructed   by  taking  CA  «  — ,  CB  =  — ,   and  joining  AB ; 

ft  K 

then  the  points  T^  T^  in  which  this  line  cuts  the  circle  are 
the  points  required. 

Either  of  the  equations  may  be  replaced  by  another  which 
results  from  combining  them  in  any  manner ;  and  in  solving 
problems  in  this  way  we  must  always  select  the  combinations 
whose  loci  are  easiest  to  construct. 

Thus  if  we  subtract  the  above  equations  we  get 

which  represents  a  circle  whose  center  is  O  the  middle  point 
of  CP^  and  radius  CO^  P  being  the  point  through  which  the 
tangents  are  to  be  drawn ;  if  then  we  join  CP  and  bisect  it 
in  O  (fig.  23),  and  with  center  O  and  radius  OC  describe  a 
circle  cutting  the  former  in  T,  T',  these  are  the  points  of 
contact,  and  are  determined  by  a  simpler  construction  than 
the  former  one. 

The  value   AC  =  —  9  which  determines  the   point   Aj   in 
h 

which     TT^    meets    the  axis    of  <r,    is    independent    of  the 
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ordinate  A;  of  P ;  therefore  A  will  remain  in  the  same  posi- 
tion for  all  positions  of  P  in  the  indefinite  line  PM.  If 
therefore  from  every  point  of  a  straight  line  we  draw  tan- 
gents to  a  circle  and  join  the  points  of  contact,  all  the  se- 
cants will  intersect  in  the  same  point. 

60.     If    we    consider    two    circles    represented   by    the 
equations 

^«  +  j^=:c%      (^-a)*  +  y^-c'% 

so  that  the  axis  of  x  joins  the  centers,  we  may  easily  prove 
the  co-ordinates  of  their  points  of  intersection   to  be 

2a 

y  B?  ±  —  v(a  +  c  +  c')  .  (a  -I-  c  —  c')  .  (a  +  c'  -  c) .  (c  +  c'  -  o), 

2a 

from  which  all  the  common  theorems  in  geometry,  relative 
to  the  intersections  and  contacts  of  circles  with  one  another 
may  be  deduced. 
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SECTION    V. 

ON  THE  DIFFERENT  OBDEBS  OF  C0BVE8 ;  AND  ON  THE 
DIVISION  OF  CONIC  SECTIONS,  OB  CUBVE8  OF  THE 
SECOND     OBDEB,     INTO     THBEE     SPECIES. 


61.  Lines  are  divided  into  orders  according  to  the 
degree  of  their  equations,  the  degree  being  determined  by 
the  sum  of  the  indices  of  x  and  y  in  that  term  of  the 
equation  (which  is  supposed  to  contain  no  fractional  or 
irrational  term)  where  it  is  greatest. 

The  straight  line  is  the  line  of  the  first  order,  being 
the  locus  of  the  equation  of  the  first  degree  between  two 
variables;  the  circle  is  a  line  of  the  second  order,  or  curve 
of  the  second  order  (these  terms  being  used  indifferently), 
because  its  equation  is  of  the  second  degree. 

62.  Curves  of  the  second  order  are  those  whose  equa- 
tions involve  the  squares,  or  the  simple  product  of  the 
variables  x  and  ^,  but  no  powers  or  products  of  them  which 
are  of  higher  dimensions.  Hence  the  equation  to  (Oirves  of 
the  second  order  under  its  most  general  form,  or,  which  is 
the  same  thing,  the  general  equation  of  the  second  order 
between  two  variables,  is 

ay^  +  hcoy  +  co?  +  dy  +  co?  +/«=  0, 

which  (as  will  be  hereafter  shewn)  by  giving  a  proper  posi- 
tion and  direction  to  the  origin  and  axes  of  the  co-ordinates, 
can  always  be  reduced  to  one  of  the  forms 

representing  two  distinct  families  of  curves ;  the  former  those 
which  have  a  center,  the  latter  those  which  have  not  a  center. 

3—2 
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Thus  let  S  (fig.  25)  be  the  given  fixed  point,  and  KX 
the  line  given  in  position,  P  a  point  soch  that  j(nning  SP 
and  drawing  PM  perpendicular  to  KX^  the  distances  SPj 
PM^  are  always  to  one  another  in  an  invariable  ratio,  then 
the  locus  of  P  is  a  Conic  Section. 

The  point  S  is  called  the  focus,  and  the  line  KX  the 
dir^^trixt.  Since  SP  may  be  always  equal  to  PMj  or  always 
less  than  PM  in  a  constant  ratio,  or  always  greater  than  PM 
in  a  constant  ratio,  there  will  be  a  distinct  species  of  Conic 
Section  corresponding  to  each  of  these  cases;  in  the  first 
case  the  locus  of  P  is  called  the  Parabola,  in  the  second  the 
^^/t.i:rEllipse,  and  in  the  third  the  Hyperbohu/^^v 
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SECTION    VI. 


ON    THE    FABABOLA. 


Various  forms  of  the  equation  to  the  Parabola. 

69.  To  find  the  equation  to  the  parabola. 

The  parabola  is  the  locus  of  a  point,  whose  distance  from 
a  given  point  is  always  equal  to  its  distance  from  a  given 
fixed  line. 

Let  KX  (fig.  26)  be  the  given  fixed  line,  and  S  the  given 
point,  from  jvhich  draw  SX  perpendicular  to  JTJT,  and  bisect 
it  in  ^ ;  then  ^  is  a  point  in  the  curve ;  and  since  the  dis- 
tance SX  is  known,  let  AS  =  a. 

Draw  Ay  parallel  to  KX^  and  take  A  for  the  origin, 
and  Aof^  Ay^  for  the  rectangular  axes  of  the  co-ordinates;  and 
let  P  be  a  point  in  the  parabola,  and  AN  =  <r,  PN  =  y,  its 
co-ordinates;  then  drawing  PM  perpendicular  to  KX^  and 
joining  SP, 

SP"  =  PM\ 

or  PJV«  +  SN^  =  XN\ 
or  y^  +  {x  -  ay  =  (a?  +  of ; 
^  .'.  y*  =  4jaa?, 

the  equation  required. 

70.  To  trace  the  parabola  by  means  of  its  equation 
(fig.  26). 

Solving  the  equation,  we  get  y  =  J=  2\/a<a?, 

which  shews,  since  for  each  positive  value  of  x  there  are  two 
equal  values  of  y  with  Contrary  signs,  that  the  axis  of  o^  is 
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an  axis  of  the  cutvq;  and  that  the  origin  is  a  point  in  the 
curve,  since  /r «  0,  gives  y  =  0 ;  and  that  no  part  of  the 
curve  is  situated  to  the  left  of  J^  for  a  negative  value  of 
a  makes  y  imaginary;  but  that  as  w  increases  from  zero 
.  to  infinity,  y  also  increases  from  zero  to  ^  oo  .  Moreover 
the  curve  is  always  concave  toward  its  axis,  otherwise  it  might 
be  intersected  in  more  than  two  points  by  a  straight  line, 
which  is  impossible.  The  parabola  has  only  one  vertex,  namely, 
the  point  where  it  is  met  by  the  axis ;  and  only  one  focus 
and  directrix;  and  consists  of  two  perfectly  similar  infinite 
branches  Ax^  A%  upon  the  same  side  of  the  axis  of  y,  and 
situated  symmetrically  with  respect  to  the  axis  of  a?,  to  which 
they  turn  their  concavities. 

71*  The  double  ordinate  through  the  focus  is  called  the 
latus  rectum  of  the  parabola;  to  find  its  length,  making 
^-JiS-o,  we  get      /^^4^.,^...^i^^.//^ 

y*  =  4a*;    .-.  y  =  ±2a  «  aJS  or  iSC; 
and  consequently  BC  =  4a. 

Hence,  if  P  be  any  point  in  the  curve,  we  have 

PN"^  ^BCy^  AN, 

or,  the  square  of  the  ordinate  is  equal  to  the  rectangle  of 
the  latus  rectum  and  corresponding  abscissa,  and  consequently 
varies  as  the  abscissa.    M*-  /^^  A</?^i#-v  ^  /^  yl^^w—^uir'  (0^ 

72.  Let  the  origin  be  a  point  C  (fig.  27)  in  the  curve, 
and  let  the  axis  of  the  abscissae  be  a  line  perpendicular  to 
the  axis  of  the  parabola  passing  through  C ;  and  let  CM  «  or, 
MP  =  y,  be  the  co-ordinates  of  any  point  P,  and  CB  —  A, 
AB  =  ft,  those  of  the  vertex ;  then 

PiP^^a.ANy 

or  (A  -  a?)*  =  4  a  (&  -  y), 

A          of 
J  ory  =  —  a? ,  since  h?^4tak, 

another  form  of  the  equation  which  is  sometimes  useful. 
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73.  To  express  the  distance  of  any  point  in  the  parabola 
from  the  focus,  in  terms  of  its  abscissa. 

iSP"  =  ^jyr«  +  ATP 

«=  (a?  —  a)*  +  4a^r  =  (<r  +  a)* ; 
•  .-.  SP^w-^-a. 

74.  In  expressing,  as  above,  the  distance  of  any  point 
in  the  parabola  from  an  assumed  point,  it  is  only  when  the 
latter  coincides  with  the  focus  that  the  expression  becomes 
rational. 

For  let  w\  y\  be  the  co-ordinates  of  the  assumed  point ; 
zp,  pf  those  of  the  point  in  the  parabola,  and  d  their  distance ; 
then 
cp  =  (/p  -  wy  +  (y  -  y'Y  =  a?2  -  2afw  +  ^'^  +  y*  -  gyy'  4.  ^\ 

but  y  =  9,^/aa!^  therefore  cP,  and  a  fortiori  d,  cannot  be 
rational  in  terms  of  at^  unless  the  terra  ^yy  vanish,  which 
gives  y'=0;  then,  replacing  f^  by  its  value, 

d*  =  <»*  +  ^aw  -  2  W  H-  a?'* 

which  must  be  a  perfect  square; 

^'  =  2a  —  x\ 

which  with  the  value  y  =  0,  indicates  the  focus ;  this  then 
is  the  only  point  whose  distance  from  any  point  in  the  curve 
can  be  expressed  rationally  in  terms  of  the  abscissa  of  that 
point.     This  is  sometimes  given  as  the  definition  of  the  focus. 

75.  To  find  the  polar  equation  to  the  parabola,  the 
the  focus  being  the  pole. 

Let  SP  «  r,  angle  PSw  =  0,  (fig.  26) ; 
.*.  SN  =  r  cos  0  and  <r  =  a  +  r  cos  0, 
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but  SP  =s  a  +  d? ; 

i  .*.  r  =  2a  +  rcos0, 

2a 
or  r 


1  —  COS0 


Sometimes  the  angle  of  revolution  is  measured  from  that 
part  of  the  axis  which  passes  through  the  vertex,  in  which 
case,  if  ASP  =  0',  putting  tt  -  ff  for  0,  we  get 


2a 


1  +  cos  0'  * 

Tangent  and  Normal  to  the  Parabola. 

76.  To  find  the  equation  to  the  tangent  of  a  parabola 
at  a  given  point. 

Let  a?',  y',  be  the  co-ordinates  of  the  given  point  P  (fig.  28), 
and  a/",  y",  those  of  another  point  P'  in  the  parabola  near  the 
former;  if  we  draw  a  secant  through  these  two  points,  and 
denote  by  a'  the  angle  which  it  forms  with  the  axis  of  j?, 
we  have 

tana'  =  V-^- 

But  the  points  being  in  the  parabola,  we  have 
y'^=4>aaf'\     ^^  =  400?'; 
.-.  y"^-y'»  =  4a(a?"-y), 
y' -y*  _     4,0 

4a 


tan  a  = 


y  +y 


Now  let  P  move  up  to  and  coincide  with  P,  then  a?"=  x\ 
y'sr y,  and  the  secant  becomes  the  tangent  at  {po\  y') ;  there- 
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fore,  denoting  by  a  the  angle  PTN  which  the  tangent  makes 
with  the  axis  of  a?,  we  get 

2o 

tan  a  =  —j- . 

y 

And  the  equation  to  the  tangent  is 

or,  multiplying  by  y  and  observing  that  y'*  =  4otr', 

yy'  =  2a(^  + 0?'); 

in  which  a?',  y\  are  the  co-ordinates  of  the  point  of  contact, 
and  Xj  y,  co-ordinates  of  any  point  in  the  tangent  line. 

77-     If  in  the  formula  tan  a  =  -7   we  make  y  =  0,    we 

find  tan  a  =»  00  ,  therefore  the  tangent  at  the  vertex  is  per- 
pendicular to  the  axis;  also  if  we  suppose  y  to  increase  up 
to  infinity,  a  decreases  to  zero;  hence  the  tangent  to  the 
parabola  continually  tends  to  become  parallel  to  the  axis. 

Hence,  the  equation  of  Art.  72.  may  be  put  under  the 
form 

y  =  0?  tan  a ,   if  z  TCB  =  a. 

-f  4o 

78.  In  the  parabola,  the  subtangent,  which  is  the  dis- 
tance between  the  foot  of  the  ordinate  to  any  point  and  the 
intersection  of  the  tangent  at  that  point  with  the  axis,  is 
double  of  the  abscissa. 

For  TN  X  tan  PTN  ^PN{6g.  29), 

or  TNx^^y';    .-.  TN  =  ^  =  2w\ 

This  result  may  also  be  obtained  by  making  y  =  0  in  the 
equation  to  the  tangent;  this  gives  w=  —w\  and  proves  that 
the  point  T  where  the  tangent  meets  the  axis  of  d?,  is  situated 
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to  the  left  of  A^  and  at  a  distance  AT  '^  AN.     Hence,  adding 
AN  to  AT  J  we  have  the  subtangent  TiNT-  2  AN. 

This  furnishes  a  simple  construction  for  drawing  a  tangent 
to  a  parabola  at  a  given  point. 

If  P  be  the  given  point,  and  AN^  NP  its  co-ordinates, 
we  have  only  to  take  in  NA  produced,  AT  ^  AN^  and  join 
TPj  then  TP  is  the  tangent  required. 

79.  In  any  curve,  a  line  drawn  through  the  point  of 
contact  perpendicular  to  the  tangent  is  called  a  normal ;  and 
the  distance  between  the  foot  of  the  ordinate,  and  the  inter- 
section of  the  normal  with  the  axis  of  Wj  is  called  the  sub- 
normal. 

In  the  parabola,  the  subnormal  is  equal  to  half  the  latus 
rectum ;  for  if  PG  be  perpendicular  to  PT  since  in  the  triangle 
TPG  (fig.  29),  PN  is  drawn  from  the  right  angle  perpen- 
dicular to  the  opposite  side, 

NO  X  TN=  PN\  or  NGx^atr^  4,aa:; 

.'.  NG^^a. 

80.  This  result  may  also  be  obtained  by  finding  the 
equation  to  the  normal  at  the  point  {(Js\ff)  of  the  parabola. 

It  will  be  of  the  form 
and  since  it  is  perpendicular  to  the  tangent  whose  equation  is 

w'=--=»-^      (Art.  26); 
therefore  the  equation  to  the  normal  is 
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now  make  y  «  0,     then  a?  -  ^  =  2o, 

or  AG-AN=NG»2a. 

81.  Since  ST  =  AS  +  JT  =  a  +  w, 

and  SG  =  SN  +  NG  ^w-a  +  2a^a  +  afj 
we  have  SP  ^  ST  =^  SG  (Art.  73). 

82.  Draw  Pa?'  through  P  parallel  to  the  axis,  then 

z  ^Po?'  ^PTS^  SPT,     since  SP^ST; 
also    /.GPof'^SPG. 

Hence  the  tangent  and  normal  at  any  point  make  equal 
angles  with  the  focal  distance  of  that  point,  and  with  a  line 
drawn  through  it  parallel  to  the  axis. 

83.  These  properties  furnish  a  simple  method  of  drawing 
a  tangent  to  a  parabola  through  a  given  point. 

First,  let  the  point  be  in  the  parabola,  as  P  (fig.  29) ; 
join  SP^  and  with  center  S  and  radius  SP^  describe  a  circle 
cutting  the  axis  in  T  and  G,  then  if  PT  and  PG  be  joined, 
they  are  the  tangent  and  normal  at  P. 

84.  Next,  let  the  point  be  without  the  parabola,  as  T 
(fig,  30),  and  with  center  T  and  radius  TS  describe  a  circle 
cutting  the  directrix  in  two  points  M  and  M\  through  which 
draw  two  parallels  to  the  axis,  meeting  the  parabola  in  P, 
P',  these  are  the  points  of  contact;  for  the  triangles  MP7\ 
TPS  are  equal  in  all  respects,  therefore  z  TPM  =  TPSy 
and  PT  is  a  tangent  at  P;   similarly,  TP'  is  a  tangent  P'. 

85.  This  problem  may  be  also  solved  by  means  of  the 
equation  to  the  tangent,  as  in  the  case  of  the  circle. 

Let  A,  A?,  be  the  co-ordinates  of  the  given  external  point, 
and  af\  y\  those  of  the  unknown  point  of  contact;  then 
since  they  must  satisfy  both  the  equation  to  the  tangent 
and  that  to  the  curve,  we  have  to  determine  them; 

%'=2a(A  +  0?'), 
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and  if  we  construct  the  straight  line  represented  by  the 
former,  considering  a!  and  y  as  the  variables,  the  points 
in  which  it  intersects  the  parabola  are  the  points  of  contact. 

It  appears  that  if  a  pair  of  tangents  be  drawn  from  an 
external  point  (A,  A?),  the  equation  to  the  chord  joining  the 
points  of  contact  is 
^  Ary  =  2  a  (a?  +  A). 

86.  The  locus  of  the  foot  of  the  perpendicular  dropped 
from  the  focus  upon  the  tangent  to  a  parabola  is  the  line 
touching  the  parabola  at  its  vertex. 

Let  PT  (fig.  29)  the  tangent  at  P,  meet  Ay  in  F, 
and  join  SY\  then  because  TN  is  bisected  in  A^  PT  is 
bisected  in  F;  and  since  SP  =  STj  the  triangles  SPYj 
STY  are  equal  in  all  respects;  therefore  SY  is  perpen- 
dicular to  PT.  Hence  the  tangent  at  any  point  and  the 
perpendicular  upon  it  from  the  focus  intersect  in  the  line 
which  touches  the  parabola  at  the  vertex. 

87.  Also  from  the  right-angled  triangle  SYT  we  have 

SY^  ^ST^SA^SPy^  SA, 
^  or  p-  =  ar^  denoting  SP^  SY^  by  p  and  r  respectively. 

88.  Let  the  tangent  at  P  (fig.  31)  meet  the  directrix 
in  Q,  draw  PM  perpendicular  to  the  directrix,  and  join 
SQ ;  then  SP  =  PM^  PQ  is  common  to  the  two  triangles 
SPQ,  QPM,  and  angle  SPQ^QPM  by  what  has  been 
proved ; 

.-.  z  QSP  =  PMQ  =  a  right  angle. 

Hence  if  a  perpendicular  to  any  focal  distance  SP  intersect 
the  directrix  in  Q,  and  QP  be  joined,  QP  is  a  tangent  at  P. 

Therefore  producing  PS  to  meet  the  parabola  in  P' 
and  joining  QP',  this  is  a  tangent  at  P';  and  since  angle 
PQS^PQM  and  angle  FQS=P'QM\  we  have  angle 
PQP  =  ^  TT.  Hence  the  tangents  at  the  extremities  of  any 
focal  chord  intersect  at  right  angles  in  the  directrix;  and 
the  line  joining  their  point  of  intersection  and  the  focus  is 
perpendicular  to  the  chord. 
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The  Parabola  referred  to  any  Diameter. 

89.  To  determine  the  intersection  of  a  straight  line  with 
a  parabola. 

Let  y  =  wa?  +  c,  be  the  equation  to  any  straight  line ; 
if  this  line  intersect  a  parabola  whose  equation  is  y*=  4a^i?, 
and  if  a?',  y\  be  the  co-ordinates  of  a  common  point,  we  have 

y  =  mm'  +  c,     y*  =4taaf'  \ 

4a  m  m 

the  roots   of  which   are   the   ordinates   of  the  points    where 

the   straight   line    meets    the   curve.     Hence   a   straight   line 

j^annot  cut  a  parabola  in  more  than  two  points;  if  the  roots 

be  equal,  the  points  of  section  coincide,  and  the  line  is  then 

_         ,         l6ac      l6a^  a     ..   _ 

a  tangent,  and  we  have  =  — r-  ,  or  m  =  - ;   if  the  roots 

be  impossible,  the  line  falls  entirely  without  the  parabola. 

90.  To  find  the  locus  of  the  middle  points  of  a  sys- 
tem  of  parallel  chords. 

Let  Qii  (fig.  32)  be  any  chord  whose  equation  is  y  =  ma?  +  c, 
V  its  middle  point ;   draw  VM  perpendicular  to  Aw^  then 

Tif  =  Q' AT  +  ^  (QJVT  -  Q'JNT)  =  \  (Q'N'  +  QN), 

but   the  values  of  QN,   Q'JV",  are  the  roots  of  the  equation 

-      4a         4oc 


m 


obtained  by  eliminating  w  between    the  equations  to  the  pa- 
rabola  and  chord  ; 


m 
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hence   denoting   the   ordinate  of   V  by    F,   we  have  for  the 

2a 
equation   to   the   locus   of    F,    F=  — ,    which   represents   a 

171 

Straight  line  PV  parallel  to  the  axis;  and  since  the  equa- 
tion does  not  involve  c,  it  bisects  all  chords  for  which  m  is 
the  same,   that  is,  all  chords  parallel  to  Q^. 

91.  The  line  PV  is  called  a  diameter  of  the  parabola. 
All  diameters  of  a  parabola  are  parallel  to  the  axis,  and 
intersect  the  corresponding  chords  at  diflPerent  angles  varying 
from  zero  to  a  right  angle. 

Conversely,  every  straight  line  parallel  to  the  axis  may 
be  considered  as  a  diameter  to  the  parabola ;  for  by  giving 

m  a  suitable  value  in   the  equation   F-^f ,   F  may  become 

equal  to  any   quantity  we  please. 

92.  Suppose  a  diameter  Pat  to  be  drawn  at  a  distance 
y    from  the  axis,   we  have  for   this   diameter 

2a       ,  2a 

—  =  y,  or  m  =  — . 
m  y 

The  quantity  m  is  the  tangent  of  the  angle  at  which  the 
diameter  in  question  meets  the  chords  which  it  bisects;  it 
is  also  (Art.  76)  the  value  of  the  tangent  of  the  angle  which 
the  line  touching  the  parabola  at  P,  makes  with  the  axis 
of  tv;  therefore  the  chords  bisected  by  any  diameter,  are 
parallel  to  the  tangent  at  the  extremity  of  that  diameter. 

The  semi-chord  QF  is  called  an  ordinate  to  the  dia- 
meter PV. 

In  order  that  m  may  be  infinite,  we  must  have  y' «  0 ; 
hence  the  axis  of  w  is  the  only  diameter  which  bisects  its 
ordinates  at  right  angles,  or  is  the  only  axis  of  the  para^ 
bola. 

^  93.  To  find  the  equation  to  the  parabola  when  referred 
to  any  diameter,  and  the  tangent  at  the  extremity  of  the 
diameter,  as  axes. 
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The  formulae  for  passing  from  rectangular  to  oblique 
axes  are  (Art.  42), 

w  ^30  COS  a  +  y'  cos  /3  -^  A.    y  ^x  sma  -\-  y  sin  (i  +  k. 

Suppose  the  new  origin  to  be  a  point  P  (fig.  35)  in  the 

curve;   then  between  h  and  k  we  have  the  relation  A;'  =  4aA; 

also  let  the  diameter  Pof'  be  the  axis  of  a/,  then  a  =  0,  and  if 

2  a 
we  take  the  tangent  Py  for  the  axis  of  y\  we  have  tan  )3  =  — . 

Now  substituting  in  the  equation  ff  =  ^awj  we  get 

(y  sin  fi  +  ky  -  ^a  (w'  +  y  cos  /3  +  h), 

or  y^sin^(i+  2yksin(i  +  k^  =  ^aal  +  4ay'cos)3+  4oA, 

or   y'*  sin^  /3  =  4  aa?',    since   ft*  =  4  a  A,  and    A;  sin  /3  —  2  a  cos  /3, 

But  -t4-7s  =  o  (1  +  cot^iS)  =  a  1 1  +  — ,  ]  «  o  +  A  =  /SP, 

sin^/3  V        4aV 

.-.     y'2  =  4^P .  a?'  =  4aV,    if  5'P  -  a',  or  QP  =  4^P .  PV. 

94.  The  coefficient  4*S'P,  by  which  one  di|meter  differs 
from  another,  is  called  the  parameter  of  the  diameter  to 
which  the  parabola  is  referred  ;  it  is  equal  to  fmir  fimpft 
the  distance  of  the  focus  from  the  extremity  of  thediamgter. 
It  is  also  equal  to  the  double  ordinate  passing  through  the 
the  focus.  For  draw  (^i^  (fig.  33)  through  the  focus  S 
parallel  to  the  tangent  PT  %  then  PV  ^  ST  ^  SP^ 

.:      QV^ZSP,  and   QCt  =  *SP. 


O 


96.  The  equation  to  a  parabola  being  of  the  same 
form  when  referred  to  a  diameter  and  the  tangent  at  its 
extremity,  as  when  referred  to  its  axis,  the  properties  which 
are  independent  of  the  inclination  of  the  co-ordinates,  will 
be  the  same  in  the  two  systems.  Hence  the  equaticm  to 
the  tangent  at  a  point   Q  (a?',  y)  will  be 

yy  =2a'(a?  +  ^'), 
4 
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where  '4  denotes  the  ratio  of  the  sines  of  the  angles  which 

y 

the  tangent  makes  with  the  axes  of  w  and  y ;  and  when 
the  tangent  meets  the  axis  of  w  we  shall  have  ^  as  -  jp',  or 
the  subtangent  tA9,al  ^  twice  the  abscissa  of  the  point  of 
contact,  in  all  cases,  i.  e.  TV  ^9.  PV  (fig.  SS). 

96.  Also  if  we  wish  to  draw  a  tangent  through  an 
external  point  Q  (A,  Ap),  we  shall  have,  to  determine  the  points 
of  contact  (^',  y),  the  equations 

y^^^dis,    yk^9.a{a!  A,h)\ 

and  if  we  construct  the  line  represented  by  the  latter,  con- 
sidering X    and    y    as   the  variables,   by   taking  PT  =  -  A, 

PR  =  — —  (fig.  34),   and  joining  7*1?,  it  will  cut  the  para^ 

ic 

bola  in  the  two  points  of  contact. 

97*  Since  the  distance  PT  is  independent  of  Ap,  if 
through  Q  we  draw  a  line  parallel  to  P%/^  and  from  any 
other  point  in  this  line  we  draw  a  pair  of  tangents  to  the 
parabola,  the  secant  passing  through  the  new  points  of  contact 
will  cut  the  diameter  Pix/  in  T,  as  this  point  only  changes 
when  A  changes.  Hence  if  from  the  several  points  of  a 
straight  line,  pairs  of  tangents  be  drawn  to  a  parabola,  the 
secants  joining  the  corresponding  points  of  contact  will  all 
intersect  in  the  same  point ;  and  conversely,  if  through  any 
point  we  draw  different  chords,  and  draw  two  tangents  at 
the  extremities  of  each,  the  locus  of  their  intersection  will 
be  a  straight  line. 

98.  The  tangents  at  the  extremities  of  any  chord  will 
intersect  in  the  diameter  of  which  the  chord  is  an  ordinate. 

For  taking  the  diameter  and  the  tangent  at  its  extre- 
mity as  axes,  the   equation   to  the  tangent  will  be 

±  yy  ^  2a  (x  -^  w)  ; 

using  the  upper  or  lower  sign  according  as  we  consider  the 
point  Q  (^',  y'),  or  the  other  extremity  of  the  chord  Q',  whose 
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co-ordinates  are  (Xi\  -  y  ;  and  in  both  cases  y  =  0  when 
x^  —  a!  \  therefore  the  tangents  meet  the  diameter  in  the 
same  point   T  (fig.  35). 

99.  Having  given  the  parameter  of  any  diameter  of  a 
parabola,  and  the  inclination  of  the  corresponding  ordinates, 
to  describe  the  parabola. 

Let  Px  be  the  given  diameter  (fig.  33),  draw  the  line 
y  PT  at  the  given  inclination  to  Pw\  this  line  will  be  a 
tangent  to  the  parabola  at  the  point  P.  Make  the  angle 
TPS  =  yPio\  and  PS  a  quarter  of  the  given  parameter ; 
then  S  will  be  the  focus.  Take  PM=  PS  aud  draw  ML 
perpendicular  to  Jtf  «a?',  this  will  be  the  directrii^ ;  and  know- 
ing the  focus  and  directrix,  the  parabola  can  of  course  be 
described. 

100.  If  a  parabola  be  traced  upon  a  plane,  we  may 
determine  its  axis  by  drawing  two  parallel  chords  QQ',  qq\ 
(fig.  35),  and  drawing  a  line  VV  through  their  middle  points, 
this  will  be  a  diameter.  And  if  we  draw  any  chord  QR 
perpendicular  to  it,  and  through  the  middle  point  of  QR 
draw  AN  parallel  to  VV\  this  will  be  the  axis  of  the 
parabola. 

101.  If  through  any  point  within  or  without  a  para- 
bola, two  lines  be  drawn  parallel  to  two  given  straight 
lines  to  meet  the  curve,  the  rectangles  of  the  segments  will 
be  to  one  another  in  an  invariable  ratio. 

Let  O  be  the  given  point  (fig.  36),  Qq  a  line  drawn 
through  it  in  a  known  direction,  and  therefore  an  ordinate 
to  a  given  diameter  PV;  draw  the  diameter  ^'O,  and  A^v 
parallel  to  Qq;    then 

QOxOq^  QV-  -  rO^  =  4^SP  X  PV-4^SP  x  Pt?  =  4^SP  x  A'O, 

Similarly,  if  Q'q'  be  an  ordinate  to  the  diameter  whose 
extremity  is  P\  passing  through  O, 

.-.  QO  X  Qq  :   Q'O  x  Oq'  ::  SP  :  SP, 

a  ratio  independent  of  the  position  of  O. 

4 — 2 
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102.  If  the  point  0  be  without  the  parabola,  and  we 
suppose  Q,  qy  to  coincide  in  P,  and  Q',  qf  to  coincide  in 
P',  so  that  OPj  OP  become  tangents,  we  have 

OP*  :   OP^  ::  SP  :  SF. 

103.  Any  parabolic  segment  ANP  is  two-thirds  of  the 
parallelogram  whose  sides  are  the  abscissa  AN  and  the 
ordinate  JVP. 

Let  JVrp,  JVT'P'  (fig.  37)  be  ordinates  to  the  diameter 
AN%  at  P,  P'  draw  tangents  meeting  the  diameter  in  T^ 
y,  and  one  another  in  R.  Join  PP  and  draw  RK  parallel 
to  ANy  meeting  PP  in  /,  and  bisecting  it  in  that  point 
(Art.  98) ;   and  draw  KH  perpendicular  to  AN. 

Then  area  of  triangle  TRT  ^\  TT  x  KH^ 

area  of  trapezium  N'PPN^NN'  x  KH  ^  TT  x  KH, 

since  AN ^  AT,     and  AN'^AT. 

Hence  the  trapezium  is  double  of  the  triangle.  Similarly 
we  may  shew  that  trapezium  N^'P'PN'  is  double  of  the 
triangle  T"B!P\  and  so  on.  Hence  the  sum  of  the  trapeziums 
is  double  of  the  sum  of  the  triangles,  and  therefore  the 
parabolic  segment  APN,  which  is  the  limit  of  the  first  sum, 
is  double  of  the  exterior  segment  APT,  which  is  the  limit 
of  the  second  sum.  Hence  the  segment  ANP  is  two-thirds 
of  the  triangle  TNP,  or  two-thirds  of  the  parallelogram 
contained  by  AN,  NP. 
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SECTION   VII. 


ON    THE    ELLIPSE. 


Various  forms  of  the  equation  to  the  Ellipse. 

104.     To  find  the  equation  to  the  Ellipse. 

The  ellipse  is  the  locus  of  a  point,  whose  distance  from 
a  given  point  is  always  less  than  its  distance  from  a  given 
fixed  line,  in  a  constant  ratio. 

Let  S  (fig.  38)  be  the  given  point,  and  KK'  the  given 
fixed  line;  and  from  S  let  fall  the  perpendicular  SJi^  upon 
KK\  Let  P  be  a  point  in  the  ellipse ;  join  SP  and  draw  PM 
perpendicular  to  KJT;  and  let  the  constant  ratio  SP  :  PM 
be  e  :  1,  e  being  less  than  1.  Divide  SJ^  in  A  so  that 
SA  :  AJT  ::  e  :  1,  then  ^  is  a  point  in  the  ellipse;  and 
since   the  distance  SJT  is  known,  we  may   assume  AS^pj 

therefore  AX^^.     Through  A  draw  Ay  parallel  to  JTJf, 

and  take  A  for  the  origin,  and  Ax^  Ay,  for  the  axes  of 
the  co-ordinates ;  and  let  AN  =  a?,  PN  =  y,  be  the  co-ordi- 
nates of  P. 

Then  SP'^e'.PM^ 

or  SIP^NP^  =  ^.XN\ 

(of  -  p)®  +  y*  =  e^  ( -  4- «» j  *  (p  +  ea^Y; 
.-.  y^  =  2p  (1  +  e)x  -  (1  -  e^)ai^ 


or 
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Since  6  «a  a  \/\  -  c^,  the  eccentricity,   expressed  by  the 

y/a'-6*  > 

semi-axes,    is    equal    to    .      Hence   SC  «  va*  -^  6*, 

a 

and  .*.   BS^a;   and  if  with  center  S  and  radius  equal  to 

the   semi-axis   major   we   describe    a  circle,   it  will   intersect 

the  major  axis  in  the  foci. 

Hence  each  focus  divides  the  major  axis  into  the  seg- 
ments a  —  y/a^  -  6^,  a  +  y/a^  —  6*,  the  rectangle  of  which 
equals  the  square  of  the  semi-axis  minor. 

110.     Since  AS^e. AX,  we  have  AX  =  ^^^"^^ ; 


e      ae      CS 

which  determines  the  directrix  relative  to  the  center. 

111.     The   double   ordinate   passing    through   the   focus 
is  called  the  latus  rectum. 

To  find  its   value,  make  x  ^  CH  ^  ae  in  the  equation 

Cb 

then  j^  =  ^(o*-oV)  =  6*(l-e*)--!; 
a  a 

V 

a 

...  LV^ — ,  or  =20(1-6*). 
a 


112.  When  the  distance  CS  between  the  focus  and 
center  becomes  infinite,  the  distance  AS  between  the  focus 
and   vertex   remaining  finite,   the   ellipse  is  changed  into  a 

parabola.     For  since  --  =  1  -  c^,  the  equation  reckoned  from 
or 

the  vertex  may  be  written 
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y-  =  2o(l  —  e^)w  -  (1  -  e')arj 

or  y-  =  2p(H-e)a?-(l -c*)a?%     liAS^^p. 

_^  SC         SC  1  ^       «v^ 

JC     p  +  SC  p 

.".  j^  =  4jpa?,     the  equation  to  the  parabola. 

113.  When  a  =  6  the  equations  to  the  ellipse  become 

which  represent  a  circle ;  hence  when  its  axes  are  equal,  the 
ellipse  becomes  a  circle. 

Upon  the  major  axis  as  diameter  describe  a  circle  (fig.  39), 
and  produce  the  ordinate  NP  of  the  ellipse  to  meet  it  in  Q; 
then  making  CN-w,  NP^y,  NQ^y\  we  have 

y  =     va^  -  0/^9    y  =  \/a^  -  o^ ; 
a 

b    , 
a 

which  shews  that,  corresponding  to  the  same  abscissa,  the 
ordinates  of  the  ellipse  are  to  the  ordinates  of  the  circle  in 
the  constant  ratio  of  the  smaller  to  the  larger  axis;  conse- 
quently the  ellipse  may  be  described  by  diminishing  all  the 
ordinates  of  the  circle  in  that  ratio. 

114.  Since  y*  =  —  (a*  -  ar*)  =  ~-  (a  +  ^)  .  (a  -  ^), 

a  a 

b^ 
gives  PN^  =  1  X  A'N  x  JN  (fig.  39), 

Cb 

we  see  that  the  square  of  the  ordinate  is  to  the  rectangle  of 
the  corresponding  segments  of  the  major  axis,  as  the  square 
of  the  semi-axis  minor  to  the  square  of  the  semi-axis  major ; 
and  that,  consequently,  the  square  of  the  ordinate  varies  as 
the  rectangle  of  the  corresponding  segments  of  the  major  axis. 


Digitized  by 


Google 


58 

115.  To  express  the  distances  of  any  point  in  the  ellipse 
from  the  foci,  in  terms  of  its  abscissa 

SP^  =  SN^  +  PN^  (fig.  39) 

=  (ae  +  Off  +  (1  -  e*)  .  (a'  -  or") 
=  (a  +  ea^y ; 
.'.  SP  =  a  +  CO?, 
^/«  =  (oe  -  a^y  +  (1  -  g^)  .  (a^  -  or*) 
=s  (a  -  CO?)* ; 
.-.  HP  =  i  (o  -  eo?), 

and  since  e  is  less  than  1,  and  w  is  always  less  than  a,  in 
order  that  HP  may  be  positive  we  must  take  the  upper  sig^ 
which  gives 

HP  =  a  -  CiT. 

116.  In  expressing,  as  above,  the  distance  of  any  point 
in  the  ellipse  from  an  assumed  point,  it  is  only  when  the 
latter  coincides  with  one  of  the  foci,  that  the  expression  be- 
comes rational. 

For  let  w\  y\  be  the  co-ordinates  of  the  assumed  point, 
0?,  y,  those  of  any  point  in  the  ellipse,  and  d  their  distance, 

then  d^  =  (a?  -  wf  +  (y  -  y')* 

=  a?^  -  2«»a?'  +  0?'*  +  j^  -  2yy'  -h  y*. 


But  y  =  -  \/a*  -  a;*,  therefore  d\  and  a  fortiori  d,  cannot 
a 

be  expressed  rationally  in  terms  of  x  unless  the  term  2yy 

vanish,    which  gives  y  -  0;    then  replacing  y*  by   its   value 

•we  get 

cf  =  /l  -  ^W  -  2afw  +  ar'«  +  6* 
which  must  be  a  perfect  square ; 
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•.    4fl-~]  (o?'^  4- 6'*)  =  40?^ 


or 


0?'  =  ±  x/a^  _  ^_ 


These  values  require  that  a  should  be  greater,  than  6, 
i.  e.  that  the  abscissae  should  be  measured  along  the  axis 
major ;  and  with  y*  =  0,  they  determine,  as  we  perceive,  the 
two  foci  S  and  H.  These  then  are  the  only  points  whose 
distances  from  any  point  of  the  curve  can  be  expressed  ratio- 
nally in  terms  of  the  abscissa  of  the  point.  This  is  some- 
times given  as  the  definition  of  the  foci. 

117.  Hence,  by  addition  we  get 

which  expresses  the  remarkable  property,  that  the  sum  of 
the  focal  distances  of  any  point  in  the  ellipse  is  constant, 
and  equal  to  the  major  axis. 

This  affords  a  very  simple  method  of  determining  any 
number  of  points  of  an  ellipse  of  which  we  know  the  foci 
and  axis  major;  in  AA[  take  any  point  jP  (fig.  40),  and  with 
center  S  and  radius  equal  to  A'F  describe  a  circle;  next 
with  center  H  and  radius  equal  to  AF  describe  another 
circle,  cutting  the  former  in  P,  P',  these  are  manifestly  points 
in  the  ellipse. 

When  the  ellipse  is  to  be  very  large,  we  may  describe 
it  by  fastening  the  ends  of  a  cord  equal  to  the  axis  major 
in  the  foci;  then  if  we  make  a  pole  slide  along  the  cord, 
so  as  to  keep  it  stretched,  the  ellipse  will  be  traced  out  by 
the  extremity  of  the  pole. 

This  property  also  furnishes  a  method  of  investigating 
the  equation  to  the  ellipse  which  is  sometimes  employed  a& 
follows. 

118.  To  find  the  locus  of  a  point,  the  sum  of  whose 
distances  from  two  given  points  is  constant. 
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Through  the  two  fixed  points  «y,  H  (fig.  40),  draw  the 
indefinite  line  Sx\  bisect  SH  in  C,  and  draw  yC  perpen- 
dicular to  it,  and  take  Ca?,  Cy,  for  the  axes  of  the  co-ordi- 
nates, as  the  locus  of  P  will  evidently  be  symmetrical  with 
respect  to  these  lines.  Let  SC  =  CH  =  c,  CN  «  w^  NP  «  y, 
the  co-ordinates  of  any  point  P,  and  SP  +  PH  »  2a ; 

then  SP^  =  (jv  +  c)«  +  y», 

...  SP^  -  HP",  or  2a  (SP  ^  HP)  '^  ^cxi 

2cx 

.-.  SP^HP^ , 

a 

but  SP  +  HP^2a; 

CIS 

...  5P=a  +  — ; 
a 

.-.    («  +  — )    =  (^  +  cf  +  y*, 

Now  aSP  4-  i/P  is  greater  than  SH^  or  -^  is  greater  than 
c,  therefore  a^  -  c^  is  a  positive  quantity ;"  nence  comparing 
the  above  with  the  equation  to  an  ellipse 

we  see  that  the  equations  are  identical,  and  consequently  so 
are  the  curves  which  they  represent,  if  6'  =  a*  -  c* ;  therefore 
the  required  locus  is  an  ellipse  whose  major  axis  is  2  a,  and 
minor  axis  2\/^"^^^. 

119.  To  find  the  polar  equation  to  the  ellipse,  one  of 
the  foci  being  the  pole. 

Let  SP^r,  ASP--Q  (fig.  40);  .'.  SN^t^%Q, 
and  CN  =  r  cos  0  -  oc,    but  SP  =  a  +  ea?; 
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/.  r  =  a  +  c  (r  cos  0  -  ae)  =  o  (l  -  c*)  +  er  cos  6 ; 

.-.  r  (l  -  c  cos  0)  =  a  (1  -  ^, 

a  (1  -  e^) 

or  r  = ^  . 

1  —  e  cos  y 

We  have  measured  the  angle  6  from  that  part  of 
the  axis  major  which  passes  through  the  more  remote 
vertex ;  sometimes  it  is  measured  from  the  nearer  vertex 
A\  in  which  case  if  A'SP  =  6\  putting  tt  -  0'  for  6  we  get 

g  (1  -  e^) 
1  -^  e  cos  ff ' 

Of  course  if  the  other  focus  H  be  taken  for  the 
pole,  the  formulae  will  be  exactly  the  same. 

120.  To  find  the  polar  equation  to  the  ellipse,  the 
center  being  the  pole. 

Let  CP=r,  ACP^e  (fig.  40),  and  let  x  and  y  be  the 
rectangular  co-ordinates  of  P;  then  d?=rcos0,  y  =  r  sin  0; 
therefore    substituting    these    values   in    the    equation 

a^if^  +  6'^p^  =  a^6%   we  get 

r^  {a"  sin^  0  +  6«  cos^  0)  ^d?  h\ 

or,  dividing  by  (J^  and  observing  that   —  =  i  -  e^, 

r«(l-e^cos«0)=6^  -^ 

6 


\/l  -  c^cos'0 

In  this  formula  it  is  indifferent  from  which  vertex  the 
angle  0  is  measured;  it  shews  that  of  all  lines  drawn 
from  the  center  to  the  curve,  the  semi-axis  major  is  the 
greatest    when    0  =  0,    and    the    semi-axis    minor    the    least 

when  0  s=  — . 

2 

Tangent  and  Normal  to  the  Ellipse. 

121.  To  find  the  equation  to  the  tangent  of  an 
ellipse  at  a  given  point. 
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As  in  former  cases,  we  regard  the   tangent   as  a  secant 

which    passes    at    first    through    two    points    of  the    curve, 

an^  then    turns  about   one  of   them   till    the    other    moves 

up*!^and  coincides  with  it. 
r 

Let   w\  y    be   the    co-ordinates   of   the    given    point   in 

the  curve,  and   ^",  y"  those  of   another  point  in  the  curve 

near   the   former,   and   let    a    be    the   angle    which   the  line 

joining  them  makes  with  the  axis  of  w, 

t       ft 

then  tan  d  «  ~ — ?-- . 

But   the   two   points  being   in    the   ellipse,   their   co-or- 
dinates must  satisfy  its  equation; 

.-.  a^y^^Vco^^€fh\    a^y'""  ^Vw'^  ^a^V. 

Subtracting  the  latter  from  the  former  we  get 

which  gives  tana  =  -7 


w  —  a'         a*    y  +  y" 

Now  let  the  second  point  move  up  to  and  coincide 
with  the  first,  then  w"  =  w\  y"  =  y  and  the  secant  becomes 
a  tangent  at  (a?',  y);  therefore,  denoting  by  a  the  ajigle 
which  the  tangent  makes  with  the  axis  of  a?,  we  get 

tana=  --^-7; 
d'y 

therefore  the  equation  to  the  tangent  will  be 

a  y 

or  under  another  form,  recollecting  that  o*  y  *  +  ft*  a?'*  =  a*  ft*, 

a^  y^  +  ft^ ^a?'  =e  a*  ft*. 

122.     The    formula    »w  =  tana=  — i-— 9  since    it   does 

«    y 

not  change  when  w   and  y'  are  replaced   by  -a?'   and  -y', 
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shews  that  if  PC  be  produced  to  meet  the  ellipse  in  P 
(fig.  SQ)  the  tangents  at  P  and  P  are  parallel,  as  we 
might  have  foreseen  from  the  symmetrical  position  of  tjie 
ellipse,  relative  to  the  axes;  also  it  proves  that  at  the 
points  B^  JB',  for  which  a?'  =  0,  y'  =  =*=  6,  tan  a  =  0,  or  the 
tangents  are  parallel  to  A  A' ;  and  at  A^  A\  for  which 
a/  =^a  and  y'=0,  the  tangents  are  perpendicular  to  AA'*^ 
and  that  for  intermediate  points,  going  from  A  to  JB,  the 
angle  PTw  which  is  always  obtuse,  continually  increases 
till  PT  becomes  parallel  to  AA'  at  B, 

123.  To  find  where  the  tangent  meets  the  axis  major, 

a*  ^^     CA^        ,      ^. 

put  y  =  0,    then   0?  =  — , ,   or   CT  =  — -  .     As  this    result   is 

CO  c»  jtV 

independent    of    ft,     it    will    be    the    same    for    all  ellipses 

constructed    upon    AA'    as    an    axis ;    consequently  if   NP 

meet  the  circle  whose  diameter  is  AA'  in  Q,  the  tangent 
to  the  circle  at  Q  will  pass  through  T. 

124.  Subtracting  CN  or  w   from  the  value  just    found 
for  CTj  we  get  the  subtangent 


NT^-.^w 


so  00 

126.      To  find  the  equation  to  the  normal  at  any  point 
of  an  ellipse. 

It  will  be  of  the  form 

y  -  y'  =  w'  (^  -  <»'), 

and  since  it  is  perpendicular  to  the  tangent, 


»«'  = 

1 

m 

therefore 

the 

equation 

to 

the  normal  is 

y- 

-y' 

"  fcs  V 

.{w-w'). 
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126.     To  determiDe  the  point  G,  where  the  normal  meets 
the  axis  major. 


Make  y  =  0. 


'■(-^)> 


or    CG^^.CN  (fig.  41), 
and  the  subnormal  GiV  «  — .CiV. 


127.  The  normal  at  any  point  bisects  the  angle  be- 
tween the  focal  distances  of  that  point. 

For   5G  =  ae  +  e^o?' =  e (a  +  eo?')  « c.iSP, 

and      .  HG  =  ae  -  c*a?'  «  g  (o  -  ex')  =  e .  HP. 

SG      SP 
'•    HG' HP' 

and  consequently  the  normal  PG  bisects  the  angle  SPH 
(Euc.  vi.  3).  Also  drawing  the  tangent  YZ  at  P,  since 
GPY  =5  CrPZ,  each  of  them  being  a  right  angle,  and 
GPS^GPH;  therefore  the  angle  SPY^  HPZj  or  the  focal 
distances  make  equal  angles  with  the  tangent  on  the  same 
side  of  it. 

128.  These  properties  furnish  a  simple  method  of 
drawing  a  tangent  to  an  ellipse  through  a  given  point. 

First  let  the  point  be  in  the  ellipse  as  P  (fig.  42) ;  join 
SP,  HP^  and  produce  SP  to  JT,  making  SK^^AC\  join 
HK  and  draw  PZ  perpendicular  to  it,  then  PZ  is  a  tan- 
gent at  P. 

For  PK^9,AC  -SP^PH,  PZ  is  common,  and  the 
angles  at  Z  are  right  angles,  therefore  angle 

HPZ  =  JTPZ  =  SPY, 

and  consequently  PZ  is  a  tangent  at  P. 
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129.  Next  let  the  point  be  without  the  ellipse. 

With  center  S  (fig.  43),  and  radius  =  2-4C  describe  a 
circle  KIT^  and  with  center  T,  the  given  external  point, 
and  radius  TH,  describe  a  circle  cutting  the  former  in  JT,  K' ; 
join  SK  meetinjg  the  ellipse  in  P,  and  join  TP;  then  TP 
is  a  tangent  at  P;  for  PK  =  PH,  TK  ^  TH,  and  TP  is 
common,  therefore  TP  bisects  the  exterior  angle  HPK  and 
is  a  tangent  at  P;  similarly  if  SK*  be  joined  meeting  the 
the  ellipse  in  P*,  a  second  point  of  contact  will  be  found. 

There  is  no  difficulty  in  shewing  that  as  long  a$  T  is 
exterior  to  the  ellipse,  the  circles  must  intersect  in  two  points. 

130.  The  locus  of  the  feet  of  the  perpendiculars  droppjed 
from  the  foci  upon  the  tangent  to  an  ellipse,  is  the  circum- 
ference of  the   circle  whose  diameter  is  the  axis  major. 

For  joining  CZ  (fig.  42),  since  SH  is  bisected  in  C  and  HK 
in  ^,  CZ  is  parallel  to  SK  and  equal  to  \  SK  =  AC.  Also 
drawing  SY^  CQ  parallel  to  /TZ,  CQ  bisects  YZ  perpendicu- 
larly, and  therefore  CY=CZ:=-AC: 

131.  Since  C  is  the  center  of  the  circle  which  is  the 
locus  of  Y  and  Z,  and  SYZ  is  a  right  angle,  if  YS  and 
ZC  be  produced  to  meet  in  H\  this  will  be  a  point  in  the 
circumference  of  the  circle ;  and  SH^  =  HZ. 

hence   SYxHZ^  SY.  Slf^  AS  x  A'S  =  BC    (Art.  109), 

132.  Since  SY  x  HZ  ^  BC, 

^    HZ     SY  SY     SP     ,, 

^^    HP^SP'    "^   HZ^HP    ^^''''''^' 

therefore  multiplying  together  these  equations 

op 

or  if  SY  be  denoted  by  p  and  SP  by  r,  between  the  radius 
vector  and  the  perpendicular  on  the  tangei^t  from  the  focus 
we  have  the  relation 

p^=bK      ^ 


Qa  -  r 
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133.     Draw  HI  parallel  to  YZj  and  suppose  the  angle 
SPY^a, 

1  ^^^  «»^^     *SI      rsino- (2a  — r)  dna 

then  tan  SrP=  tan  iS/f/- -77V- 


IH     rcoso  +  (2a  —  r)co8a 
2(r-a)^ 


2a 


tana, 


or   tan^TP- (^-l^tan^PF; 
a  result  which  is  sometimes  of  use. 

134.  Draw  CE  parallel  to  PY^  then  PC  is  a  paral- 
lelogram, 

and     PEt=.CZ^  AC. 

135.  If  from  G  the  foot  of  the  normal  at  P  (fig.  41), 
GL  be  drawn  perpendicular  to  either  focal  distance,  then 
PL  «  ^  the  latus  rectum. 

T7      u      •     1      ^-      I       SL     SN 
For  by  similar  tnanirles,  -rr^^-rr^l 
^  ^        SG     SP 

S!G 
.-.     SL^SN.—^^e{ae-^ai)    (Art  127); 
SP 

.*.  PL^a  +  em-'iae^  -^-ew)  ^a(l  -  6^  «  half  the  latus  rectum. 

136.  If  a  perpendicular  be  dropped  from  the  center 
upon  the  tangent  at  any  point  of  an  ellipse,  making  an  angle  ^ 
with  the  axis  major,  its  length  «  ay^l  —  €*sin*0. 

Let  CQ,  HZ  (fig.  44),  be  perpendiculars  upon  PT  the 
tangent  at  any  point  P  from  the  center  and  focus ;  join  CZ 
and  let  TCQ  =  0, 

then  CZ^a^  and  QZ«  C/fsin0«ae8m0. 
.-.  C(?=a«-a*c*sm«0, 
or  CQ=:a\/l-€*sin«^. 
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137-  Let  PT  (fig.  44)  be  another  tangent  to  the  ellipse 
at  right  angles  to  the  former,  and  C(i  perpendicular  to  it^ 
then  Q'Cr'^^TT-^; 

and  therefore  CQ'^  =  a*  -  a^f?  cos*  (p. 

Hence  CH^=  C(?  +  CQ'*  =  a*  +  a*  (l  -  6«)  =  a«  +  6*, 

and  therefore  the  locus  of  the  intersection  of  two  tangents  to 
an  ellipse  at  right  angles  to  one  another  is  a  circle  whose 
center  is  C  and  radius  equal  to  \/a*  +  6*. 


The  Ellipse  referred  to  its  conjugate  Diameters. 

138.  To  find  the  locus  of  the  middle  points  of  a  sys- 
tem of  parallel  chords. 

Let  the  chords  be  parallel  to  a  line  CD  (fig.  45)  through 
the  center,  whose  equation  is  y^mw\  then  the  equation  to 
any  one  of  them  QQ'  will  be 

y  =  mw  +  c, 

and  to  determine  the  points  in  which  it  meets  the  ellipse, 
we  must  combine  its  equation  with  the  equation  to  the  ellipse 

this  gives,  eliminating  x  by  the  substitution  —  (y  -  c), 

VfV 

aye  y(c'^roV)  « 

the  roots  of  which  are  represented  by  QMt  Q'J/';  but  if 
Y  be  the  middle  point  QQ',  and  CN^JT,  VN^^Y  its  oo- 
ordinates, 

m  ma  +  tr 

5 — 2 
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therefore,  dividing  one  result  by  the  other  in  order  to  eli- 
minate the  quantity  e,  which  particularizes  the  chord,  we  get 

ma 

a  relation  between  the  co-ordinates  of  the  middle  point  of 
any  chord,  and  therefore  the  equation  to  its  locus,  which  is 
consequently  a  straight  line  PF  passing  through  the  origin. 

The  straight  line  which  passes  through  the  middle  points 
of  a  system  of  parallel  chords  is  called  a  diameter.  Hence 
all  diameters  of  an  ellipse  pass  through  its  center;  and, 
conversely,  every  line  through  the  center  is  a  diameter. 

139.  Hence  denoting  the  equation  to  any  chord  by 

y  =  mof  +  c, 

and  the  equation  to  the  diameter  which  bisects  it  by 
y  =  m'x9  we  have 

w  5=»  —  — 5,    or  tntn  =  —  -- , 
ma  a* 

a  simple  relation  by  means  of  which  the  equation  of  one 
may  always  be  deduced  from  that  of  the  other. 

140.  The  chords  which  are  parallel  to  PP^  are  bi- 
sected by  CD. 

For  any  one  of  these  chords  Sff  may  be  represented  by 
the  equation 

y  =  m'of  +  c', 

then  the  diameter  which  bisects  them,  by  what  has  been 
proved,   will    have  for  its  equation 

b'  .  ,         a' 

y  ^ ;—  .J?,    or  V  =  m«r,     since  mm  «  -  — , 

ma^  o^ 

which  belongs  to  CD. 

Hence  two  diameters,  whose  equations  y  ^mw^  y  ^  m\v 
are    so    related,    that   mm' ^ ^,    have    the    property    that 
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each  bisects  the  chords  parallel  to  the  other;  they  are 
called  conjugate  diameters,  or  rather  those  portions  of 
them  PP^  DD\  which  fall  within  the  ellipse  are  usually 
called  a  pair  of  conjugate  diameters. 

141.  If  PT  be  the  tangent  at   P,  and  a)\  y\  the  co- 

y' 

ordinates  of  P,  then  «»  =  —  ,  therefore  the  equation  to  PT  is 

ma 
which  represents  a  line  parallel  to  CD. 

Hence  the  tangent  applied  at  the  extremity  of  any  diameter 
is  parallel  to  the  corresponding  conjugate  diameter;  and  if 
tangents  be  drawn  at  the  extremities  of  a  pair  of  conjugate 
diameters,  they  will  form  a  parallelogram  circumscribing  the 
ellipse,  (Art.  122.) 

142.  Having  given  the  co-ordinates  of  the  extremity 
of  any  diameter,  to  find  those  of  the  extremity  of  the  diameter 
conjugate  to  it. 

Let  w\  y',  be  the  co-ordinates  of  the  point  P  (fig.  46), 
then  y  =  —  a?  is  the  equation  to  CPy 

and  .'.  y  = r-/  ^  the  equation  to  CD. 

,     .    ory 

To  determine  the  co-ordinates  of  2),  we  must  combine 
the  equation  to  CD  with  the  equation  Xx>.  the  ellipse;  which 

gives,  euminatmg  y  by  the  substitution  — ^-y  ooy 


'.o^ 

+  6V=. 

o«6». 

or,  a;' 

(6', 

/» 

+  rt«y'«)=aV«, 

or 

0^ 
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•'.  ss  ■«  Cm.  =  -"  "r— ) 
b 

ha 
and  y  —  DM  «  —  . 

143.  The  sum  of  the  squares  of  any  two  semi-conjugate 
diameters  is  equal  to  the  sum  of  the  squares  of  the  semi-axes. 

C2)*=^  +  ^-a«-a7'«  +  6^-j^,  smce  y'^- ^(a»-/t'»); 
It  cr  cr 

.-.  CP'  +  CD'^f^  +  b^ 

144.  All  parallelograms  whose  aides  touch  an  ellipse  at 
the  extremities  of  a  pair  of  conjugate  diameters,  are  equal 
to  one  another. 

Draw  PF  (fig.  46)  perpendicular  to  DC  produced. 
Then  area  of  whole  parallelogram 

^^CD.PF 

=:4Cl>.Cr.sin  TCF^4»CT.DM 

cf  ba 
3=4.-7.  —  =  4o6  (Art.  123). 

X     a 

145.  If  we  denote  CPy  CD  by  a'y  b\  and  the  angle  DCP 
by  */,  we  have 

PF^qI  An^y  and  therefore  ab'  sin7-  CD.  PF^ab. 

146.  Also  if  we  denote  CQ  or  PF  by  p,  we  have 


P**77m 


a*V  a*V 


r'«» 


CD"      a^'\'V^a 

a  relation  between  the  central  distance  of  a  point,  and  the 
perpendicular  upon  the  tangent  at  that  point,  let  fall  from 
the  center. 
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147-  The  rectangle  contained  by  the  focal  distances  of 
any  point  is  equal  to  the  square  of  the  corresponding  semi-< 
conjugate  diameter. 

C2>^  =  o«  +  y  -  C/«  (fig.  40) 
==  a*  +  6*  -  i»*  —  6*  +  -T  a?* 

=5  a*  -  ^af  =  (a  +  esi)  .  (a  -  eso) 
^SP.HP  (Art.  115). 

148.  To  find  the  equation  to  the  ellipse  referred  to  any 
pair  of  conjugate  diameters  as  axes. 

The  equation  to  the  ellipse  referred  to  its  center  and 
axes  is 

Let  the  conjugate  diameters  CP^  CD  (fig*  47),  be  the  new 
axes  of  w'  and  yfy  inclined  to  the  axis  of  w  at  angles  P€A  «  a, 
DC  A  s=  )3 ;  then  since  the  origin  remains  unaltered,  the  for- 
mulae for  passing  from  the  rectangular  to  the  oblique  axes 
will  be  (Art.  42), 

(£  ^w  COS  a  +  y'  cos  j3,    y^xAna-^ff  sin  )3. 

Hence,  substituting  and  reducing, 

(a^  sin^  a  +  6*  cos*  a)  x'^  +  {c?  sin^  j3  +  6*  cos*  )3)  y'* 

+  2  (a*  sin  a  sin  )3  H-  6*  cos  a  cos  j3)  ^V  "=  ^**** 

6* 
But  tan  a  tan  )3  «  -  -^  (Art.  140) ; 

.•.  a*  sin  a  sin  /3  H-  5*  cos  a  cos  )8  =  0. 

Also  if  CP  =  o',  CD  =  h\  we  have  (Art.  120), 

a'*  (a*  sin-  a  +  6*  cos*  a)  =  a*  6*, 

6'*  (a*sin*/3  +  6*cos*)3)  =  a«6*; 

therefore,  substituting  and  dividing  by  cfV^  we  get  for  the 
required  equ£|tion, 
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-5  +  ^  =  1.  '^>^^^^;l 


or,  in  a  geometrical  fonn,  supposing  PC  produced  to  meet 
the  ellipse  in  G^ 

149.  This  equation,  which,  suppressing   the  accents  of 

the  variables,  is  -^  +  ^  s  i,  being  precisely  of  the  same  form 

as  that  relative  to  the  axes,  it  follows  that  all  properties  which 
do  not  depend  upon  the  inclination,  of  the  co-ordinates,  will 
be  common  to  the  axes  of  the  ellipse  and  to  its  conjugate 
diameters. 

Hence,  x^  y  being  the  co-ordinates  of  any  point  Q  re- 
ferred to  the  conjugate  diameters  CPy  CD  (fig.  47),  the 
equation  to  the  tangent  at  that  point  will  be 

and  if  it  meet  the  axis  of  a  in  T,  we  shall  have 
CTsa   -—    as  before. 

150.  Also  if  we  wish  to  draw  a  tangent  through  an 
external  point  Q  (fig.  48),  whose  coordinates  are  h  and  Jt, 
we  shall  have,  to  find  the  points  of  contact,  the  equations 

And  those  points,  as  in  preceding  simpar  cases,  may  be 
determined  by  constructing  the  line  whose  equation  is 

a^ky  +  V^hw  -  a^b\ 
that   is,    by   taking   CT^  —  y  CR'^  —  y    and  joining   RT 

n  rC 

which  will  cut  the  ellipse  in  the  two  required  points. 
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Since  the  distance  CT  is  independent  of  Ap,  if  through 
Q  we  draw  a  line  parallel  to  CD,  and  from  any  other  point 
in  this  line  we  draw  a  pair  of  tangents  to  the  ellipse,  the 
secant  passing  through  the  new  points  of  contact,  will  cut 
the  diameter  CP  in  T,  as  this  point  can  only  alter  when 
h  alters.  Hence  if  from  the  several  points  of  any  straight 
line  pairs  of  tangents  be  drawn  to  an  ellipse,  the  straight 
lines  which  join  the  corresponding  points  of  contact  will  all 
pass  through  the  same  point. 

151.  The  tangents  at  the  extremities  of  any  chord  will 
intersect  in  the  diameter  of  which  the  chord  is  an  ordinate. 

For  taking  that  diameter  and  its  conjugate  as  the  axes 
of  or  and  y,  the  equation  to  the  tangent  will  be  . 

where    the    upper   or  lower   sign    is    to   be    used    according 

as  we  consider  the  point  Q  (w\  y'),  or  the  other  extremity  of 

the  chord  Q'  whose  co-ordinates  are  a?',  —  y* ;  and  in  both  cases 

a'* 
when   y  =  0,   ^p  =  — ;• ,   therefore  the   tangents   meet    the   axis 
w 

of  w  in  the  same  point  T,  (fig.  47). 

162.  If  from  any  point  within  or  without  an  ellipse, 
two  lines  be  drawn  parallel  to  two  given  straight  lines  to 
meet  the  curve,  the  rectangle  of  the  segments  will  be  to 
one  another  in  an  invariable  ratio. 

Let  O  (fig.  49)  be  the  given  point  with  co-ordinates  h 
and  k.  Then  the  polar  equation  to  the  ellipse,  reckoning 
from  0,  will  be  (Art.  44) 


a*(r  sin  0  +  Ar)^  +  5^  (r  COS0  +  A)«  =  a^6% 
which  is  of  the  form  r*  +  Mr  -N^Oj 

a^b^  —  a*  A*  —  b^h^ 
where N^  ..  .  ,. — — — ^-^=^rr%  if  these  be  the  two  values 
.ersin'0  +  ycos*0 

of  r. 
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Now  let  Pp,  Qq  be  drawn  parallel  to  CP^,  CQ",  which 
make  given  angles  a,  /3  with  C/r,  then 

POxOp  :  QOxOq  ::  a« sin'/J  +  6« cos«/3  :  o'sin'a +  6*co^a 

::  CP''  :  C(p    (Art.  120), 

a  ratio  independent  of  the  position  of  the  point  O. 

153.     To  find  the  area  of  the  ellipse. 

Let  JPQRTJ'  (fig.  50)  be  any  polygon  inscribed  in  the 
ellipse,  and  let  the  ordinates  PNj  QMy  &c.  be  produced  to 
meet  the  circle  on  the  major  axis  in  p,  9,  r,  &c.  and  join 
Ap^  pqy  &c. 

Then  area  of  trapezium  PNMQ*\{PN ^^  QM) .NM 

''i-(pN  +  qM).NM 
a 

b 
«  - .  trapezium  pNMq^ 

area  of  triapezium  PM     b 

or — I —  »  -  , 

area  of  trapezium  pM     a 

and  since  the  same  ratio  exists  between  every  two  cor- 
responding trapeziums, 

area  of  polygon  APQA'      b 
area  of  polygon  ApqA'      a ' 

and  this  is  true  however  much  the  number  of  the  sides  of 
the  polygons  be  increased;  therefore  supposing  the  number 
to  be  infinite,  in  which  case  the  ratio  of  the  polygons  be- 
comes that  of  the  semi-ellipse  and  semicircle, 

area  of  semi-ellipse      b 
area  of  semicircle       a  * 

b 
.'.  area  of  ellipse  =  -  wo*  -^  wo6. 
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154.     Let   K  (fig.  51)   be   any  point   in   the  axis,   and 
QPN  an  ordinate  to  the  circle  and  ellipse,  then 

elliptic  area  ANP  =  - .  circular  area  ANQy 
a 

and  triangle  PJTJV  =-.  triangle  QKN\    . 

therefore,  subtracting, 

the  elliptic  sectorial  area  AKP  =  - .  circular  area  AKQ. 

a 

Also  if  a\  b'  be  two  semi-conjugate  diameters  and  y  the 
angle  between  them,  the  area  of  the  ellipse  sTra'b' sin  7 
(Art.  145). 

* 
And  the  area  of  the  sector  bounded  by  the  semi-diameters 

=  J  TT  a!V  sin  7. 
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SECTION  viir. 

ON    THE    HYPERBOLA. 


Various  fonns  of  the  equation  to  the  Hyperbola. 

156.     To  find  the  equation  to  the  Hyperbola. 

The  hyperbola  is  the  locus  of  a  point  whose  distance 
from  a  given  point  is  always  greater  than  its  distance  from 
a  given  fixed  line  in  a  constant  ratio. 

Let  KK'  (fig.  52)  be  the  given  fixed  line,  and  S  the  given 
point,  from  which  draw  SX  pe|*pendicular  to  KK'.  Let  P  be 
a  point  in  the  hyperbola  on  either  side  of  KK*,  and  from  P 
draw  PM  perpendicular  to  KK'  and  join  SP^  and  let  the  con- 
stant ratio  of  SP  to  PM  be  e  \  ly  e  being  greater  than  1. 
Divide  the  given  distance  SX  in  J  so  that  SA  «  e .  AXj 
then  J  is  a  point  in  the  curve,  and  assuming  AS^p^  we 

P 
have  AX^-.     Through  A  draw  Ay  parallel  to  KK'  and 

take  A  for  the  origin  and  Aa^,  Ay^  for  the  co-ordinate  axes, 
and  let  AN^w^  NP^y  be  the  co-ordinates  of  P;   then 

SP'^e'.PM^ 

or  SN^^NP'^if.NX^y 

C«?  -  jp)*  +  y*  =  c* .  f  -  +  0? j  «  (/)  +  exy\ 
.'.  y*  =  2/)  (c  +  i)w  +  (c*  -  l)(x^9 


or 


or 


P 
or,  if  we  replace  the  known  quantity  by  a, 

y««(e«-l)(2aa?  +  a?^, 
the  required  equation. 
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166.  To  determine  the  points  where  the  curve  cuts  the 
axis  of  w^  make  y  =  0,  then  ^  =  0,  or  ^p=-*2a4  the  value 
^p  r=  0  gives  the  point  A  already  known,  the  other  value 
a?  =  —  2  a  =  AAy  determines  the  point  A>  Bisect  Aj^  in  C, 
then  in  the  equation  to  the  hyperbola  making  w-—a^AC^ 
we  get  y^  =  -  (e^  -  l)a^  or  y  =  ±  a^/e^  -  1  .  \/-l,  which 
are  imaginary  values;  hence  the  curve  does  not,  as  in  the 
case  of  the  ellipse,  meet  the  line  BB!  drawn  perpendicular 
to  AA  through  its  middle  point;  if  however  we  put 
a\/e^  -l^h  and  take  -BC,  S'C,  each  equal  to  fc,  Bff 
will  be  denoted  by  26,  and  the  equation  will  become 


a  • 

157*  In  order  to .  transfer  the  origin  to  C,  we  must 
change  sc  into  x  —  a,  since  AN  =  CN  —  CA  ; 

.-.  y^  x=  ^  {2a  {co'.-  a)  +  (a?'-  «)^}  =  -,(^'*-  «*)• 
a  or 

This  form  of  the  equation  shews  that  the  origin  is  the 
center  of  the  hyperbola,  and  that  the  co-ordinate  axes  are 
axes  of  the  hyperbola  (Art.  64);  but  the  term  axis  is 
more  particularly  appropriated  to  the  portions  of  those  lines, 
JJ'=2a,  SS'=2fe;  the  former  of  which  meets  the  hyper- 
bola and  is  called  the  .  transverse  axis,  and  its  extremities 
are  called  the  vertices  of  the  hyperbola;  and  the  latter, 
although  the  line  along  which  it  is  measured  does  not  meet 
the  curve,  is  taken  for  the  second  axis  of  the  hyperbola 
and  Is  called  the  conjugate  axis.  Since  6  =  ay/e^  —  1  where 
e  is  only  restricted  to  be  greater  than  1,  h  may  be  either 
greater  or  less  than  a. 

158.     To  trace  the  hyperbola  by  means  of  its  equation. 
The  equation  to  the  hyperbola  referred  to  its  axes  is 

y  =  ±  -  y/a^  -  a'  ; 

a 

hence  for  all  values  of  a  between    -1-  a  and   —  o,    y  h  ima.- 
ginary,  and   therefore  no  part  of  the  curve  lies  in  the  space 
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bounded  by  the  two  indefinite  lines  through  J^  A\  pahdlel 
to  BC.  When  of^a,  y^O,  and  as  a  increases  positively 
from  a  to  00 ,  the  two  values  of  y  are  real  and  increase 
from  zero  to  oo  ,  and  give  the  infinite  branch  ZAx  situated 
symmetrically  with  respect  to  Car;  and  since  when  the  sign 
of  w  is  changed  the  values  of  y  do  not  alter,  the  negative 
values  of  w  wiU  give  a  branch  Z'A'x'  jH^sely  similar  to 
the  former  on  the  other  side  of  BB\  which  is  described  by 
taking  SP'  :  P'M  as  e  :  1.  Moreover  the  two  opposite 
branches  of  which  the  hyperbola  is  composed  will  every- 
where turn  their  convexities  towards  the  axis  BB'y  other- 
wise a  straight  line  might  intersect  them  in  more  than  two 
points,  which  is  impossible. 

159*  Since  the  hyperbola  is  symmetrically  situated  with 
respect  to  its  axes,  if  we  take  CH »  CSy  C2C  =  CJT,  and 
draw  kX*  parallel  to  CjB,  the  curve  may  be  described  by 
means  of  the  focus  H  and  directrix  kX\  exactly  in  the 
same  way  as  by  means  of  S  and  KX.  Hence  the  hyper- 
bola has  two  foci  situated  in  the  transverse  axis  at  equal 
distances  from  its  center.     Also  since 

we  have  AS  «  o  (e  -  1). 


e- 1 


SC 

.*.     ASC«a  +  a(e- 1)  «o«,    and  ««s . 

AC 

160.  The  quantity  e  which  expresses  the  ratio  of  the 
distance  between  either  focus  and  the  center  to  the  semi- 
transverse  axis  is  called  the  eccentricity.  Since  6  «oV^6*  —  1, 
the  eccentricity  expressed  in  terms  of  the  semi-axes  is  equal 

V^a*  +  I?  % 

to  ^ .     Hence  aSC  =  VV  +  6«,    and  AS.AH^V. 

a 

161.  Since  AS^e.AX,    we  have  ^A^.^ifzJl. 

e 
a      o»      CA^ 

e     ae     CS 

which  determines  the  directrix  relative  to  the  center. 
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162.  The  double  ordinate  passing  through  the  foicus  is 
called  the  latus  rectum.  To  find  its  value  make  oo  s  CS  »  ae 
(fig.  53). 

...    y«=^^(aV-a^)  =6^(^-1)  =  ^; 

a  a 

163.  In  the  hyperbola  when  the  distance  CS  between 
the  focus  and  center  becomes  infinite,  the  distance  AS  be- 
tween the  focus  and  vertex  remaining  finite,  the  curve  is 
changed  into  a  parabola. 

The  equation  is   y*  =  2  a  (e*  -  1)  ,j?  +  (c^  -  1)  a?*, 

or  y*  =»  2  jp  (e  +  1)  ^p  +  (e*  -  1)  a;*  i{  AS  =jp. 
SC        SC  1 

^'^  SC 
.•.    y*  =j  4|>tt?,  the  equation  to  a  parabola. 

164      When  b  =  a,  the  above  equations  become 
y*=:a7*  — a%    y*«5  2aa7  +  ^. 

The  hyperbola  in  this  case  is  called  rectangular,  and  it 
is  to  the  ordinary  hyperbola  what  the  circle  is  to  the  ellipse. 

165.  Since     y*  =  ^  (a?^  -  «*)=-«  (^  +  a)  {w  -  a), 

gives    PN^^-j^.A'N.AN, 

we  see  that  the  square  of  the  ordinate  varies  as  the  rec- 
tangle of  the  distances  of  its  foot  from  the  extremities  of 
the  transverse  axis. 

166.  The  equation  to  the  hyperbola  results  from  that 
to  the  ellipse   by   changing  If  into    -  V,  or  6  into  6  y/^. 
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This  remark  may  be  of  use  in  enabling  us  to  foresee  those 
properties  of  the  hyperbola  which  are  analogous  to  proper- 
ties of  the  ellipse. 

167.  To  express  the  distances  of  any  point  in  the  hy- 
perbola from  the  foci  in  terms   of  its  abscissa. 

SP"  =  SN^  +  NP"  (tig.  53) 

.*.  SP  =  ±  (BiV  -  a) ;  now  as  long  as  P  is  in  that  branch  of 
the  hyperbola  of  which  S  is  the  interior  focus,  ex  is  greater 
than  a;  therefore  in  order  that  SP  may  be  positive  we 
must  take  the  upper  sign,  which  gives 

SP ^ew  -a. 

Also     ^P^=(^  +  ac)^+(«*-l)(a^-a«)-(«ar+a)*. 

.-.    HP^eos-k-a. 

168.  Exactly  in  the  same  way  as  for  the  ellipse,  it 
may  be  shewn  that  the  foci  are  the  only  points  whose  dis- 
tances from  any  point  in  the  curve  can  be  expressed  ra- 
tionally in  terms  of  the  abscissa  of  the  point.    (Art.  II6). 

169.  Hence,  subtracting, 

HP^SP^^a, 

or  the  difference  of  the  focal  distances  of  any  point  in  the 
hyperbola  is  constant,  and  equal  to  the  transverse  axis. 
This  property  affords  a  simple  method  of  determining  any 
number  of  points  in  a  hyperbola  of  which  we  know  the 
transverse  axis  and  foci.  In  A' A  (fig.  58)  produced  take 
any  point  F  and  with  centers  S  and  H  and  radii  respec- 
tively equal  to  AF^  A'F,  describe  circles  intersecting  in 
P,  P';  these  are  manifestly  points  in  the  hyperbola.  The 
curve  may  be  described  by  a  continuous  motion  if  we  have 
a  rule   HM  (fig.  53)    moveable   about  the  focus  Hy  and  a 
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string  SPM  fastened  to  M  and  to  the  other  focus  «y,  of  such 
a  length  that  HM  -  SPM  =  AA^ ;  then  as  HM  revolves  about 
H^  if  a  point  P  slide  along  HM  so  as  always  to  confine  a 
portion  of  string  PM  against  it,  the  point  will  trace  out  a 
hyperbola. 

This  property  also  furnishes  the  following  method  of 
investigating  the  equation  to  the  hyperbola. 

170.  To  find  the  locus  of  a  point  the  difference  of 
whose  distances  from  two  fixed  points  is  constant. 

Through  the  two  fixed  points  S^  H  (fig.  55)  draw  the 
indefinite  line  Hx^  bisect  SH  in  C  and  through  C  draw 
Cy  perpendicular  to  it,  and  take  Ca?,  Cy  for  the  axes  of 
the  coordinates,  as  the  locus  will  evidently  be  symmetrical 
with  respect  to  these  lines.  Let  SC  =  CH  =  c,  CN  =  a?, 
NP^y^  the  co-ordinates  of  any  point,  and  HP  ^  SP  ^Za. 

Then  /rP*=  Cr  +  c)^ +  y«, 

.-.  HP"  -  SP"     or  2a  {HP  +  SP)  -  4c*; 

a 
but  HP-SP^^a; 

.-.  irP  =  — +a; 

a 

o         ^  ■"  ®*  •    •  av 

J  ory*  = 5— (a^-o»). 

a 

Now  fi'P  -  SP  is  less  than  aSS"  or  a<Cy  consequently 
c*  —  a^  is  a  positive  quantity,  and  the  equation,  as  we  should 
expect,  represents  a  hyperbola  whose  transverse  axis  is  2  a 
and  conjugate  axis  2  \/c*  -  q*. 
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171.     To  find  the  polar  equation  to  the  hyperbola,  one 
of  the  foci  being  the  pole. 

Let   the  interior   focus  be    the   pole,    SP'^ty   wSP^Q 
(fig.  53),  then  SN ^rcosO  and  CJV«=:  ae +rco80; 

but  SP-^e.CN-a; 

.'.  r  =  a^  +  er  cos  0  -  o, 
a(e«-l) 


or  r  = 


1  -  e  cos  0 


Since  c>l,  there  is  some  angle  wSD^a  whose  cosine  =  -; 

e 

for  values  of  0  less  than  a,  r  is  negative  and  there  are  no 
points  in  the  branch  AZ  corresponding  to  those  values,  be- 
cause SP  =  ew  —  a  is  always  positive.  When  0  «  a,  r  is 
infinite  and  the  radius  vector  meets  the  curve  at  an  in- 
finite distance;  when  9  exceeds  a,  r  is  positive,  and  as  9 
increases  to  w  we  get  the  portion  of  the  curve  ZA ;  when 
9  increases  beyond  tt,  the  same  values  of  r  recur  in  an 
inverse  order,  giving  the  portion  Ax  till  0  =  Sir  -  a,  when 
r  is  again  infinite  and  afterwards  becomes  negative. 

172.     If  S  be  the  exterior  focus  and  SP"-^  r,  wSF'=^9, 
SP^e.CN'+a;  and  Ci\r=*S'P'cosP'*SJV-ac= -rcos0-a«; 
.'.  r  3=  -  re  cos  9  -  ae^  +  a. 


or  r  i 


1  +  c  cos  0 


In  this  case  also,  r  is  negative  till  0  =  tt  -  a,  when  it  be- 
comes infinite,  and  then  produces  the  branch  of  the  hyperbola 
Z^Az*  as   9  changes  from    tt  —  a  to   ir  +  a. 

There  is  no  diflBculty  in  shewing  that  if  we  remove  the 
restriction  of  having  r  positive,  and  measure  negative  values 
upon  the  radius  vector  produced  backwards,  the  same  equa- 
tion will  represent  both  branches  of  the  hyperlxda. 
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173.     To  find  the  polar  equation  to  the  hyperbola,  the 
center  being  the  pole. 

Let  CP^T^wCP^Q  (fig.  53),  then  a?  =  r  cos 0,  y  =  r  sin  0, 
and  substituting  in  the  equation  a*y*  -  Ifa^  =  —  a^6%   we  get 

r*  (a«  sin*  0  -  6*  cos*  d)  =  -  a"  6*, 
or  dividing  by  a*  and  observing  that  —  =  c'^  —  1, 

r2(l-c'cos^0)=-6^ 
6 


r  = 


V^e^cos'-^e-r 


Taking  Q  from  aero  to  a,  where  cos  a  s=  - ,  we  get  the  part 

-4Z ;  from  0  =  a  to  0  =  tt  -  a,  r  is  imaginary ;  from  0  =  ir  -  a 
to  0  =  TT  +  a  we  get  the  branch  ZA'x  ;  and  the  remaining 
portion  Az  m  taking  Q  from  2ir-a  to  27r. 


Tangent  and  Normal  to  the  Hyperbola. 

174.  To  find  the  equation  to  the  tangent  of  a  hyper- 
bola at  a  given  point. 

The  equation  to  the  hyperbola  being  cfi^-b^a^^^a^V^ 
in  ord^r  to  find  the  equation  to  the  tangent  the  process 
will  be  the  same  as  for  the  ellipse,  with  the  sole  difference 
that  6*  will  every  where  be  replaced  by  -  6*,  and  the  result 
will  be  the  same,  subject  to  that  modification.  Hence  if 
^',  y\  be  the  co-ordinates  of  the  point  of  contact  and  a  the 
angle  which  the  touching  line  makes  with  the  axis  of  w^ 

tana  =  -r-7,    (Art.  121) 
o*y 

and  the  equation  to  the  tangent  will  be 

6—2 
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6*  a! 
175.     The  formula  tan  a  «  -^  --7 , 

a*  \f 

since  it  does  not  alter  when  w  and  %f  are  replaced  by  '^w 
and  -  y',  shews  that  if  PC  (fig.  54)  be  produced  to  meet  the 
hyperbola  in  P',  the  tangents  at  P  and  P'  are  parallel  as  we 
might  have  foreseen  on  account  of  the  symmetrical  position 
of  the  hyperbola  relative  to  its  axes;  and  that  at  the  points 
A^  A  for  which  y'  =  0,  ^  a  at  a,  tan  a  «  00  ,  or  the  tangents 
are  perpendicular  to  the  axis.     Also  replacing  (J  by  its  value 


T  V  y  ^  +  fc%  we  get  tan  a  =  -  V  1  +  -^> 


a 


which  shews  that  as  y   increases  from  zero  to  00  ,  tan  a  di- 
minishes from   00  to  a  limit  — . 


176.  To  find  where  the  tangent   meets  the  transverse 
axis,  make  in  the  equation  to  the  tangent  y  *  0 ; 

.-.  j7  =  -7,  or  cr-— -. 

X  CN 

As  this  result  is  independent  of  6,  it  will  be  the  same  for  all 
hyperbolas  described  with  the  same  transverse  axis.  The 
value  of  CT  diminishes  as  x  increases,  but  is  always  of  the 
same  sign,  and  becomes  zero  when  ^'  s  00  •  Hence  when 
the  point  of  contact  is  at  an  infinite  distance,  the  tangent 
passes  through  the  center  and  makes  with  the  axis  of  ar  an 

angle  whose  tangent  is  - ;  i.  e.  it  coincides  with  the  diagonal 

CW  oi  the  rectangle  constructed  with  the  semi-axes.  This 
line  is  called  an  asymptote  to  the  hyperbola. 

177.  The8ubtangentiVrr-CJ\r-Cr-jr'--7-"  ""* 


w  m 


178.     To  find  the  equation  to  the  normal  of  a  hyperbola 
at  a  given  point. 
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Let  ai\  y*j  be  the  co-ordinates  of  the  given  point,  then 
since  the  normal  is  perpendicular  to  the  tangent  at  that  point, 
it  is  easily  seen  that  its  equation  is 

179.  To  determine  the  point  G  (fig.  54)  where  the  normal 
meets  the  transverse  axis ;  make  in  the  equation  to  the  normal 

y  =  0;    .-.  a?  =  a?'fl  +— j,  or  CG  =  ««.CJ^. 

Hence,  the  least  value  of  CGy  when  w  =  a,  is 


a 


The  subnormal  NO  ^  CO  -  CN^^^.w' ^K.-  CN. 


a'  a' 


180.  The  normal  at  any  point  bisects  the  exterior  angle 
formed  by  the  focal  distances  of  that  point. 

For  SG:=^  CG-CS  =  e^af  ^-ae^cSP, 

SG       SP 
.'.  7z—  =  77^;  /•  PG  bisects  the  angle  SPh.  (Euc.  vi.  Prop.  A.) 
HG      HP 

Also  since  GPTj  GPt,  are  right  angles,  and  SPG  =  hPG ; 

.-.  SPT  =  hPt  =  HPT, 

or  the  focal  distances  make  equal  angles   with   the  tangent 
on  opposite  sides  of  it. 

181.  These  properties  furnish  a  simple  method  of  draw- 
ing a  tangent  to  the  hyperbola  through  a  given  point. 

First,  let  the  point  be  in  the  curve  as  P  (fig.  55)^  join 
SP,  HP;  make  HK^  2 AC,  join  SK  and  draw  PF perpen- 
dicular to  it,  then  PK  ^  HP -9.AC  ^  SP,  PY  is  common, 
and  the  angles  at  Y  right  angles;  .-.  iSPY^KPY,  and 
consequently  PY  is  a  tangent  at  P. 
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182.  Next  let  the  point  be  without  the  hyperbola,  a§ 
T  (fig.  s^. 

With  center  H  and  radius  —  2  AC  describe  a  circle  JTJT', 
and  with  center  T  the  given  external  point  and  radius  TS 
describe  a  circle  cutting  the  former  in  JT,  JT,  join  HK 
meeting  the'  hyperbola  in  P,  and  join  TP,  then  TP  is  a 
tangent  at  P. 

for  SP^HP-9.AC^  PK,  TS  «  TK,  and  PT  is  common, 

.*.  PT  bisects  the  angle  SPH  and  is  therefore  a  tangent  at  P. 

Similarly,  if  HK*  be  joined  and  produced  to  meet  the 
hyperbola  in  P',  a  second  point  of  contact  will  be  determined. 

183.  The  locus* of  the  feet  of  the  perpendiculars  drop- 
ped from  the  foci  upon  the  tangent  to  a  hyperbola  is  the 
circumference  of  the  circle  whose  diameter  is  the  transverse  axis. 

For  joining  CY  (fig.  55)^  since  SH  is  bisected  in  C, 
and  SK  in  F,  CY  is  parallel  to  HK  mA^\HK^AC. 
Also  drawing  jHTZ,  CQ  perpendicular  to  ZY^  Q  is  the  middle 
point  of  ZY,  and  therefore  CZ^CY^  CA. 

184.  Since  C  is  the  center  of  the  circle  which  is  the 
locus  of  Y  and  Z,  and  SYZ  is  a  right  angle,  if  SY  and  ZC 
be  produced  to  meet  in  aS^,  this  will  be  a  point  in  the  cir- 
cumference and  SS'  =  HZ, 

.-.    SY  X  HZ  ^SYxSS'^SAxSA'^BC.  (Art.  160) 

SY      HZ        S!Y       S!P 
186.    Since,S'Fx^Z=SC«,and— =  — or— -■^, 

SP 

or  if  SP9  SY^  be  denoted  respectively  by  r  and  p,  and  con* 

sequently   HP  =a  Qa  -^  r,  we  have 

186.  Draw  CE  parallel  to  PY  (fig.  55),  then  CP  is  a 
parallelogram,  and  PE^CY^  CA. 
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The  Hyperbola  referred  to  its  Conjugate  Diameters. 

I87.  To  find  the  locus  of  the  middle  points  of  a  sys- 
tem of  parallel  chords. 

Let  the  chords  be  parallel  to  a  line  CW  through  the 
center  (fig.  57),  whose  equation  is  y  =  moo  \  then  the  equa- 
tion to  any  one  of  the  chords  QQ'  will  be  y  =  mos  +  c,  and 
to  determine  the  points  in  which  it  meets  the  hyperbola,  we 
must  combine  its  equation  with  that   to    the  hyperbola. 

This  gives,  eliminating   w  by  the  substitution  —  (y  -  c), 

w?(]?  "l?  "  mra^  -  b^ 

the  roots  of  which  are  represented  by  QM^  Q'M';  but  if 
V  be  the  middle  point  of  QQ'  and  CN  ^  X,  NV  ^  F,  its 
co-ordinates,  9,NV^  QM  +  Q'M\ 


F  = 


1  ,..      .  ma^c 


and  ^  =  ^(F-c)  =  - 


Dividing  one  result  by  the  other  in  order  to  eliminate 
the  quantity  c  which  particularizes  the  chord,  we  get 

a  relation  between  the  co-ordinates  of  the  middle  point  of 
any  chord,  and  therefore  the  equation  to  its  locus,  which  is 
consequently  a  straight  line  CV  passing  through  the  origin. 

The  straight  line  which  passes  through  the  middle  points 
of  a  system  of  parallel  chords  is  called  a  diameter;  hence 
all  diameters  of  a  hyperbola  pass  through  its  center;  and, 
conversely,  every  line  through  the  center  may  be  considered 
as  a  diameter. 
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188^  Hence,  denoting  the  equation  to  any  chord  by 
y  s  mx  +  c,  and  the  equation  to  the  diameter  which  bisects 
it  by  y  =  w»'^,  we  have 

,6*  ,      fc» 

m  «  — r  9    or  fw  m  s=  — , 
ma*  a' 

a  simple  relation  by  means  of  which  the  equation  of  one 
may  be  deduced  from  that  of  the  other. 

189.  The  chords  which  are  parallel  to  CF  are  bisected 
by  CW, 

For  any  one  of  these  chords  RR'  may  be  represented 
by  the  equation 

y  «  f»'  0?  +  c', 

then  the  diameter  which  bisects  them  will  have  for  its 
equation 

y^—rzx,  or  y^mw, 
m  a 

which  belongs  to   CW.     Hence   two  diameters,  whose  equa- 

tions  y^mx^   y^mlx  are  so   related   that  wiii'-b— ,    have 

the  property  that  each  bisects  the  chords  parallel  to  the  other ; 
they  are  called  conjugate  diameters.  But  the  term  is  usually 
restricted  to  those  portions  of  them  PP'^  DD\  which  are 
intercepted  by  the  proposed  hyperbola,  and  the  hyperbola 
which  is  conjugate  to  it  (fig.  58). 

190.  The  latter  is  a  hyperbola  BDS  Lf  whose  trans- 
verse and  conjugate  axes  coincide  respectively  with  the  con- 
jugate and  transverse  axes  of  the  proposed  curve;  and  the 
employment  of  it  is  attended  with  great  conveniences  in 
stating  and  investigating  the  properties  of  the  hyperbola. 

The  equation  to  the  conjugate  hyperbola,  referred  to  the 
same  axis  of  x  and  axis  of  y  as  the  primitive  hyperbola 
so  that  DM  =  y,  CM  =  x^  (fig.  b9i)  will  consequently  be 
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which  we  observe  results  from  the  equation  to  the  primitive 
hyperbola  by  replacing  a*  and   6*  by  -  a*   and  -  6*. 

191.  If  PT  be  a  tangent  at  P  (fig.  58),   and  w,   j/, 
the  co-ordinates  of  P,  then 

HI  =  — , ,  and  the  equation  to  PT  is 
w 

y-y  =-—iy"-'"^ 

ma 

which  represents  a  line  parallel  to  CD.  Hence  the  tangent 
applied  at  the  extremity  of  any  diameter  is  parallel  to  the 
corresponding  conjugate  diameter.  Similarly,  the  tangent  to 
the  conjugate  hyperbola  at  2>  is  parallel  to  CP ;  and  if 
tangents  be  applied  to  the  hyperbola  and  its  conjugate,  at  the 
extremities  of  a  pair  of  conjugate  diameters,  they  will  form 
a  parallelogram. 

192.  Of  any    two   conjugate   diameters,    only    one   can 
meet  the  hyperbola. 

Let  y  =  mw  be  the  equation  to  a  diameter ;  to  determine 
its  intersection  with  the  curve,  put  mx  for  y  in  the  equation 

and  we  find  for  the  abscissae  of  the  points  of  intersection 


^,±  v_^ 


V" 


which  are  real  as  long  as  m  is  less  than  -,  but  imaginary 

if  m  be  greater   than  - ;    in    the  former   case   the  diameter 
a, 

intersects  the  curve,  in  the  latter  it  does  not.     But  the  rela- 

tion  mrn'^—-   shews  that  if  m  be  less  than  -  ,  m'  is  greater 
a*  a  ^ 

than   -;    hence    every   diameter  which   meets   the  hyperbola, 

has  its  conjugate  diameter  amongst  those  which  do  not  meet  it. 
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193.  If   we   construct  od   the   axes  of  the  curve  the 

rectangle  Lt  (fig.  5Q)^  all   the   diameters  which   fall   within 

the    angle    LCly    make    with    AC   an    angle    whose    tangent 

h 
(abstracting  the  sign)   is  less  than   -;    whilst  the  diameters 

a 

which  fall   within  the  angle  LCL'  make  with  AC  an  angle 

whose  tangent  exceeds  -;    the   former   are   those  that   meet 

the  curve,  the  latter  those  which  do  not.     In  the  particular 

case  when  m  =  - ,   we  have  also  !»'  =  -,  and  the  conjugate 
a  a  ^ 

diameters  coincide  with   Ll\  and  meet  the  curve  only  at  an 

infinite  distance ;   similarly,  when  in  « ,  we  have  m'»  — , 

a  a 

and  the  two  diameters  coincide  with  the  other  diagonal  Vl. 

194.  Having  given  the  co-ordinates  of  the  extremity  of 
any  diameter,  to  find  those  of  the  diameter  conjugate  to  it. 

Let   CD  be  conjugate  to  CP  (fig.  58),   and  let  it  meet 
the   conjugate    hyperbola   in    2);    let   a}\   y'  be  co-ordinates 

of  P,  and  consequently  y  —  —j(e  the  equation  to  CP,    then 

y^—.—.tV  is    the    equation   to   CD;    and   to  determine   the 
a'  y' 

co-ordinates  of  D  we  must  combine  this   equation   with   the 

equation  to  the  conjugate  hyperbola,  which  is 

This  gives,  eliminating  y  by  the  substitution  of  -7-7^, 

b'   w^ 

^.l^oF^b^aS'^a^b^ 
a^  y^ 

or  cf{)?al^^c?y^)^a>y\ 
or^=-^; 

a%I  .  bx 

,',  x^CM  =  ~^     and  y  =  DM  «  —  . 
6  a 
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196.  The  difference  of  the  squares  of  any  two  semi- 
conjugate  diameters,  is  equal  to  the  difference  of  the  squares 
of  the  semi-axes. 

C2>*=^  +  -4-  =af'«-o'+y'*+6«,  because  j/'*--,(ar'*-o»); 
0  a  d 

196.  All  parallelograms  whose  sides  touch  a  hyperbola 
and  the  conjugate  hyperbola  at  the  extremities  of  a  pair 
of  conjugate  diameters,  are  equal  to  one  another. 

Draw  PF  perpendicular  to  CD  (fig.  58),  then 

area  of  whole  parallelogram  =  4 CD.PF^^CD. CTsin  TCP 

=  4DJfef .  CT=  4 —  .  -  =  4a6. 
a     OD 

197.  If  we  denote  CP^  CD  by  a\  b\  and  angle  PCD 
by  7,  we  have 

PF  =  a'  sin  7,     and  >•.  a'6'  sin  7  =  CD  x  PF  =  a6. 

Also  if  we  denote  PF  by  p,  we  have  the  relation  between 
the  central  distance  of  any  point  and  the  perpendicular 
from  the  center  upon  the  tangent  at  that  point, 


p«, 


CD"      a"'^a'^b^' 


198.  Draw  the  diagonal  CL  (fig.  58),  which  will  pass 
through  the  middle  point  of  X)P,  whose  co-ordinates  are  equal 
to  ^(CM-^CN),     ^{DM^-PN); 


ba}\ 
.-.  tanLCJ  =  i 


hence  the  diagonals  of  all  the  parallelograms  coincide  with  the 
limiting  positions  of  the  tangents  (Art.  176)  ;  and  the  parallelo- 
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grsms  are  not  only  equal  in  area,  but  they  all  have  their 
diagonals  in  the  same  straight  lines. 

199.  The  rectangle  contained  by  the  focal  distances  of 
any  point,  is  equal  to  the  square  of  the  corresponding  semi- 
conjugate  diameter. 

—  ^cf  -  a*  »  {ex  +  a)  .  {ex  -  a) 
^SP.HP. 

200.  To  find  the  equation  to  the  hyperbola  referred  to 
any  system  of  conjugate  diameters  as  axes. 

The  equation  to  a  hyperbola  referred  to  its  center  and 
axes  is 

Let  the  conjugate  diameters  CP,  CD  (fig.  60)  be  the 
new  axes  of  x  and  y  inclined  to  the  axis  of  x  at  angles 
PC  A  =  a,  DC  A  » /3 ;  then  since  the  origin  remains  unaltered, 
the  formula  for  passing  from  the  rectangular  to  the  oblique 
axes  will  be  (Art.  42) 

X  =a?'co8a  +  ycosfiy     y  «  ^r'sina-i-  y'sin)3. 

Hence,  substituting  and  reducing, 

(a^sin^a  -  6*cos*a)a;'*  +  (a»sin^/3  -6«cos'/3)y« 

+  2<r'y(a^sina  x  sin/S-ft'cosa  x  cos)3)  «  -  a*&*; 

but  tana.tan)3=  — ;  therefore  a*sina.sin)3-A'cosa.cos)3»0. 

Also  if  CP  «  a ,  CD  -  6',  we  have  (Art.  173) 
a  •  (a*  sin*  a-V  cos*  o)  «  -  a*  6% 
6'*(a*8in*/3-fc^co8*/3)«:  +11*6*; 
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hence  substituting  and  dividing  by  -a' 6*,  we  get  for  the 
required  equation 

or,  in  a  geometrical  form, 

201.  This  equation,   which,  suppressing  the  accents  of 
the  variables,  is 

being  of  precisely  the  same  form  as  that  relative  to  the 
axes,  it  follows  that  all  properties  which  do  not  depend 
upon  the  inclination  of  the  co-ordinates,  will  .be  common  to 
the  axes  of  the  hyperbola  and  its  conjugate  diameters. 

Hence  the  equation  to  the  tangent  at  a  point  Q(/r',y') 
will  be 

and  if  the  tangent  meet  the  axis  of  w  in  T,  we  shall  have 

CT  -  -—  ,  as  before ;    and  if  we  wish  to  draw  a  tangent 

o  V 

through  an  external  point  Q(h,k)  (fig.  61)  we  shall  have, 
to  determine  the  points  of  contact  {af%y')i  the  equations 

and  if  we  construct  the  line  represented  by  the  latter,  con- 

a'* 
sidering  x'  and  j/  as   the   variables,   by   taking   CT »  —  ^ 

h 

CR  «=  — —   and  joining  RT,   it  will  cut  the  hyperbola  in 

the  two  points  of  contact. 

202.  Since   the   distance   CT  is  independent  of  k,   if 
through   Q  we  draw  a  line  parallel  to  CD^  and   from  any 
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other  point  in  this  line  we  draw  a  pair  of  tangents  to  the 
hyperbola,  the  secant  passing  through  the  new  points  of 
contact  will  cut  the  diameter  CP  in  T,  as  this  point  only 
changes  when  h  changes.  Hence  from  the  several  points  of 
a  straight  line  if  pairs  of  tangents  be  drawn  to  a  hyper- 
bola, the  straight  lines  which  join  the  corresponding  points 
of  contact  will  all  intersect  in  the  same  point. 

203.  The  tangents  at  the  extremities  of  any  chord  will 
intersect  in  the  diameter  of  which  the  chord  is  an  ordinate. 

For  taking  that  diameter  and  its  conjugate  as  the  axes 
of  X  and  y^  the  equation  to  the  tangent  will  be 

according  as  we  consider  the  point  Q  {w\  y)^  or  the  other  ex- 
tremity of  the  chord  Q'  whose  co-ordinates  are  a\  -  y'\  and  in 

a'* 
both  cases  when  y^O^  ar « ^7 ,  therefore  the  tangents  meet 

w 

the  axis  of  w  in  the  same  point  T.    (fig.  60). 

204.  If  from  any  point  within  or  without  a  hyperbola, 
two  lines  be  drawn  parallel  to  two  given  straight  lines  to 
meet  the  curve,  the  rectangle  of  the  segments  will  be  to  each 
other  in  an  invariable  ratio. 

Let  O  (fig.  62)  be  the  given  point  with  co-ordinates  h 
and  A;,  then  taking  O  for  the  pole,  and  measuring  Q  from 
a  line  parallel  to  the  transverse  axis,  the  equation  to  the 
hyperbola  will  be 

a^  (r  sin  0  +  &)*  -  V  (r  cos  0  +  A)*  «  -  a»&», 
which  is  of  the  form  r*  +  Mr  -  JV  «  0, 

where  N^     ,  .  ,  . — Ta"^^^  » 

a^  sm*  Q  -V  cos'  Q  . 

if  these  be  the  two  values  of  r. 

Now  let  Pp,  Q9,  be  drawn  parallel  to  C^j  C(^9  which 
make  angles  a,  )3,  with  C^,  then 
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POxOp  :  QOxOq  ::  o«  sitf  )3 -  6*  cos« /3  :  a^  sin* a  -  5*^ cos* a 

::  CP"^  :  CQ'% 
which  ratio  is  independent  of  the  position  of  the  point  O. 

The  Hyperbola  referred  to  its  Asymptotes. 

206.  The  asymptotes  of  the  hjrperbola  coincide  with 
the  diagonals  of  the  parallelogram  constructed  upon  any  pair 
of  conjugate  diameters. 

The  equation  to  the  diagonal  CL  (fig.  63)  referred  to  the 
conjugate  diameters  CP,  CD^  is 

6' 
a 

And  the  equation  to  the  hyperbola, 
a 

Hence  when  a?=oo,  RQ  becomes  zero;  hence  Lt  is 
an  asymptote  to  the  portions  PQ^  P'Q';  and  similarly  it  may 
be  shewn  that  L'l  is  an  asymptote  to  the  other  portions. 
Hence  the  asymptotes  may  be  considered  as  the  limits  of 
the  tangents  (Art.  198)- 

206.  If  any  chord  of  a  hyperbola  be  produced  to  meet 
the  asymptotes,  the  parts  of  it  intercepted  between  the  curve 
and  the  asymptotes  will  be  equal. 

Let  Qq  (fig.  63)  any  chord,  when  produced  cut  the  asymp- 
totes in  if,  r;  bisect  Qq  in  T,  join  CF,  and  refer  the  hyper- 
bola to  the  diameter  CP  and  its  conjugate  CD,  then  the  equa- 
tions to  CJZ,  Cr  are 

6'  6' 

a  a 

.-.   VR^  Vr,  and  FQ  «  Vq,  .-.  QRi=^qr. 
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207-  If  a  line  be  drawn  through  P  parallel  to  Hr,  it 
will  be  a  tangent  at  P,  and  PL  =  PI. 

Also  i?QxQr  =  i?P-QF««—  {^^-(^-o'«)}  ^b'^^CD'. 

Hence  when  a  line  cutting  the  hyperbola  is  parallel  to 
a  diameter^  the  rectangle  of  the  parts  of  this  secant  between 
a  point  of  the  curve  and  the  asymptotes  is  equal  to  the  square 
of  the  semi-diameter. 

208.  From  any  point  P  (fig.  Qi)  of  the  hyperbola,  draw 
parallels  PG,  PF  to  the  asymptotes,  and  draw  the  tangent 
LI  which  is  bisected  in  P.  Then  the  parallelogram  GF  is 
half  of  the  triangle  LCh 

But  area  LCI  is  constant,  whatever  be  the  position  of 
P,  and  equals  ab  (Art.  196). 

Hence,  denoting  by  2  a  the  angle  between  the  asymptotes, 
and  by  cc^  y^  the  co-ordinates  of  P  referred  to  the  asymptotes 
as  axes,  so  that  CF^w^  FP^y,  we  get 

ab      ,  2  tan  a  2a6 

wy  sm  2a  =  — ;    but  sm  2a  = 


2  1  +  tan*  a      o*  +  ft 

.-.  ^y  =  i(a*  +  6»), 
the  equation  to  the  hyperbola  referred  to  its  asymptotes. 

209*  To  transform  the  equation  to  the  hyperbola  referred 
to  its  axes,  into  that  representing  the  hyperbola  referred  to 
its  asymptotes. 

Let  the  inferior  asymptote  be  the  axis  of  <v';  then  since 
the  axes  of  <r'  and  y  make  with  the  axis  of  of  the  angles 
27r-a  and  a  respectively,  the  formulae  are  (Art.  42) 

w  —  X  cos  a-\-y  cos  a,     y  =  y'  sin  a  -  ^'  sin  a ; 

.-.  a«sin*a(y  -^0*-ft'co8*«(y'  +  ^'--«**"> 
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b  .  6^  a^b^ 

but  tan  a  =  - ;   and  .*.  a^  sin^  a  «  6^  cos* a  =         .^  =  -5 — 75 ; 
a  c^      or  -^tr 

210.  To  find  the  equation  to  the  line  touching  the  hy- 
perbola at  a  given  point,  when  referred  to  its  asymptotes. 

Let  the  co-ordinates  of  the  given  point  be  a?',  y\  and  those 
of  a  point  near  it  a?",  y";  the  equation  to  the  line  passing 
through  them  will  be 

but  ^V  =  i («'  +  *").  ^V  =  i(«'  +  ^0; 

...\rV  -  ^'y'  =  0,    or  a?'  (y"  -  2/)  +  y"  (a?"  -  a?')  =  0 ; 

Hence  the  equation  to  the  secant  becomes 

and  in  order  that  it  may  become  a  tangent  we  must  suppose 
y"  ^y'  which  gives 

y-y  ^  ^-{x-x). 


211.     To  find  where  it  cuts  the  asymptotes,  make  y  =0; 
\  x^  2x\ 

or  Cl^2CF,  (fig.  63). 
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SECTION  IX. 

ON  THE  SECTIONS  OF  THE  CONE  AND  CTLINBEB. 


212.  The  surface  described  by  an  indefinite  straight  line 
which  is  carried  round  the  perimeter  of  a  given  circle,  always 
passing  through  a  fixed  point,  is  called  a  cone  (fig.  64). 

The  circle  is  called  the  base  of  the  cone,  and  the  fixed 
point  its  vertex,  and  the  line  joining  the  vertex  and  center 
of  the  base  is  called  the  axis.  The  cone  is  moreover  right 
or  oblique  according  as  the  axis  is  at  right  angles,  or 
inclined,  to  the  plane  of  the  base. 

As  the  generating  line  is  unlimited  in  both  directions 
from  the  vertex,  the  surface  of  the  cone  is  composed  of 
two  portions  or  sheets,  perfectly  similar,  situated  on  opposite 
sides  of  the  vertex.  Also  from  the  mode  of  generation  it 
follows  that  every  plane  parallel  to  the  base  will  cut  the 
cone  in  a  circle;  and  every  plane  through  the  axis  will  cut 
it  in  two  strai^t  lines.  When  the  surface  is  a  right  coae, 
every  generating  line  will  make  the  same  angle  with  the 
axis.  The  different  curves  obtained  by  cutting  a  cone  by 
a  plane  are  called  Conic  Sections. 

213.  All  conic  sections  are  curves  of  the  second  order. 

Let  PAP  (fig.  65)  be  a  section  of  a  right  cone  made 
by  any  plane,  and  through  the  axis  VO  draw  a  plane  per- 
pendicular to  that  of  the  section,  cutting  the  cone  in  the 
lines  VB9  VDj  and  the  plane  of  the  section  in  the  line 
JNf  which  take  for  the  axis  of  #.  Through  any  point  P 
draw  a  plane  perpendicular  to  the  axis,  intersecting  the  cone 
in  liie  cirde  MPQ^  and  the  plane  of  the  section  in  PP'; 
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then  MQ  will  be  a  diameter  of  the  circle^  and  PN  will 
be  at  right  angles  to  both  AN  and  NM^  and  will  con- 
sequently be  a  common  ordinate  to  the  circle  and  conic 
section  A  P.  Draw  Ay  parallel  to  PN  and  take  it  for  the 
axis  of  y^  and  let  AN^of,  PN  —  y;  and  choosing  the  data 
so  as  to  embrace  every  case,  let  AV^d^  zVAN^O^ 
AFQ'=^9a.     Then 

f  =  MN  X  NQ. 

^       MN      sinO  ,^^^     07  sin  0 

But  — -:  = ;        .-.  MN'- . 

AN      cos  a  cos  a 

And  drawing  iNTF^  parallel  to  QF, 

AF      sin(2o  +  0)  ._     a?  sin  (2a +  0) 

-_.  = ;  .\  AF  — ; 

AN  cos  a  coso 

4?.  sin  (2a  +  0) 


NQ^^d,  sina- 


cos  a 


2d.  sin  a.  sin  d        sind.sin(2o  +  0)    ^ 

•••  y^  « -^ 5 «  J 

cos  o  COS*  a 

the  equation  to  a  curve  of  the  second  order;  therefore 
every  conic  section  is  a  curve  of  the  second  order;  and 
it  will  be  an  ellipse,  hyperbola,  or  parabola,  according  as 
the  second  term  is  negative,  or  positive,  or  zero. 

Now  the  second  term  can  only  change  its  sign  when 
8in(2a  +  d)  changes  its  sign.  Hence  the  section  will  be  an 
ellipse  as  long  as  2a +  d  is  less  than  tt,  and  therefore  AN 
meets  VQ  produced,  or  the  cutting  plane  meets  only  one 
sheet  of  the  cone. 

It  will  be  a  hyperbola  when  2a  +  0  is  greater  than  tt, 
and  therefore  AN  and  VQ  intersect  when  produced  back- 
wards, and  the  cutting  plane  meets  both  the  sheets  of  the 
cone. 

It  will  be  a  parabola  when  2a  +  d  >=  tt,  and  therefore 
AN^  VQ  are  parallel,  or  the  cutting  plane  is  parallel  to  a 
generating  line  of  the  cone. 

7-2 
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214.  To  determine  the  axes  of  the  conic  section,  we 
have,  comparing  the  equation  (supposing  it  to  represent  an 
ellipse,  and  therefore  8in(2o4-6)  to  be  positive) 

2dsina.sind         sind.sin  (2a  +  0)    « 
cos  a  cos^  a 

With    ff^  —  (B -X^y 

a  or 

the  latus  rectum  or  —  «  2d .  tan  o .  sm  0, 
a 

,   6^      8in0.sin(2a  +  0) 

and  ~  = ; 

or  cor  a 

2c/sina.cosa 


2a 


sin(2o  +  e)  ' 


2d^sin*osind  .       ,     .       ^  /       sin© 

l.smo'V    . 


•.  26*  =  — : — -—   or    5  =  d 


sin  (2  a  +  6)  sin  (2o  +  B) 

216.  The  minor  axis  may  however  be  more  conveniently 
expressed  in  the  following  manner. 

From  the  extremities  of  the  axis  major  let  fall  perpen- 
diculars AF^fj  J!G-g  (fig.  64),  upon  the  axis  of  the 
cone;  through  C  the  middle  point  of  A  J!  draw  a  plane 
parallel  to  the  base,  cutting  the  section  in  Bff  which  is 
its  minor  axis,  and   the  cone  in  the  circle  MBQ^   then 

BC"  ^MCxCQ^  A'G  X  AF^fg, 
because  JIfC,  being  parallel  to  DA\  ^\DA'r=zA'Gy 

and  similarly  CQ  =  AF, 

Hence  the  distance  of  the  foci  of  the  elliptic  section  =  AD ; 

for  dropping  the  perpendicular  AE^  A'E  ^f+g; 

.'.  Aiy  =  4a2  +  4g^  -  4,5- (/+  g)  =  4a'  -  4>fg  =  4  (a*  -  b^)  ; 

.'.     AD  =  2  \/a*  -  6*  =  distance  of  foci. 
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216.  If  in  that  section  of  a  cone  through  the  axis 
which  is  perpendicular  to  the  plane  of  an  elliptic  section,  we 
describe  circles  touching  the  generating  lines  of  the  cone  and 
the  axis  of  the  section,  the  points  of  contact  with  the  axis 
will  be  the  foci  of  the  section. 

For  the  distance  of  the  foci  =  AD'  (fig.  &&), 

But  Aiy^AU'^D'U'^A'S'AU 

=  AA  -  <^AS 

.-.    AS^\{AA;  -^ALf)', 

therefore  aS  is  a  focus.     Similarly,    H  may  be  shewn  to   be 
the  other  focus. 

Produce  UU*  to  meet  A  A  produced  in  Xy 

then  from  the  similar  triangles  AUX,  ADA\ 

AX     AU         AX       AS 


or 


A  A     AD         2  AC     2SC" 
^     J^  CX^     AC 

'''    AC  "  SC    ""^   ~AC"  SC' 

therefore  X  is  the  point  where  the  directrix  meets  the  axis 
(Art.  110).  Similarly,  X'  is  the  point  where  the  other  directrix 
meets  the  axis. 

217.     When  the  section  is  a  hyperbola  the  equation  is 
«     Sdsind.sina         sin0  .  sin  (2a  +  0)    « 

y  = — zin^ — ^ zzjz ^ 


cos  a  cos^ 


a 


5 


where  sin  (2  a  +  0)  is  a  negative  quantity,  and  consequently 
the  second  term  is  positive,   which  compared  with 

„     2i2         6' 


a  a 


will  determine  the  axes,  as  in  the  case  of  the  ellipse.    When 
d=0  the  equation  becomes 

sin0.sin(2o  +  6)    ^ 
cos*  a 
which  represents  two  generating  lines  of  the  cone. 
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In  this  case  alio  the  aemi-eoojiigate  ask  it  a  wme^  pio- 
portional  between  the  perpendkulan  diu|n>ed  fem  die ' 
of  the  byperbok  upon  tbe  axis  of  the 


218.     When  the  section  is  a  parabola,  or  S«  +  I^«r, 
the  equatioo  is 

tf'* j^K  4a.8in'a.  Jr,  snee  sa9s  siif«. 

eosa 


219'     We  must  now  demonstrate  the 
tioD,  namefy,  diat  ctinres   of  die   seoond   order 


Ererjr  ctinre  of  the  seeond  order  is   oantained  in   die 
equatioo 

where  4p  u  the  latus  rectum,  and  s  die  square  of  die  ratio 
of  the  axes,  abstracdi^  the  sgB.  What  we  have  to  demon- 
strate isy  diat  the  qualities  py  n,  and  m  being  given,  we 
can  asdgn  real  vafaies  of  d  and  9  whiA  AalL  render  the 
abore  equation  idmlirJ  widi 

^     24isin«.fln«        fln0.fln(2«.h0)^ 
j^« * —5 ^**. 


Equating  die  ffufcknis  of  jr  snd  «*  in  the  two  equa- 
tioM,  we  get 

the  Immcr  4^  «idd»  wjt  ^ve  a  ml  vilne  of  d  when  0  is 

feat;  0m  \mm  mmf  fe  tiMiiifm  ml  ialo 

^  3^<*ti#^^»<i4r^if)}  «  -noos'a, 

^  -w^-JiW-^V^i^I^njca^a-l. 


%$^^4ti^  m  M  iifjyftMi  and  km  d^a  l;  hence  the 
fniMtm^  *^M<r  i^  M«^i  W  «^4V  i«»  between  + 1  and  - 1, 
oa4  4mmtiWi4f  ^  ^u««»t  m^      uaiiipiailj  anj  gircn  dUpae 
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may  be  regarded  as  a  section  of  any  proposed  right  cone 
whatever. 

In  the  hyperbola  n  is  positive  and  of  any  magnitude; 
if  the  above  value  of  cos  2  (a  +  ^)  be  negative,  it  will  be 
evidently  less  than  1,  and  a  will  be  real;  but  if  it  be 
positive,  we  must  have 

2  (l  +  »)  cos*  o  —  1  less  than  1, 
and  .'.  cos  a  less  than  —         .. ,     or  than 


but  if  (0  be  the  angle  which  the  asymptote  makes  with  the 

transverse  axis,  cos(o  =  — .  ;    .*.  cos  a  <  cos  as    .•.  a>«>; 

and  therefore  in  order  that  a  given  hyperbola  may  be  cut 
from  a  given  cone,  the  vertical  angle  of  the  cone  must  be 
not  less  than  the  angle  between  the  asymptotes. 

In  the  parabola  w  =  0,  therefore  sin  0  =  0  or  sin  (2  a  +  0)  =  0 ; 
the  first  is  inadmissible,  for  it  makes  p  =  0 ;  the  second  gives 
2a  +  d  =  7r,  which  will  always  furnish  a  real  value  for  0; 
hence  a  given  parabola  may  be  cut  from  any  proposed  cone. 


To  determine  the  curve   which  results  from    the 
intersection  of  a  right  cylinder  by  a  plane. 

Let  APJ'  (fig.  67)  be  a  section  of  a  right  cylinder, 
AA'D  a  section  of  the  cylinder  through  its  axis,  perpen- 
dicular to  the  plane  of  the  section.  •  Through  any  point  P 
draw  a  plane  perpendicular  to  the  axis  of  the  cylinder, 
intersecting  it  in  a  circle  whose  diameter  is  JifQ,  and  the 
plane  of  the  section  in  PP^  which  will  be  perpendicular  to 
ilfQ,  AA\  and  will  be  a  common  ordinate  of  the  section 
and  circle. 

Let  AN^x,  NP^y,  AA'^^a,  AD^^r, 
then  y^^MN.NQ; 
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MX     AN  „„     r 


or  MS^'-*, 


\Q.      Sjf  r 

tbe  equatioD  to  aa  dHpie. 

221,  In  die  nme  Banner  the  nature  of  the  sections 
of  an  oUiqae  eone  maj  be  determined;  but  this,  as  well 
9%  the  iaseamaaa  of  tbe  sections  of  Conoids  or  figures  gene- 
rated by  the  reTolotion  of  conic  sectiona  about  their  axes, 
msj  be  more  eoorenientlj  deferred  to  Geometry  of  Three 
Dimenmns,  There  is  however  one  property  of  the  oblique 
cone  wUdi  admits  of  a  simple  demonstration,  viz.  that  it 
may  be  cut  by  other  planes  besides  those  paraUel  to  its 
base,  so  that  the  sections  may  be  circles,  and  which  we 
diall  give  here. 

Let  VBD  (fig.  6S)  be  the  principal  section  of  an  oblique 
cone,  that  is,  a  section  made  by  a  plane  through  its  axis 
perpendicular  to  its  base;  and  let  MPQ^  APA'  be  two 
sections  made  by  planes  perpendicular  to  BVDy  and  of  which 
tbe  former  is  parallel  to  the  base,  and  is  therefore  a  circle 
with  diameter  MQ^  and  as  PN  is  perpendicular  to  MQ^ 
we  have  PN^  ^  MN.NQ;  and  the  latter  will  also  be  a 
circle  if  angle  AA'V  ^  ABD,  for  in  that  case  the  triangles 

AMN9  ANQ  are  similar,  and  —— -  =  ttt'^ 

NQ       NA 

.-.  A'N.NAr^MN.QN^^PN^ 

and  as  PN  is  perpendicular  to  AA\  the  section,  which  is 
called  a  subcontrary  section,  is  a  circle;  its  pFane  is  per- 
pendicular to  the  principal  section  of  the  cone,  and  makes 
the  same  angle  with  one  of  the  generating  lines  of  the  cone 
which  are  in  that  plane,  as  the  plane  of  the  base  does  with 
the  other. 
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SECTION  X. 

ON  THE  GENERAL  EQUATION  OF  CURVES  OF  THE  SECOND 
ORDER,  AND  ON  CERTAIN  GENERAL  PROPERTIES  OF 
ALGEBRAICAL  CURVES. 


We   shall  now   proceed  to   the  reduction   of  the 
general  equation  of  the  second  degree 

a^  +  hwy  +  C(J?  +  dy  +  ew  +/=  0, 

where  we  suppose  the  co-ordinates  rectangular;  for  if  they 
were  oblique,  by  transforming  them  to  rectangular  co-ordi- 
nates we  should  obtain  an  equation  of  the  same  degree  as 
the  above,  and  which  could  not  therefore  be  more  general 
than  the  one  we  have  assumed.  We  shall  prove,  as  affirmed 
at  Art.  62,  that  this  equation  by  giving  a  proper  position 
and  direction  to  the  origin  and  axes  of  the  co-ordinates, 
can  always  be  reduced  to  one  of  the  forms. 

Ay""  +  Bai^  =  C, 

y^  =  Jw, 

the  co-ordinates  being  rectangular;  and  therefore  can  never 
represent  any  other  curve  than  one  of  those  discussed  in 
the  preceding  Sections.  The  principle  of  the  method  is  to 
change  the  system  of  co-ordinates,  without  giving  any  par- 
ticular values  to  the  quantities  which  determine  the  position 
of  the  new  axes.  By  that  means,  indeterminate  quantities 
are  introduced  into  the  transformed  equation,  to  which  such 
values  can  afterwards  be  assigned  as  will  destroy  certain  of 
its  terms.  Instead  of  altering  both  the  origin  and  direction 
of  the  co-ordinate  axes  at  once,  it  is  more  convenient  to 
effect  these  changes  separately,  in  the  following  manner. 
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Ci 


225.     We  shall  now  proceed  to  the  actual  determination 
of  the  axes  of  the  curve.     Since 


a  —  c 


V  (a  -  cY  +  6^ 
-6 


sinSfl  =  cos20.  tan20  = 


in  these  expressions  the  radical  may  have  either  the  sign 
+  or  — ,  because  we  are  at  liberty  to  choose  either  of  the 
new  axes  for  the  axis  of  w\  but  to  avoid  all  ambiguity, 
we  shall  take  the  radical  with  a  positive  sign;  then  sin 20 
will   have  a   sign  contrary   to  that  of  6. 

Hence  taking  the  sum  and  difference  of  equations  (2),  and 
substituting  the  above  values  of  cos  20  and  sin  20,  we  get 

J  +  i?  =  a  +  c, 

^-g«(a-c)cos2g-6sin2g=   ^^ '"  ^^'-±^=  \/(g-cy+y ; 

.*.  J  =  ^  {a  +  c  +  \/(a  +  cf  +  m\ , 

putting  w>  =  6*  -  4ac. 

.   226.     We   have   now  two   cases  to   consider,   according 
as  m  is  positive  or  negative. 

First  let  m  be  negative,  then  A  and  B  have  the  same 
sign;  and  supposing  ^(A,  ft)  to  be  of  a  contrary  sign  to 
A  and  5,  and  =  -  C,  the  equation  is 

Ay"  +  Bx"^  =  C, 

/c        fc 

which  represents  an  ellipse  with  semi-axes    Sj  — ,      \/  -= . 

A  B 

If  ^(A,  ft)  =  0,  the  equation  is  satisfied  only  by  /r  =  0,  y  =  0» 

i.  e.   it   represents    the    point    which    is    the    origin ;    and   if 

^(A,  ft)  be  of  the  same  sign  as  A  and  £,  the  equation  can 

be  satisfied  by  no  real  values  of  x  and  y. 
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Secondly,  let  m  be  positive,  dien  A  and  B  have  contrary 
signs;  and  whatever  be  the  sign  of  ^(A,  ft)  i.e.  whether  it* 
equals  +  C  or  -  C,  the  equation  will  be  of  one  of  the  forms 

which  represents  a  hyperbola  with   semi-axes  \/  — ,    'V  -5  • 

If  C  =  0,  the  equation  is  y  =  ±  'V  -5  •  ^9  which  represents 
two  straight  lines  through  the  origin. 

227.     Next  in  the  equation, 

aj^  +  bwy  +  caf^  -^dy  +  eoB  +/=  0 ; 

let  the  coefficients  be  such  that  b^-4tac:=^0,  and  that  the  nu- 
merators in  the  values  of  h  and  k  are  finite,  then  the  co- 
ordinates of  the  center  are  infinite,  which  signifies  that  the 
curve  has  no  center.  In  this  case,  as  we  cannot  by  chang- 
ing the  origin  take  away  the  terms  in  ^  and  j/,  our  first 
object  must  be  to  destroy  the  term  involving  the  rectangle 
3^y.     For  that  purpose  put 

a/cos9  —y  sinO  for  ^p,  and  w* sinO  +  y' cos0  for  y, 
and  the  equation  becomes 

Ay'^-j-Ba/^  +  (cicosO- esin0)y' +  (dsind  +  ccos0)^'+/=sO, 

the  term  involving  of'y  disappearing,  as  before,  by  the  con- 
dition 

^       -6 

tan  2  0  = , 

a  —  c 

which  gives,  since  b^  =  4ac, 

-6  -6 


sin  20  = 


cos2t^  = 


\/{a  -  c)2  +  ft''  "  «  +  c 
a  —  c 
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taking  the  radical  with  the  positive  sign.     Hence  by  means 
of  the  formulfie 


or 


cos 0  =  \/^ (1  +  cos 20),  sin 9  =  \/^(l  -cos 20),  we  get 

a  cos©  -  e  sin  0  = -^        —  =  D, 

van-  c 

d  sin  0  +  c  cos  0  =  —  ^  -  =  £. 

Also  J  =  ^  {a  +  c  +  \/(a-c)*  +  6^}  «  o  +  c, 
i?  =  i{a  +  c-  \/{a  -  c)«  +  6^ }  =  0, 
therefore  the  equation  becomes,  suppressing  the  accents, 

E 
which  represents  a  parabola,  latus  rectum  «  ^  ,   and  co-ordi- 

^  -  4^^/  ,  J>         ,       . 

nates  of  its  vertex  ^  = -,   y=  "■■i'7>  ®™  *^*^s  P^ 

4tAE  A 

rallel  to  the  new  axis  of  a?.  In  this  case  the  co-ordinates 
of  the  new  origin  cannot  become  infinite;  for  A  '^  a  +  c  can- 
not become  zero  since  a  and  c  have  the  same  sign;  and  if 
jEJ  «  0,  then  the  transformed  equation  will  no  longer  con- 
tain w ;  and  being  solved  with  resjJ&ctTb  y,  it  will  furnish 
two  constant  values  for  y,  so  that  it  will  represent  two 
parallel  lines. 

228.  If  in  Art.  223  the  coefficients  of  the  proposed 
equation  are  such  that  one  of  the  numerators  ^ae—bd  is 
zero,  at  the  same  time  that  V  ^  4iaCy  (which  two  suppo- 
sitions make  the  other  numerator  2cd--be  also  vanish)  both 
the  co-ordinates  of  the  coiter  become  indeterminate ;  the  two 
equations  (l)  in  that  case  are  equivalent  to  a  single  inde- 
pendent equation,  and  the  two  lines  which  they  represent, 
regarding  h  and   k  as  the  co-ordinates,  coincide,  and   there 
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exists  an  infimte  number  of  centers  all  situated  in  that  line. 
The  proposed  equation,  with  the  above  relations  among  its 
coefficknts,  no  long^  in  feet  represents  a  curve,  but  two 
parallel  straight  lines;  for,  solving  it,  we  get 

y  =  -    ^"^     =t  —  \/(6«  -  4,ac)  a^  -^^{hd-  2ac)  w-^-df-  4iaf, 

and  this  in  the  supposed  case  becomes 

bw-^-d  1         ry, J— r 

^  2a         2a^  -^ 

and  therefore  represents  two  parallel  straight  lines,  which 
are  replaced  by  a  single  one  if  (P  =  4«a/;  and  become  alto- 
gether imaginary  if  d?  <  4iaf, 

General  properties  of  AJprebraical  Cmves. 

229.  The  general  equation  of  the  n^  degree  between 
X  and  y  ought  to  contain  all  the  combinations  of  the  powers 
of  X  and  y  in  which  the  sum  of  the  indices  does  not  ex- 
ceed n\  therefore  when  complete  and  arranged  according  to 
descending  powers  of  y,  it  will  be 

^ot  +  (*o  +  6i^)  y""^  +  (co  +  Ci  ^  +  Cg  af^)  y""*  +  &c. 

+  (^0  +  h^  +  h^  +  &c.  +  l^af)  «  0. 

All  equations  between  two  variables  on  and  y  which  can 
be  reduced  to  this  form,  are  called  algebraical,  all  others 
are  called  transcendental :  hence  arises  the  distinction  of 
lines  into  algebraical  and  transcendental,  according  as  their 
equations  are  algebraical  or  transcendental. 

230.  The  classification  of  lines  in  different  orders  according 
to  the  degrees  of  their  equations  would  be  to  little  pur- 
poto,  if  by  changing  the  axes  of  the  co-ordinates  we  altered 
the  degree  of  the  equation.  But  this  is  «ot  the  case.  For 
having  given,  between  w  and  y,  the  equation  to  a  line  re- 
fetred  to  <!ertain  axes,  in  order  to  get  the  equation  to  the 
same  line  referred  to  new  axes,  we  must  replace  ic  and  y 
in  the  given  equation  by  the  values  found  in  Art.  41 ; 
and  as  these  values  are  of  the  first  degree  in  of'  and  y\  it 
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follows  that  the  degree  of  the  equation  cannot  be  raised  by 
this  substitution.  Neither  can  the  degree  of  the  transformed 
equation  be  less  than  that  of  the  primitive  equation;  for 
if  it  could,  then,  by  what  has  been  proved,  we  could  not 
return  from  it  to  the  primitive  equation,  which  is  absurd. 

231.  The  general  equation  of  any  degree  comprehends  not 
only  all  lines  of  the  order  expressed  by  that  degree,  but  also 
all  lines  of  inferior  orders.  Thus  the  above  general  equa- 
tion of  the  n}^  degree,  by  making  Oq  =  61  =  C2  =  ...  =  /«  =  0, 
degenerates  into  the  equation  of  the  (w-l)***.  Also  the  equa- 
tion of  the  second  degree 

{y  -  mx  -  c)(y  -  w! x  -  c')  =  0 

is  clearly  verified  either  by  putting  y  =  w>^  +  c,  or  y  =  fw'o?  +  c', 
which  represent  two  lines  of  the  first  order ;  so  that  the 
proposed  equation  does  not  in  reality  represent  a  line  of  the 
second  order  at  all,  but  two  straight  lines;  or  only  one 
even  of  these,  if  w  =  w',  c  =«  c'.  Similarly,  the  equation  of 
the  third  order 

{%f  —  mx  -  c)  (ay  —  a?*)  =  0 

represents  a  line  of  the  first  order,  and  one  of  the  second 
whose  equation  is  ay  -  a?^  =  0.  And  in  general  according  as 
a  proposed  equation  of  any  degree  is  not,  or  is  capable  of 
being  resolved  into  factors  which  are  rational  with  respect  to 
the  variables  x  and  y,  it  will  represent  a  single  line  of  the 
corresponding  order,  or  several  distinct  lines  of  inferior  orders. 

232.  A  straight  line  cannot  meet  a  curve  of  the  vl^  order 
in  more  than  n  points. 

Let  the  co-ordinates  be  transformed  so  that  the  pro- 
posed line  may  be  the  axis  of  j?,  and  let  F«0  be  the  re- 
sulting equation  tp  the  curve;  in  order  to  determine  the 
points  in  which  ^  it  is  intersected  by  the  straight  line,  we 
must  put  y  s  0  in  the  equation  F  =  0,  and  the  corresponding 
values  of  x  will  be  the  abscissae  of  the  required  points. 
But  F  =  0  being  of  the  vi!^  degree,  the  equation  for  deter- 
mining X  will   be  at  the  most  of  the  vi^  degree;  therefore 
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.V  cannot  have  more  than  n  values,  and  there  cannot  be  more^ 
than  n  points  of  intersection;  but  there  may  be  fewer  than 
n,  for  the  equation  for  determining  w  may  be  of  a  degree 
inferior  to  n,  and  may  have  equal  or  imaginary  roots. 

233»  The  general  equation  of  the  n^  degree  between  two 
variables,  when  complete,  contains  1  +  2  +  S  +  &c.  +  (n  +  1), 
or  ^  (^  +  1)  (^  +  2),  arbitrary  constants,  in  which,  since  we 
may  divide  the  whole  equation  by  one  of  them,  there  is  one 
superfluous  which  might  be  suppressed;  consequently  the 
number  of  independent  constants  is 

^  (t*  H-  1)  («  +  2)  -  1,   or  \n  (n  +  3). 

Hence  a  curve  of  the  w*  order  may  be  made  to  fulfil 
^n{n  +3)  conditions ;  as,  for  instance,  to  pass  through 
^n{n  +  S)  points ;  for  giving  to  x  and  y  their  values  at  each 
of  the  given  points,  we  get  ^n{n  -{■  S)  different  equations 
by  means  of  which  the  values  of  the  constants  may  be  de- 
termined. Hence  a  curve  of  the  second  order  may  pass 
through  five  given  points. 

234.  To  determine  the  conic  section  which  passes  through 
five  given  points. 

Take  the  axes  of  the  co-ordinates  so  that  each  contains 
two  of  the  given  points;  and  let  ^],  y^^  be  the  ordinates  of 
the  points  situated  in  the  axis  of  y\  ^,,  w^i,  the  abscissae  of 
the  points  situated  in  the  axis  of  <r;  and  w^y  y^,  the  co- 
ordinates of  the  fifth  given  point.  Then  substituting  suc- 
cessively the  co-ordinates  of  each  of  these  points  in  the  place 
of  Of  and  y  in  the  general  equation  (where  ev^ry  coefficient 
is  divided  by  the  constant  term), 

ay*  +  bwy  +  ca^  +  rfy  +  c.r  +  1  =0, 
we  get  the  five  equations 

«yi*  +  dyi-k-l  =0,       ay^^  -^  dy^  +  l  =0^ 
cx^  +  eooi  +  1=0,       caf2  +  ex^  +  1=0, 

«3f3*  +  fc^S^a  +  Ca?3^  +  «Zy3  +  Ca?3  +   1  «  0, 
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which  give  for  the  five  unknown  quantities  the  values 


1 
yiy 

2 

d  =  -. 

c 

1 

,        C=  - 

Xi  4-  tt'a 

,_ 

1 

{yzivz 

-Vi-  Pi) 

+ 

^3  (^8  - 

cTg-a?!) 

..i. 

^3^3  I  ^1^2  ^1^2 

Now  provided  no  three  of  the  given  points  be  in  a  straight 
line,  none  of  the  quantities  ^i,  w^j  &c.  is  zero;  therefore  the 
above  values  of  a,  6,  &c.  are  neither  infinite,  nor  indeterminate, 
and  none  of  them  has  more  than  one  value ;  therefore  through 
five  points,  provided  no  three  be  in  a  straight  line,  a  conic 
section,  and  only  one,  can  be  made  to  pass. 

235.     To  find  the  position  of  the  center  of  any  curve. 

The  center  of  a  curve  is  a  point  C  (fig.  24),  such  that 
any  chord  of  the  curve  PP  drawn  through  it,  is  bisected  in 
it.  (It  must  be  observed,  however,  that  if  PP  meet  the 
curve  in  more  points  than  two,  it  is  sufficient  that  these 
points  combined  in  a  certain  order  should  be  two  and  two 
equally  distant  from  C).  If  the  curve  be  referred  to  any 
two  axes  originating  in  C,  and  PN^  P^N*  be  the  ordinates 
parallel  to  Cy  of  the  extremities  of  a  chord,  we  see  from  the 
equal  triangles  PCN,  PCN'^  that  these  ordinates  are  equal 
and  of  contrary  signs ;  the  same  thing  is  true  for  the  abscissae 
of  P  and  P';  as  well  as  for  the  extremities  of  every  other 
chord  passing  through  C.  If  therefore  (j>{x^  y)  ^0  be  the 
equation  to  the  curve,  and  if  it  be  satisfied  by  J7 «  a,  y  ^b^ 
it  must  also  be  satisfied  by^i7=:-a,  ^=-6;  that  is,  it 
must  be  such  as  not  to  alter  when  the  signs  of  the  two  vari- 
ables are  changed;  and  conversely,  if  it  have  this  property, 
the  origin  is  the  center  of  the  curve.  When  '0  (^,  y)  =  0  is 
algebraic,  it  cannot  have  the  above  property  unless  the  di- 
mension of  every  term  be  even  in  an  equation  of  an  even 
degree,  and  odd  in  an  equation  of  an  odd  degree;  for  in 
the  former  case  the  equation  is  not  at  all  altered  by  replacing 
«r  and  y  hy  -  w  and  -  y ;  and  in  the  latter  (in  which  case 
the  equation  cannot  have  a  constant  term)  the  sign  of  every 
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term  will  be  altered,  and  therefore  the  whole  equation  un- 
altered. Hence  to  find  whether  a  proposed  curve  admits 
of  a  center,  we  must  refer  it  to  parallel  axes  through  a  new 
origin  having  co-ordinates  A,  A?,  by  putting  a7«^'  +  Aj  y*y'  + A?, 
and  equate  to  zero  the  coefficients  of  all  the  terms  which 
are  of  a  dimension  different  (as  far  as  regards  odd  and  even) 
from  the  degree  of  the  equation;  if  these  conditions  can  all 
be  satisfied  by  real  and  finite  values  of  h  and  A?,  the  curve 
has  a  center,  and  h  and  k  are  its  co-ordinates ;  in  the  contrary 
case  the  curve  has  no  center.  Of  this  process  we  have  an 
example  at  Art.  223. 

236.  The  locus  of  the  middle  points  of  a  system  of 
parallel  chords  of  any  curve  is  called  its  diametral  curve. 
If  the  curve  be  of  the  n***  order,  the  points  of  intersection 
with  its  ordinates  real  or  imaginary  will  be  in  number  n\ 
and  their  combinations  on  the  same  indefinite  line  will  form 
■^7i(n-l)  different  chords,  and  as  many  middle  points,  and 
therefore  the  diametral  curve,  since  it  may  be  met  by  an 
indefinite  line  in  ^  »  (w  -  1)  points,  will  have  an  equation  of 
the  degree  ^n{n  —  1).  For  curves  of  the  second  order,  since 
n  s=:  2,  the  diametral  curves  can  only  be  straight  lines. 

237*  To  find  the  locus  of  the  middle  points  of  a  sjrstem 
of  parallel  chords  of  any  curve. 

Let  the  chords  be  parallel  to  a  line  through  the  origin 
whose  equation  is  y  =  m«a7,  and  let  ^  («r,  y)  =  0,  be  the  equa- 
tion to  the  curve ;  also  let  w\  y\  be  the  co-ordinates  of  the 
middle  point  of  any  one  of  these  chords,  and  take  it  for  the 
origin  without  altering  the  direction  of  the  axes,  and  therefore 
put  x'  -k-  w  for  a?,  and  y'  +  y  for  y\  then  the  transformed 
equation  to  the  curve  is  <p  {a/  +  .r,  y'  +  y)  ™  0,  and  the  equa- 
tion to  the  chord  is  y^m,v.  Hence  the  values  of  ^,  cor- 
responding to  the  points  of  intersection  of  the  curve  and 
chord,  result  from  the  equation  (p  {at'  +  a?,  y'  +  m^)  —  0,  and 
because  the  origin  bisects  the  chord,  the  values  of  w  must 
be  equal  and  of  contrary  signs;  from  which  consideration 
we  may  obtain  a  relation  between  of  and  y\  which  is  the 
equation  to  the  required  locus. 
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238.  Thus  if  0  (^9  ^)  «  0  be  the  general  equation  of 
the  second  order, 

ay*  +  hwy  +  ca^  +  dy  -{•  eof  +/«  0, 

puttiqg  ^  =  <2?'  +  a?,  and  y^y-\-  mw^  we  get 

o  (y'  +  mxY  +  6  (^p  +  ^')  {y  +  t»a?)  +  c  (^  +  a?')* 

+  d  (y  +  ma?)  +  e  (^  + /p') +/«  0, 

and  because  the  values  of  w  are  to  be  equal  and  of  contrary 
signs,  the  term  involving  the  first  power  of  w  must  disappear ; 

.-.  9,amy  +  6  {w*m  +  y  )  +  2ca/  +  dm  +  c  =  0, 
or  %/  (Qam  +  6)  +  a?'  (2c  +  bm)  +  dm  +  e  =  0, 

the  equation  to  a  straight  line.  Hence  there  will  be  an 
infinite  number  of  diameters  corresponding  to  the  various 
values  of  m.  If  the  diameter  is  to  be  perpendicular  to  its 
chords,  we  must  have 

/     2c  +  bm\  ,     2(c-a) 

1  +  m 7    =0,   or  w'  -f ; — ^  m  -  1  =  0, 

V     Qam+bJ  b 

which  will  necessarily  give  two  real  values  of  m ;  hence 
there  are  generally  two  diameters  which  bisect  their  ordinates 
perpendicularly. 

239.  Not  only  do  we  distribute  algebraical  curves,  into 
orders  according  to  the  degree  of  their  equations ;  but  we  also 
investigate  the  difierent  families  of  lines  which  may  be  com- 
prised amongst  those  of  the  same  order;  and  even  the  dif- 
ferent species  of  each  family,  if  necessary.  The  individual 
lines  of  the  same  family,  or  species,  we  then  classify  ac- 
cording to  certain  characteristics  easy  to  be  recognized,  which 
completely  distinguish  them  from  one  another ;  and  we  lastly 
endeavour  to  determine  the  form  and  properties  of  each  of 
them!  This  we  have  effected  for  equations  of  the  first  and 
second  degrees ;  the  former  gives  only  straight  lines  as  has 
been  said;  the  latter  gives  three  species  of  curves  very  dis- 
tinct, viz.  the  parabola  which  has  no  center;  and  the  ellipse 
and  hyperbola,  both  of  which  have  a  center,  but  only  the 
latter  has  asymptotes. 
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The  enumeration  of  lines  of  the  third  order  was  first 
made  by  Newton,  who  found  72  species  comprised  in  14 
divisions;  Stirling  added  4  species  which  had  been  omitted, 
and,  lastly,  Cramer  added  2  more,  making  in  all  78  species. 


240.  The  following  are  examples  of  finding  the  equations 
to  various  loci,  and  of  tracing  curves  by  means  of  their  equations. 

(l)  Having  given  the  base  and  altitude  of  a  triangle, 
to  find  the  locus  of  th^  center  of  the  inscribed '  circle. 

SC  =  CH=^c  «=  half  given  base  (fig.  41),  PN  =  a  the 
given  altitude,  O  the  center  of  the  inscribed  circle,  CM «  a, 
MO  =  y  its  co-ordinates,  CN  «  a?';  then 

tan  *S « 


a 

tan 

S        y 

2       c^-w^ 

taniJ* 

a 

-7,   tan 

c-af 

H 

t  9 

C  +  tl? 

2 

a 

2y  (c  4-  ai) 

tt 

^yiP" 

a,) 

therefore  inverting  and  adding  in  order  to  eliminate  af\   we 
get  the  required  equation,  which  is  of  the  third  degree, 

2      1  y 

—    rs   —   —   — — — —  , 

a      y      (^  -^  ai* 

(£)  Having  given  the  base  of  a  triangle,  and  the  sum 
of  the  other  two  sides,  to  find  the  locus  of  the  center  of 
the  inscribed  circle. 

SH  the  given  base  =  2ae,  SP  +  PH  =  2a,  and  SO  =»  r, 
HSO^Of  (fig.  41),  polar  co-ordinates  of  the  describing  point  O; 

then  area  of  triangle  =>  ^  perimeter  x  radius  of  inscribed  circle 

s=  a  (1  +  c)  r  sin  0, 

1  i?*  •       1        on  •    «zi  a'c (1  - >*)  sin  2d 

also  area  of  tnangle  «  SP  sin  20 .  ae  « ^ i — - — ; 

^  l-ecos2e 

2ae(l  -  e)  cosO 

.\   r=* ^^ ^—r , 

l-ecos20 
the  equation  to  a  conic  section  of  which  SH  is  the  major  axis. 
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(3)  Two  given  circles  are  traced   upon  a  plane,  and  a 

line  is  drawn   touching  one    and  cutting  the  other  in  two 

points,  at   which   tangents  are  drawn   to   the  latter   circle; 

to  find  the  locus  of  the  intersection  of  the  tangents. 

OP  =  r,  POa  =  e,  00'  =  c,   OQ^  a,  aOi  =  a!  (fig.  69), 

00?      a" 


c  cos  0  —  a'  =  ON  = 


OP 


c  cos  0  —  a 


hence  the  locus   is  a  conic   section  of  which   the  centers  of 
the  circles  are  the  foci. 

(4)  Two  focal  distances  of  a  conic  section  include  a 
constant  angle,  and  one  of  them  is  produced  to  meet  the 
tangent  at  the  extremity  of  the  other,  to  find  the  locus  of 
the  point  of  intersection. 

AST^e,    ST^r,    PSQ^a,    SPT  =^  (p    (fig.  30), 

SP      sin  (a  4- 0) 

_^  «.  . r_  ».  cos  a  +  sm  a  cot  d) 

ST  sm  ^  ^ 

e  sin  (9  H-  a)  cos  a  -{-  e  cos  0 

=  cosa  +  sm  a-  - 


1  -+-  e  cos  (0  +  a)       I  +  e  cos  (0  +  a)  ' 

rvT,^      GL      eSP  sin  PSA  ,^ 

•••  cot  0  =  tan  SPG  =  ^17  = z ir —  (Art.  135), 

^  PL  a{l  -er) 

and  SP  =  ^ — TTT^  ; 

I  +  e  cos  (0  H-  a) 

a  (1  -  e') 

cos  a  ■¥  e  cos  6 ' 

the  equation  to  a  conic  section  with  focus  *y,  and  which  is 
an  ellipse,  hyperbola,  or  parabola,  according  as  cos  ct  >,  < 
or  =  c. 
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(5)  To  find  the  equation  to  the  curve  traced  out  by 
a  point  in  the  perimeter  of  a  circle  which  rolls  upon  another 
equal  circle. 

Let  A  be  the  describing  point,  at  first  in  contact  with 
-4,  and  AA'  the  curve  traced  out,  (fig.  70) ;  C,  C  the  centers 
of  the  circles;  join  AA\  CC^  and  let 

AA  =  r,  AAE  ^0,  AC^  a. 

AA  is  manifestly  parallel  to  CC^  draw  DA  parallel  to 
ACi  and  therefore  ^  AC; 

.-.  AA^CD^CC^DC\ 

or  r  =  2a-2acosd,  the  polar  equation. 
Or  if  AR  -  a?,  RA  =y,  be  the  rectangular  co-ordinates  of -^', 

,•.  ^  +  y^  =  2a  (\/a?*H- j^  -  «r). 

(6)  To  find  the  equation  to  the  curve  described  by  a 
point  in  the  perimeter  of  a  circle  which  rolls  within  another 
circle  of  four  times  its  radius. 

P  the  describing  point,  at  first  in  contact  with  A  (fig.  70), 
and  AP  the  curve  traced  out ; 

CN=w,  PN^y,  CA  =  4o,  QO  =  a, 

O  being  the  center  of  the  rolling  circle, 

ACD  =  0 ;  therefore  QOP  =  40,  and  consequently,  OM  being 
perpendicular  to  AC , 

aPOM^w  (f -^)  -40  =  ^-30; 

.\  ci?=  CM •\-  Pn  =  Sa  COS0  +  acos30  =  4a  (cos0)^ 
^  =  OM  -  On  ^  3a  sin  9  -  a  sin  30  =s  4 a  (sin  0)^ ; 

\4a/     "*"  \4a/ 
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(7)  To  find  the  locus  of  the  intersection  of  a  tangent 
to  a  given  curve  and  the  perpendicular  let  fall  upon  it 
from  a  given  point. 

PY  (fig.   71)  a  tangent  to  the  given    curve  at  ia   point 

whose    co-ordinates    are    SN  =  a?,  PN  t:^  y,    S    being    the 

given    point ;     SY   a    perpendicular    upon    PY,     SM «  of', 

MY^y',  the  co-ordinates  of  F.     Then  drawing  YQ  parallel 

SM     PQ 
to  SN,  from  the  similar  triangles  SMY,  PYQ,  — :--  =  —^ 

MY     QY 

or  -7  =  =7  or  ^'*  +  y^  =  yy  -  ww\ 

y       w  '\'  w 

Also  if  a  be  the  angle  which  PY  forms  with  the  axis  of  a?, 
tan  a  B*/ (07,  y)   is    known    from    the    nature   of   the   curve, 

but  tana  =  -7; 

x' 

••  77 '"/(^^  y)' 

These  two  equations  together  with  the  equation  to  the 
curve  will  enable  us  to  eliminate  x  and  y,  and  the  result 
will  be  the  equation  to  the  locus  of  F. 

Ex.  1.  To  find  the  locus  of  the  intersection  of  the 
tangent  to  a  parabola  and  the  perpendicular  upon  it  from 
the  vertex. 

y*=3  4aa7, 


la  fa  X  fa 

—  =  V  -;    .-.  -7=  V-; 


9.1 
tana  ^ 

y  w  y  X 


x^a-fi  and  y*«=4a^^  or  y«2a-7; 

X  X  X 

.-.  x'*  +  y'*m2aK-a^; 

XX 


or  y^ « ^ ,  the  equation  to  the  Cissoid  of  Diodes. 

a  —  X 
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But   if   the   perpendicular    be  let   fall   from   the   focus, 
the  equation  to  the  parabola  reckoning  from  that  point  is 


y  =  4a(< 


0?  +  a) ;     .-.  tan o  =  'V =»  —; 


a?  +  a 


,\  .r  =  a ; 
the  equation  to  the  line  touching  the  parabola  at  its  vertex. 

Ex.  2.  If  the  curve  be  an  ellipse,  and  the  perpen- 
dicular be  let  fall  from  the  center,  the  equation  to  the 
locus  of  the  foot  of  the  perpendicular  will  be  found  to  be 

which  agrees  with  the  polar  equation  already  found  (Art.  136) 
r^=^a^l  -e^sin^e). 

In   the   case   of  the   hyperbola,   changing   V   into  —6^,   the 
equation  is 

(a?»  +  j^)««oV-6Y> 

which  if  6  =  a  becomes 

representing  a  curve   called    the    Lemniscata    of   Bernouilliy 
and  whose  polar  equation  is  r^^a^  cos  20. 

(8)  If  a  curve  roll  upon  an  equal  one,  similar  points 
being  always  in  contact,  to  find  the  locus  of  any  given 
point  in  the  rolling  curve. 

Let  AP  be  the  fixed,  and  J'P  the  rolling  curve  (fig.  71), 
S'  the  describing  point,  and  S  a  point  similarly  situated 
in  the  fixed  curve.  Join  SS'  meeting  the  common  tangent 
at  P  in    F;    also  join  SP^   S'P.     Then  because  the  points 
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in  contact  are  similar,  SP,  S^P  are  equal  and  equally 
inclined  to  the  common  tangent  PY;  therefore  PY  bisects 
SS'  at  right  angles,  and  therefore  the  locus  of  S'  is  similar 
to  that  of  F,  the  foot  of  the  perpendicular  from .  S  upon 
the  tangent  to  the  fixed  curve. 

If  therefore  y  =/(^)  be  the  equation  to  the  locus  of  F, 

-=/|-|  is  the  equation  to  the  locus  of  y.     Hence  if  the 

curves  are  equal  parabolas,  and  S  the  focus,  its  locus  will 
be  a  straight  line ;  if  *y  be  the  vertex,  its  locus  will  be  the 
cissoid  of  Diocles;  if  the  curves  are  ellipses,  and  S  the 
focus,  its  locus  will  be  a  circle;  if  S  be  the  center,  the 
equation  to  its  locus  will  be 

(9)     To  find  the  locus  of  the  intersection  of  a  normal 
to  an  ellipse  and  the  perpendicular  upon  it  from  the  center. 

Let  a/ J  y   be   the  co-ordinates  of  P  (fig.  46) ;    then  the 
equations  to  PF^  CF  are  respectively 


-y'  = 

y 

x' 

ix 

-x). 

y  = 

■■  - 

a' 

x' 

y'' 

X, 

also 

a* 

+ 

=  1; 

and  it    remains  to  eliminate  a?'  and   y'  between  these  equa- 
tions.    By  means  of  the  second  the  first  is  reduced  to 

y  -  y'  =  -  -  (a?  -  a?')     or  a?*  +  y*  =  ww  -♦-  yy'  =  a?a?'  f  1  — -^  J, 

w'      a    a^  +  y^ 
a      a?  *  a^  —  6* ' 

y'         b   a^  '\'  y^ 
'  '    b  y*  a^  '^b^'* 
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ac^sin0cos0 
and  the  polar  equation  is  r  =  — .  = . 

^         ^  Vl-e^cos^e 

(10)  To  find  the  locus  of  the  intersection  of  two 
tangents  to  an  ellipse  inclined  to  one  another  at  a  constant 
angle. 

Let  PW,  FW  he  the  tangents  (fig.  44),  CQ,  CQ'  per- 
pendiculars  upon  them,  CW^r,  TCW^O,  QCQ'  =  2a; 
also  let  TCQ  =  0  -  a,  and  consequently  TCQ'  =  ^  +  a, 
then  (Art.  136)  supposing  JC  —  I^ 

r^cos*  (^  +  a-0)  =  l-6^  sin*  ((j>  +  a), 

y»  cos«  (i^  -  a  -  e)  =  1  -  e*  sin*  (0  -  a)  ; 

subtracting  these  we  get 

«  .       .  .       /.v        «  .        .  ,  r* sin 20 

r^  sm  2  (<A  -  0)  =  c^ sin  20,  or  tan  20  ^  — , 

^^       ^  ^  ^     r*cos20-c* 

by  means  of  which  eliminating  0  from   either  of  the  above 
equations,  we  find 

tan2a  (r*  +  c*  -  2)  =  2>/r'  (l  -  c*  sin*0)  +  c^  -  1  ; 

or  in  rectangular  co-ordinates,  putting  tan2aBt», 

w(a?*  +  j^*  -  a'^  -  6*)  =  2y/aY  +  b^^''-aH\ 

(ll)     To  find  the  locus  of  the  intersection  of  two  normals 
to  an  ellipse  at  right  angles  to  one  another. 

Let    PF,    P^F'    be    the    normals    (fig.  43),    C-F,    CP 
perpendiculars   upon    them,    CO  =  r,    BCO  =  0,    BCF  =  0, 

BCF'  =  --(t>,    ^C»l;    then 
2       ^ 

^«       c*cos0  sin0 

V  1  -  c*  sm*  0 

.    ,  ,      ^v      .-t  ^       c*  cos  0  sin  0 
r  sin  (0  -  0)  =  C/^  =  -  ....J?^-^ 

V  1  -  e'  cos''  0 
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adding  the  squares  of  these  equations,  we  get 

C*  (2 -c^)  tan*  20 
~(2-'C*)*(l+tan-20)-c*' 

2n  r  .  1  1-&* 

or  tan2(Z>B: — .  ,     putting  n  =  -,     c  =  — , 

Again,  dividing  one  equation  by  the  other  and  reducing, 

1  -»* 
cos  2  (0  —  0)  = |j  cos  20. 

Hence  substituting  the  above  value  of  tan  20,  we  get 

tan*e-n* 


r  as  c 


tan*0  +  n^' 


(12)     To  find  the  locus  of  the  intersection  of  two  normals 
to  a  parabola  at  right  angles  to  one  another. 

If  tan  PGJV=7»  (fig.  29),  then  PN^Zam  and  AN^am^\ 
therefore  the  equation  to  PG  is 

y  -  2am  =  —m{w  -  am^}f 

and  changing  m  into ,  the  equation  to  a  second  normal 

perpendicular  to  PG  is 

2a      1 


m 


m  \       fnr) 
Hence,  adding  and  subtracting,  we  get 

X  -  Sa^aim )  ; 

V        ml 

.'.  y^  =  a(w  -  3d)f 

the  equation  to  the  required  locus,  which  is   consequently  a 
parabola. 
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(IS)     To  find  the  locus  of  the  intersection  of  two  tangents 
to  a  parabola  which  include  a  given  angle  (fig.  29). 

PY9     py     two     tangents     intersecting     at     an     angle 
YQy=^YSy^a,  SQ^r,   JSQ  =  9. 

Now  JSr^  QYy  -  QSy  ^9^  a-  JSY; 

.-.  JSY^  ^  (0  -  a),     and  QSY^  i  (fl  +  a) ; 

,.•.  r  cos  ^  (9  +  a)  =  SY  =  a  sec  ^  (0  -  a) ; 

2a 
cos  a  H-  cos  0 ' 

the  equation  to  a  conic  section  with  focus  S. 

(14)     To  find  the  locus  of  the  point  which  is  the  inter- 
section of  three  normals  to  an  ellipse. 

The  equation   to   the  normal  at   a  point   (a/y  y')   of  an 
ellipse  is 


or  yx  ^/x  -^  -  {po  -  ^ob)  \/a*  -  o?'^. 

Let  A,  k  be  co-ordinates  of  a  given  point  through  which 
the  normal  passes,  then 

Wx'^  (1  -  c^)  =  (A  -  ^xf{a^  -  cb"^) (1) 

is  the  equation  for  determining  w\  the  abscissa  of  the  point 
in  the  ellipse;    and  as  this  equation  is  of  the  form 

c*a/*  -  &c.  -  a*  A*  =  0, 

it  has  two  or  four  possible  roots ;  and  consequently  through 
the  point  (A,  k)  in  general  either  four  or  two  normals  can 
be  drawn.  If  two  of  the  possible  roots  become  equal  (which 
can  only  happen  in  the  case  of  four  real  roots),  then  three 
normals  will  pass  through  the  point  (A,  K) ;  in  that  case 
the  derived  equation 
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Wal  (1  -  e^)  «  -  e^  (A  -  ^oo)  {cf  -  x'^)  -  a/ (A  -  ^x'f 
has  one  of  them.     Dividing  this  by  (l),  we  find 

OB  h-  e^w       or  "00^ 

,\  X  -  [—7-]     satisfies  equation  (l),  and  substituting  we  get 

for  the  equation  of  condition  that  (l)  may  have  equal  roots, 
and  as  often  as  h  and  k  satisfy  this  equation,  three  normals 
to  the  ellipse  will  pass  through  the  point  (A,  A;).  The  above 
is  consequently  the  equation  to  the  locus  of  the  intersection 
of  three  normals  to  an  ellipse ;  and  coincides,  as  might  have 
been  foreseen,  with  the  equation  to  the  evolute. 

On  tracing  curves  from  their  equations. 

241.     When    a    curve    passes    through    the    origin,    the 
angle  at   which   it   cuts   the   axis   of  x  may   be  determined 

by  taking   the   limit  of   -    when  a?  =  0,    which   will  be    the 

value  of  the  tangent  of  that  angle. 

Let  AP  be  a  curve  passing  through  the  origin  A  (fig.  72), 
P  a  point  in  it  near  A  with  co-ordinates  AN  =  «r,  NP  =  y ; 

draw  the  secant  AP^  then   tan  PAN  =  — ;    now  let  P  move 

X 

up  to  and  coincide  with  A^  then  the  secant  AP  coincides 
with  AT  the  tangent  to  the  curve  at  A,^  and 

tan  TAN  =  limit  of  tan  PAN  =  limit  of  ^ ,  when  a?  =  0. 

Hence  the  angles  at  which  a  proposed  curve  cuts  the  co- 
ordinate axes  may  always  be  determined;  for  we  have  only 
to  transfer  the  origin  to  one  of  the  points  in  question,  and 

in  the  transformed  equation  take  the  limit  of  -  by  putting 

X 

x-0. 
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242.  In  tracing  curves  from  their  equations,  whenever 
y  is  given  or  can  be  found  in  an  explicit  function  of  w^ 
it  will  be  best  to  use  algebraical  processes  alone. 

First,  determine  the  points  where  the  curve  cuts  the 
axis  of  a?;  transfer  the  origin  of  co-ordinates,  if  necessary, 
to  one  of  these  points,  expand  y  in  a  series  ascending  by 
powers  of  <r,  and  let 

y  =  aa?"*  +  6tr"  +  &c. 

If  m<l,    limit    of  -  =  00;   and   therefore  the   curve  is 

a? 

perpendicular  to  the  axis  of  a?,  and  is  concave. 

If  m  =  1,   limit  of  -  =a;    therefore  the  curve  cuts  the 

a? 

axis  at  an  angle  =  tan" ^  (a),  and  is  situated  above  or  below 
the  tangent,  i.  e.  is  convex  or  concave,  according  as  b  is 
positive  or  negative. 

y 

If  w>l,    limit   of  —  =  0,   and  the   curve   touches    the 

Off 

axis  of  a?,  and  is  convex. 

Similarly  the  form  of  the  curve  at  all  its  other  inter- 
sections with  both  the  axes  may  be  found. 

Secondly,  determine  the  nature  of  the  infinite  branches, 
and  to  that  end  expand  ^  in  a  descending  series  of  powers 
of  w  (on  the  supposition  that  both  a?  and  y  are  very  great)^ 
and  let 

JO* 

^  y  =  aa?'"  +  6a?"  + +  ew  +/+  -  + 

Off 


.'.    y  =  aoff*^  +  boff^  + +  eoff  +/    is    the    equation    to    the 

asymptotic   curve,    above    or   below    which   the   given    curve 
is  situated,  according  as  g  is  positive  or  negative. 

If  w  =  l,  the  equation  to  the  asymptote  is  y  =  ca?+/, 
a  straight  line;  and  the  curve  will  be  situated  above  or 
below  the  asymptote,  i.  e.  will  be  convex  or  concave  to  the 
axis  of  w,  according  as  g  is  positive  or  negative. 
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In  this  case  the  iDfinite  branch  represented  hy 
y  =  c^+/+-+ 


is  said  to  be  hyperbolic. 

If  w>l,  the  infinite  branch  is  parabolic,  and  is  concave 
or  convex,  according  as  its  asymptote  is  concave  or  convex. 

Having  thus  found  the  figure  of  the  curve  at  the 
points  where  it  cuts  the  axes,  and  also  when  at  and  y  are 
very  great,  it  is  easy  to  trace  the  intermediate  parts.  For 
the  actual  position  of  the  maximum  or  minimum  ordinates  and 
points  of  contrary  flexure,  recourse  must  be  had  to  the 
methods  of  the  Differential  Calculus. 

If  the  equation  to  a  curve  can  be  resolved,  and  give 
for  y  the  values  F,  V\  &c.  functions  of  a?  and  constants, 
we  must  trace  separately  each  of  the  curves  represented  by 
y  =  r,  y  =  r',  &c.,  all  of  which  will  be  particular  branches 
of  the  proposed  curve.  The  branches  cannot  terminate  ab- 
ruptly; they  will  either  go  on  to  infinity,  or  the  ordinates 
will  become  imaginary,  in  which  case  two  branches  will  be 
united  and  mutually  continue  one  another. 

Ex.  1.  To  trace  the  curve  whose  equation  is  ay*=(a*-<r*)^ 
(fig.  73). 

Since   the  equation  does  not  alter  when    -  a?  is  written 

for   a?,   the   curve   is    symmetrical    with    respect   to   the   axis 

of  y;    also   for  any    value   of    a?,    y   has   only   one    possible 

value,  and  is  always  positive.     When  a?  =  0,  y  =  a,  and  as 

07  increases  y  diminishes;    therefore  a  is  a  maximum  value 

of  y,    and    the    curve   cuts   the    axis   of  y    at    £    at    right 

angles,   and    is    concave    to    the    axis    of   a?.      When    .r  =  a, 

y  t=  0,   and    the   curve   cuts    the   axis   of  a?  at    right   angles 

at   A9   because  if  we   remove    the  origin    to   that   point    by 

making  a?  ^  «  +  a?',   we  get  ay^  =  (2aa?'  +  a?'^)*,  and  therefore 

..    ^      1.     •       i.   (2a  +  a?'f  „^.  , 

limit    of    -?-  =  limit    of   — J —  =  00  .      When    .1?  >  a,    the 
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equation  becomes  ay^  =  (a?*  -  o*)*,  and  as  os  increases,  y  in- 
creases, till  (V  is  very  large,  when  the  relation  between 
them  approximates  to 

.-.  o4y  =  a7s  is  the  equation  to  the  asymptotic  parabola  ZOZ\ 
below  which  the  curve  lies,  because  the  second  term  of  the 
expansion  of  y  is  negative.  Hence  the  figure  of  the  curve 
is  that  annexed,  having  a  point  of  inflexion  at  P;  for  the 
curve  is  concave  to  the  axis  of  w  at  A^  and  afterwards  con- 
vex because  the  parabola  with  which  it  tends  to  coincide 
is  so.     There  is  of  course  another  point  of  inflexion  at  P. 

Ex.  2.     To  trace  the  curve  whose  equation  is 

When  a?  =  0,  y  =  — ,   and  the  curve  cuts  the  axis  of  y 

at  2>;  as  long  as  «a?<l,  ^  is  negative  and  becomes  infinite 
when  a?  ss  1 ;  therefore  the  ordinate  BE  corresponding  to  a?  s  i 
is  an  asymptote,  and  we  thus  get  the  branch  DE. 

When  X  is  between  1  and  2,  y  is  positive,  and  becomes 
very  great  both  when  j?  is  a  little  less  than  2  and  a  little 
greater  than  1,  and  gives  the  portion  E'GF\ 

When  ti7  =  2,  y  is  infinite,  so  that  the  ordinate  FF  is 
an  asymptote. 

When  0?  lies  between  2  and  S,  y  is  negative  and  gives 
the  portion  FH. 

When  /r  =  3,  y  =  0,  and  the  curve  cuts  the  axis  at  H, 

When  a?>3,  y  is  positive  and  gives  the  portion  HK\ 
and  when  oo  is  very  great, 

_       a?       _      1      ^ 
^  "■  a?2-3.i?  ""  w-S  "    ' 
therefore  the  axis  of  w  is  an  asymptote. 
9 
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When  w  is  negative,  the  equation  is 

07  +  3 


^  {w  +  1)  {x  +  2)  ' 

therefore  y  is  always  negative,  and  diminishes  as  x  increases, 
and  becomes  0  when  a?  =  oo   and  gives  the  branch  DL, 

Ex.  3.     To  trace  the  curve  whose  equation  is 

ay  ^ar  -^  xy/^ax  -  a^      (fig.  75). 

Taking  the  radical,  which  of  course  admits  of  a  double 
sign,  first  with  a  positive  sign,  we  have  when  a?  =  0,  y  =»  0, 

y 

and  limit  of  -  =  0 ;  therefore  the  curve  passes  through  the 

origin  A  and  touches  the  axis  of  a?;  when  a?  =  a,  y  =  2a, 
and  when  o?=2a,  y  ^  ^a^  beyond  which  y  is  impossible; 
we  thus  get  the  portion  of  the  curve  AED^  the  ordinate 
CD  being  a  tangent  at  D.  Again  taking  the  radical  with 
a  negative  sign,  so  that 

ay  =  ar  —  X  \/2  ax  —  iC^y 
x  =  0   gives   y  =  0,   and   limit   of  —  «=  0,    as    before;    as   long 

X 

as  07  <  a,  y  is  negative ;  when  x  —  a^  y  =  0,  and  putting 
x'  +  €J5  for  0?  we  get,  supposing  o?'  very  small, 

3  1/ 

« V  =  «*''  +  -  ^'^ ;  .'.  limit  of  -7=1; 

2  07 

hence  the  portion  of  the  curve  AFB  touches  the  axis  of  w 
at  A^  and  cuts  it  at  an  angle  of  45"  at  jB,  and  is  there 
situated  above  the  tangent.  When  x^^^a^  y  =  4a  =  Dd 
and  for  greater  values  of  o?,  y  is  impossible;  hence  DC  is 
a  {angent  to  both  portions  of  the  curve  at  1>,  the  point 
in  which  they  are  united.  For  all  negative  values  of  o?, 
y  is  impossible.  The  curve  is  therefore  such  as  is  repre- 
sented, the  tangent  being  parallel  to  the  axis  of  x  at  F 
and  E. 

THE    END. 
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Page  13  line 

6  for  equation  read  equations. 

26  

16  ...      of  X      ... 

...      of  P, 

36 

21   ...      P'N      ... 

...      P,JV, 

61  ..  .. 

20  ...     by  6«     ... 

...      bya«. 

62  

4  ...     up  and  ... 

...   up  to  and 
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ANALYTICAL     GEOMETRY 


THREE    DIMENSIONS. 


SECTION    I. 

ON    THE    PLANE,    AND    STRAIGHT    LINE. 

1.  In  order  to  determine  the  position  of  a  point  in 
space,  some  fixed  point  is  taken  for  the  origin  of  co- 
ordinates, and  through  it  are  drawn  three  fixed  planes, 
called  the  co-ordinate  planes,  at  right  angles  to  one  another, 
and  intersecting  one  another  two  and  two  in  straight  lines, 
which  are  also  at  right  angles  to*  one  another,  and  are 
called  the  awes  of  the  co-ordinates.  Then,  if  the  perpen- 
dicular distances  of  a  point  from  each  of  the  co-ordinate 
planes  be  given,  its  position  will  be  completely  determined. 
For  let  O  (fig.  1.)  be  the  origin  of  the  co-ordinates,  yOz, 
%0w,  wOy  the  co-ordinate  planes;  M  any  point,  and  ME, 
MF,  MN  the  perpendiculars  let  fall  from  it  upon  the 
co-ordinate  planes;  these  perpendiculars  are  called  the  rect- 
angular co-ordinates  of  M^  and,  as  their  values  change  for 
the  different  points  of  space,  are  denoted  by  the  variables 
(B,  y,  %.  Then  the  point  M  will  be  determined  in  position, 
if  we  know  the  values  of  its  three  co-ordinates;  that  is, 
if  we  know  that  for  that  point 

X  =  a,  y  —  h,   z  ^  c. 

For,  if  along  Ow  we  measure  OA  =  a,  and  through  A  draw 
an  indefinite  plane  parallel  to  yOz,  this  plane  will  contain  all 
points   whose  distance  from   yOz  is  a,  or  for  which  cb  =  a, 

A 


Digitized  by 


Google 


2 

jand,  therefore,  the  point  in  question.  Similarly,  if  we  mea- 
sure along  Oyy  Ox,  •  the  distances  OB  =  b,  OC  =  c,  and 
through  J?,  Cy  draw  indefinite  planes  respectively  parallel 
to  xOofy  wOffy  each  of  these  must  contain  the  point  in 
question;  therefore  the  three  planes  will,  by  their  inter- 
section in  Jf,  determine  one  single  position  for  the  point 
whose  co-ordinates  are  w^a,  y  ^^b,  «  =  c\  which  position 
coincides,  as  we  see,  with  the  ailguldr  point  opposite  to  the 
origin  of  the  rectangular  parallelopiped  constructed  upon  the 
edges  OJ,  OB,  OC,  equal  to  the  three  given  co-ordinates. 

2.  The  feet  of  the  perpendiculars  £,  F,  JV,  are  called 
the  projections  of  the  point  M  upon  the  co-ordinate  planes. 
Of  these  if  any  two  be  given,  the  third  can  be  found; 
thus  if  jB,  F  be  given,  draw  EBj  FA,  parallel  to  Oz; 
then  JBNy  AN,  drawn  respectively  parallel  to  0«r,  Oy,  will 
by  their  concourse  determine  N. 

Instead  of  the  perpendiculars  ME,  MF,  MN,  the  three 
lines  OA,  AN,  NM,  which  are  respectively  equal  to  them, 
are  commonly  called  the  co-ordinates  of  M,  and  denoted  by 
^9  y^  ^;  also  the  axes  of  the  co-ordinates  Ox,  Oy,  Oz, 
are  often  called  the  axis  of  x,  the  axis  of  y,  and  the  axis 
of  %',  and  the  bo-ordinate  planes  xOy,  yOz,  zOx,  the 
planes  of  xy,  yz,  zx,  respectively. 

3.  The  determination  of  the  point  M  will  not  how- 
ever be  complete,  unless  we  take  into  account  the  signs 
of  the  quantities  a,  b,  c,  in  the  equations 

X  =  a,    y  ^b,    z  =  €\ 

in,  order  to  measure  these  distanced,  when  they  are  posi- 
tive, along  the  positive  parts  Ox,  Oy,  0%,  of  the  co- 
ordinate axes;  or  along  the  negative  parts  Ox\  Off,  O^, 
of  the  axes  produced  in  the  contrary  direction,  when  they  are 
negative;  as  is  explained  in  Plane  Geometry.  For  since  the 
co-ordinate  planes,  which  must  be  supposed  to  be  prolonged 
indefinitely,  form  among  themselves  eight  solid  angles,  there 
are  eight  positions  in  which  M  might  be  situated  at  absolute 
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distances  a,  by  c  fr()m  the  co-ordinate  pknes;  and  it  is  only 
attention  to  the  signs  which  will  enable  us  to  select  the 
true  one.  Without  going  through  the  combination  of  signs 
which  belongs  to  each  of  the  solid  angles,  it  may  be  suffi- 
cient to  observe,  that  if  a  point  be  situated  in  the  com- 
partment xyXf  all  its  co-ordinates  wiD  be  positive;  if  in 
the  compartment  <a?'y V,  all  negative ;  and  that  for  points  i^ 
the  compartments  wyz,  /vys/,  we  must  have 

at  ^a<i    y^^bf    «  =  c;    af=  —  a,    y  =  6j    ijfss—  c, 

respectively. 

4.  Sometimes  it  is  requisite  to  take  the  co-ordinate 
planes  not  at  right  angles,  but  inclined  at  given  angles  to 
one  another,  in  which  case  the  system  of  co-ordinates  is 
called  oblique.  Thus  (fig,  2.)  if  a?Oy,  yOxy.  zOco  be  three 
planes  drawn  through  the  point  O,  and  intersecting  one 
another  two  and  two  at  given  angles,  in  the  lines  Owj  Oy, 
Oz\  and  if  from  any  point  My  MN  be  drawn  parallel  to- 
Oz  meeting  the  plane  atOy  in  JV,  and  NA  be  drawn  in, 
that  plane  parallel  to  Oy\  OA9  ANj  NM9  are  the  co-ordi- 
nates of  the  point  M  referred  to  the  oblique,  axes  Oa^y  Oy^ 
Oz;  and  N  is  called  the  projection  of  M  made  parallel  to 
the  axis  Oz. 

In  the  present  chapter  we  shall  confine  our  attention^ 
to  the  case  of  rectangular  co-ordinates;  noticing^  however, 
as  they  arise,  several  relations  of  lines  and  planes  ta  one 
another,  the  analytical  expressions  of  which,  and  mode  of 
investigation,  are  the  same,  whether  the  axes  of  the  co-ordi- 
nates be  rectangular  or  oblique. 

5.  To  find  the  distance  of  a  point  from  the  origin  in 
terms  of  its  co-ordinates. 

Let  M  (fig.  1.)  be  the  point, 

OA  =  a/y  AN^  y,  NM ^z   its  given  co-ordinates; 

join  OJIf,  ONy  and  let  OM^d. 

Then  from  the  triangle  ONM,  right-angled  at  JV, 

OM'^ON^  +  NM'; 
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but  the  triangle  OAN,  right-angled  at  A^  gives 

.;  OM*  =  0A'  +  AN*  +  NM*; 
.:  d  =  V'a'^  +  y  *  +  x'K 

Cor.  Let  a,  /3^  7  be  the  angles  which  OM  makes 
with  the  axes  of  m,  Jfy  «i  then,  joinii^  AM,  since  angle 
0AM  is  a  right  angle,   , 

OA      w 
cosd  =  =  — ;. 

OM      d^ 

.-.  ti?'  =  d  cosa  ;     sbnilarly,  y' «  d  cos/3,     ar'  =  d  eo$7. 

Also  (cosa)*+  (cos/3y  +  (0087)*= ~ =  1, 

This  is  the  condition  which  the  three  angles,  made  by 
a  line  through  the  origin  with  the  co-ordinate  axes,  must 
satisfy;  they  cannot,  therefore,  be  assumed  at  pleasure,  but 
two  being  given,  a,  /3,  for  instance,  the  third  is  determined 
by  the  equation 

cos*/  s»  JaVl  -  (COSO)*  —  (C0S/3)% 

and  will  therefore  have  two  values,  y  and  ir  -  7 ;  the  value 
TT  -  7  corresponding  to  a  line  Oilf'  in  tte  plane  zOM^  which 
is  inclined  at  an  angle  7  to  Ox',  and  visibly  makes  angles 
equal  to  a,  /3  with  Oar,  Oy,  the  same  as  OM  does« 

6.  To  fkid  the  distance  between  two  points  in  terms 
of  their  co-ordinates. 

Let  Jf '  (fig.  3.)  be  a  point  whose  co-ordinates  are  a/, 
y\  %\  and  Jf  any  other  point  whose  co-ordinates  are  <t?,  y,  %\ 
join  MM*  =  d,  and  upon  MM\  as  diagonal,  describe  a  rect- 
angular parallelopiped  having  its  edges  parallel  to  the 
co-ordinate  axes. 

Then  from  the  triangle  M'MKy  right-angled  at  Ky 

MM'-'  =  M'K^  +  KM^  =  M'K^ ^{z^  z)\ 
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But  the  triangle  N'LNy  right-angled  at  L,  gives 
JIf' JSr*=  N'N^^  (cP  -  0^7+  {y  -  yj ; 

or    d^y/{w^wy-^(y^yj^{z^s^y. 

Both  in  this  formula,  and  in  that  of  Art.  5,  we  take  the 
radical  with  a  positive  sign ;  as  the  question  only  relates  to 
the  absolute  distance  of  the  points. 

CoE.  Let  a,  /S,  7  be  the  angles  which  MM'  makes  with 
the  edges  of  the  parallelopiped,  and  which  are  manifestly 
the  same  as  those  made  by  a  line  OP  drawn  through  the 
origin  parallel  to  MM\  with  the  co-ordinate  axes.  Then 
from  the  triangle  MM!H^  right-angled  at  H^  we  have 

M*H      w^x' 

cos  a  =  =  _— — . ; 

MM"         d     ' 

similarly,  cos  p  =  — - — ,     cos  7  =  — — — . 

7.     To  find  the  equation  to  a  plane. 

A  plane. is  a  surface  in  which  if  any  point  be  taken,  it 
is  equidistant  from  two  given  points. 

Let  one  of  the  given  points  O  (fig.  4.)  be  the  origin, 
and  let  a/,  y,  x\  denote  the  co-ordinates  of  the  other  given 
point  M\  and  let  P  be  a  point  in  the  plane  of  which  the 
co-ordinates  are  w^  y^  x\ 

and  PJf«=(a?'-cry+(y'-j/)«+(i^'-»)«; 
and  these  by  the  definition  are  equal, 

or,  expanding  and  reducing, 

2  {oox'  +  yy'  +  xx')  =  .r'==+  y"  +  %'\  (l), 
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a  relation  among  the  co-ordinates  of  any  point  in  the  plane, 
and  therefore  its  equation ;  which,  since  x\  y\  z  are  con- 
stant quantities,  is  of  the  form  z  ^  Ax  ^  By  +  e. 

CoE.  1.  Join  OM^  meeting  the  plane  in  Q,  and  join 
PQ.  Then  OQ  =  QM^  since  Q  is  a  point  in  the  plane ; 
also  OP=PMj  and  therefore  z  OQP:=^  z  PQM,  or  OM  is 
perpendicular  to  PQ;  and  PQ  is  any  line  in  the  plane, 
therefore  OM  is  perpendicular  to  the  plane,  and  is  bi- 
sected in  the  point  Q  in  which  it  meets  the  plane.  Let 
OQ  =  d,  and  let  a,  /3,  7,  be  the  angles  which  it  makes  with 
the  axes  of  w^  y,  z ;  then  (Cor.  Art.  5.) 

a?'=2rfcosa,    y'=2dco8/3,    z'^^dcosy; 

therefore,  substituting  in  equation  (l), 

4fd  (a?  cosa  4-  y  cos/3  +  «rcos7)  =  *^> 

i^t  or      a?  cos  o  4-  y  cos  fi-^-  z  cos  7  =  d, 

another  form  of  the  equation  to  a  t)lane,  in  terms  of  the 
perpendicular  upon  it  from  the  origin,  and  the  angles  which 
the  perpendicular  makes  with  the  co-ordinate  axes  produced 
in  the  positive  direction. 

Cob.  2.  Let  a,  6,  Cy  denote  the  portions  of  the  co-ordi- 
nate axes  OAy  OB^  OC,  intercepted  between  the  origin  and 
the  plane;  join  QA,  then  from  the  triangle  OQAj  right- 
angled  at  Q,    we  have  cos  a  =  yry  =  - ;  similarly,  cos/3  =  -  > 

d 
cos'y=-;  therefore,  substituting  in  the  equation  of  Cor.  1, 
c 

the  equation  to  the  plane  may  be  put  also  under  the  form 


*{ 


X      y      z 

,^  2JI1!  i,^>.^  ^M  **^^- 


8.  We  may  also  consider  a  plane  as  a  surface  gene- 
rated by  a  straight  line  which  moves,  so  as  always  to  re- 
main parallel  to  itself,  and  to  intersect  a  straight  line  given 
in   position. 
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JLet  AC  (fig.  5.)  in  the  plane  of  xa  be  the  line  to 
iirhich  the  generating  line  PQ  is  always  parallel,  and  BC  in 
the  plane  of  yx^  intersecting  the  former  in  C,  the  line 
along  which  it  moves.  Let  x^Aw-^-c  be  the  equation  to 
the  litie  AC  referred  to  the  axes  Ow,  Oxy  in  the  plane  in 
which  it  lies;  similarly,  let  x ^  By '\-c  be  the  equation  to 
BC  referred  to  the  axes  Oy,  Ox,  where  in  both  cases  c  =  OC. 
From  P  any  point  in  the  generating  line,  and  from  Q  where 
it  m^ets  BC,  draw  PN,  QM,  parallel  to  the  axis  of  x,  and 
join  MN.  Then  the  plane  QN  is  parallel  to  xw,  and 
MN  is  parallel  to  Oa?;  and  therefore  PQ  is  inclined  to 
MN  at  the  same  angle  that  AC  is  to  Oar ;  and  since  MN, 
ATP,  are  the  co-ordinates  of  P  in  the  plane  QN, 

PN^A.MN-^-QM. 

But,  Q  being  a  point  in  the  line  BC,  QM  =  B .  MO  +  OC, 

.'.  PN^A.MN+B.MO+OC; 

or,  if  0?,  y,  x  denote  the  co-ordiiiates  of  P, 

j8f  =  Aw  +  By  +  c, 
the  equation  to  the  plane. 

CoE.  The  lines  in  which  a  plane  intersects  the  co- 
rtri^i^flt^  planes  are  called  its  traces  on  those  planes;  thus  ^'  " 
AC,  BC,  are  two  of  the  traces  of  the  plane  BCA,  the  third 
being  the  line  in  which,  if  prolonged,  it  would  intersect  the 
plan6  of  wy.  Hence,  we  perceive  the  meaning  of  the  con- 
stants in  the  equation  to  a  plane, 

x^  Ax  -^By  '\'C\ 

for  A,  By  are  the  tangents  of  the  angles  at  which  the  traces 
on  XX,  yx,  are  respectively  inclined  to  the  axes  of  w  and  y 
produced  in  the  positive  directions;  and  c  is  the  portion  of 
the  axis  of  x  produced  in  the  positive  direction,  intercepted 
"between  the  plane  and  the  origin. 

9«  It  is  important  to  observe,  that  the  foregoing 
method  of  finding  the  equation  to  a  plane,  applies  equally 
to  the  case  where  the  co-ordinates  are  oblique,    and  leads 
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to  a  result  of  the  same  form;  so  that  whether  a  plane  be 
referred  to  rectangular  or  oblique  axes,  its  equation  may  be 
represented  by  %  ^  Aw  -{-  By  +  c ;  but  in  the  latter  case, 
A  will  signify  the  ratio  of  the  sines  of  the  angles  at  which 
the  trace  on  jzfo?  is  inclined  to  the  axes  of  w  and  x',  and 
B  the  ratio  of  the  sines  of  the  angles  at  which  the  trace  on 
y%  is  inclined  to  the  axes  of  y  and  ss.  Hence,  all  results 
which  involve  no  other  assumption  than  %  ^  Aw  +  By  +  Cy 
for  the  form  of  the  equation  to  a  plane,  will  be  equally 
true  for  oblique  and  rectangular  co-ordinates. 

10.  The  particular  cases  of  the  equation  to  a  plane, 
when  it  involves  only  one,  or  only  two  of  the  variables, 
require  a  separate  notice. 

Thus  the  equation  w  =  a,  since  it  belongs  to  all  points 
whose  distance  from  the  plane  of  yx,  measured  parallel  to 
the  axis  of  w,  is  a,  represents  an  indefinite  plane  parallel 
to  yz.  Similarly,  the  equatipn  ^r  =  0,  characterizes  all  points 
situated  in  the  plane  of  yx^  or  is  the  equation  to  that  plane  ; 
and  y  =  0,  ;8r  =  0,  are  respectively  the  equations  to  the 
planes  of  xw^  a?y. 

Again,  the  equation  my  =  nw  +  6'  represents  not  only 
the  line  AB  (fig.  6.)  in  the  plane  of  wy^  but  all  points  situated 
in  the  plane  RA  drawn  through  AB  parallel  to  the  axis  of  ^  ; 
for  any  one  of  these  points  P,  whatever  be  the  value  of  PAf 
or  Xy  will  have  the  same  w  and  y  as  its  projection  M,  and 
^therefore  its  co-ordinates  will  satisfy  the  equation  my  =  nw  +  b' 
which  does  not  involve  x.  Similarly,  the  equations  w^mx  +  ay 
y  =  nx '\-h^  represent  planes  parallel  to  the  axes  of  y  and  w ^ 
L  e.  each  equation  represents  a  plane  parallel  to  that  axis 
whose  co-ordinate  it  does  not  involve.  This  also  appears 
from  the  equation  x  ^  Aw '\- By -{-e  \  for  if  the  plane  be 
parallel  to  the  axis  of  y,  then  its  trace  on  yx  will  be  pa- 
rallel to  the  axis  of  y,  and  therefore  J5  =  0,  ov  x  ^Aw-^-c 
is  its  equation,  the  same  as  the  equation  to  its  trace  on  yx ; 
similarly,  if  the  plane  be  parallel  to  the  axis  of  a?,  A^  0.  The 
equation  requires  to  be  modified  in  order  to  deduce  from 
it  the  equation  to  a  plane  parallel  to  the  axis  of  jst  ;    dividing 
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by  c,   and   observing  (fig.  4.)  that   -4  =  -  -— ,  or  —  =  — , 

I'M   1-8        1,  .,  %       ^     y 

and  similarly  —  =  —  - ,  the  equation  becomes  -  = +  1 ; 

CO  cab 

now  let  c  be  infinite',  then  the  plane  becomes. parallel  to  the 

tjQ  mi 

axis  of  ^,  and  its  equation  is  -  -f  -  =  i,    the   same   as   that 

a      b 

to  its  trace  AB.  If  the  plane  pass  through  the  origin, 
c  =  0,   and  its  equation  is  %  =  AtV  +  By. 

11.  Every  equation  of  the  first  order  involving  three 
variables  is  the  equation  to  a  plane'  Let  the  equation  be 
reduced  to  the  form  «^  Ax  -{-  By  ■}■  Cj  and  to  find  the  trace 
of  the  surface  which  it  represents  on  y%^  let  a?  =  0 ;  .\z  =  By  +  c, 
which  is  the  equation  to  a  straight  line;  let  this  be  CB 
(fig.  5).  Next  to  determine  the  sections  made  by  planes ' 
parallel  to  zw^  let  y  =  6,  b\  &c. ;  .-.  %  ^  Aa)  ■\-  Bb  ^c^ 
%  =  Ax  +  Bb'  +  c,  &c.,  which  represent  straight,  lines  QP^ 
Q[I^i  &c.,  parallel  to  one  another;  they  likewise  all  inter- 
sect the  trace  CB ;  for  making  a?  *:  0,  we  have  Bb  +  Cf 
Bb'  +  Cj  &c.,  fof  the  values  of  QM^  Q!M\  &c.,  and  these  are 
the  ordinates  of  CB  corresponding  to  y=6,  y^b\  &c. 
Therefore  the  locus  of  the  proposed  equation  is  a  system 
of  parallel  straight  lines  all  passing  through  a  fixed  line; 
e.  e,  it  is  a  plane. 

12.  The  equation  is?  =  Ja?  +  By  +  c, 

where  J,  5,  denote  numbers,  and  c  a  line,  which  we  shall  take 
for  our  standard  equation  to  a  plane,  has  the  defect  of  not 
being  symmetrical ;  to  compensate  for  which,  it  contains  only 
three  constants,  each  having  an  obvious  signification,  so  as 
to  enable  us  readily  to  interpret  any  results  to  which  its 
use  may  lead;  moreover  it  leads  to  the  analytical  expres- 
sions of  the  more  useful  relations  of  lines  and  planes  to  one 
another,  under  forms  the  simplest  possible ;  and  it  is  readily 
adapted  to  planes,  in  all  particular  positions,  with  the  single 

(exception  of  a  plane  parallel  to  the  axis  oi  %,  It  has  the 
advantage  too  of  being  the  form   under  which   the  general 
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(equation    to   the  tangent  plane  of   a  curve  surface    presents 
Itself. 

13.     To  find  the  equations  to  a  straight  line  in  space. 

A  straight  line  is  the  intersection  of  two  planes,  and  con- 
sequently is  given  when  the  equations  to  any  two  planes 
which  contain  it  are  given.    ^      ^     / ^     - 

Among  the  various  planes  iimich  may  be  drawn  through 
a  given  straight  line,  those  are  employed,  for  the  sake  of 
simplicity,  to  determine  it,  which  are  parallel  to  the  co- 
ordinate axes,  since  their  equations  will  involve  only  two  of 
the  variables^  From  all  the  points  of  the  line  Milt^  in 
space  (fig.  6.]Met  perpendiculars  MC<i  M'C\  &c.,  be  drawn 
to  the  plane  of  ^y,  meeting  it  in  the  points  C,  C\  &c. ; 
the  assemblage  of  these  points  is  called  the  ^projection  of 
MM"  on  this  plane.  This  projection  will  manifestly  be  ^ 
straight  line,  since  all  the  perpendiculars  are  situated  in 
the  same  plane^  .which  is  parallel  to  0%^  and  is  called  the 
prtMectinsr  Diane  of  MM''.  Similarly,  if  we  project  MM' 
v**  upon  the    other  eo-ordin£ 


upon  the  other  co-ordinate  planes  by  perpendiculars  upon 
them  from  its  various  points,  we  shall  have  the  three  projec- 
tions AA\  BB\  CC\  of  which  any  two  are  sufficient  to 
determine  MM\  For  suppose  A  A'  and  BB'  are  given;  if 
through  these  we  draw  planes  respectively  perpendicular  to 
xWj  yXy  each  of  them  must  contain  the  line  MM'j  and  will 
therefore  fix  its  position  in  space  by  their  intersection.  But 
the  positions  of  the  projections  NA^  QB  in  the  planes  %tV,  yzy 
will  be  determined  by  their  equations  w  =  m%  +  a,  y  =  wsr  +  6, 
in  which  m  and  n  denote  the  tangents  of  the  angles  at  which 
they  are  respectively  inclined  to  the  axis  of  %^  mid  a  =  OJV, 
b=iOQ^    Hence  the  system  of  equations 

which  belong  to  the  projections  of  the  line,  or  rather  to  its 
projecting  plaWg^j,  will  completely^' determine  it.  ^"^^ 

Cob.  1.  Any  values  of  a?,  y,  %  which  satisfy  the. above 
equations  are  co-ordinates  of  some  point  in.  the  line ;  for  sup- 
pose a?',  y%  %\  were  such  values,  and  let  Jf'  be  the  point  in 
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MP  for  which  ^^%  \^  then  for  each  of  its  projections  -4',  B\ 
%  =  %\  and  therefore  a/^  0N\  y^  0Q[\  that  is,  if  «?'=  C M ^ 
then  X  and  y',  provided  they  be  determined  from  the  above 
equations,  will  equal  0N\  N'C  Hence  the  equations 
w  =  mx  +  a^  y=:nz  +  b,  may  be  called  the  equations  to  the 
line  MP  itself. 

Cor.  2.  Corresponding  to  the  value  Jf'C  of  z^  the 
values  of  /v  and  y  in  the  simultaneous  equations  a^  =  mx  +  a^ 
y  =  n%  +  h^  are  0N\  N'C^  the  co-ordinates  of  the  point  C 
of  the  projection  PC;  and  therefore  the  equation  to  the 
third  projection  may  always  be  deduced  from  the  two  others 
by  eliminating  x^  which  gives  /y 

y-h 


CD  —  a 


m 


n 


or  nx  "Vny  =  na- 


mb. 


u 


^     14.      In   the   same   manner  it  might   be    shewn,   that   if 
the  axes  of  the  co-ordinates  were  oblique,  the  equations  to 
a  straight  line  would  still  be  of  the  form 
w  =:m%  +  a,     y  =  nX'\-b; 

the  only  difference  would  be  that  the  projections  would  be 
made  by  planes  parallel  to  the  axes  of  the  co-ordinates ; 
and  m  would  denote  the  ratio  of  the  sines  of  the  angles 
which  the  projection  on  j^ra?  makes  with  the  axes  of  x  and  x 
respectively ;   and  similarly  for  n. 

15.     The  point  in  which  a  line   meets   any    one  of  the 
co-ordinate  planes,  is  called  its   trace  upon  the  plane.     The^j^.-r 
positions  of  these  points  are  determined  by  putting,  in  the 
equations  to    the   line,   «r,  y,  %^    successively  :=  0 ;    thus   the 
co-ordinates  of  the  traces  of  the  line   whose  equations  are 

-a      y^b 


w  ^  mz  +  a,    y  ==  n%  +  b^ 


m 


fn^ 


upon  the  planes  of  yar,  %,v^  xy,  are  respectively 


W 


m 


XiX0 


n 


f= 4-  ft 

m  ] 


mb 
n 
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16.  These  principles  being  laid  down,  we  proceed  to 
the  resolution  of  several  Problems  relative  to  the  plane  and 
straight  line,  the  results  of  which  are  of  great  use.  As  the 
equation  to  a  plane  contains  three  disposable  constants,  a  plane 
may  be  drawn  so  as  to  fulfil  various  conditions ;  as,  for  in- 
stance, to  pass  through  three  given  points;  to  pass  through 
a  given  point  and  be  parallel  to  a  plane,  or  to  each  of  two 
given  straight  lines;  or  to  pass  through  a  given  point  and 
be  perpendicular  to  a  given  straight  line.  Similarly,  a 
straight  line,  since  its  two  equations  contain  four  disposable 
constants,  may  be  drawn  so  as  to  satisfy  various  conditions. 

17.  To  express  that  a  plane  passes  through  a  given  point. 

Let  »  =  Jo?  +  By  +  c,  be  the  equation  to  a  plane  pass- 
ing through  a  point  {w\  y\  ss)  ;  then  the  equation  to  the 
plane  must  be  satisfied  by  the  co-ordinates  of  the  point, 
.'.  %  ^  Ax '\- By -k-C'y  therefore,  subtracting  this  equation 
from  the  former  to  eliminate  c,  we  have 

%"X=^A{a!-x')  +  B{y-  y'), 

in  which  A  and  B  remain  undetermined,    so  that  the  plane 
may  still  oe  made  to  satisfy  two  other  conditions. 

18.  To  find  the  conditions  that  two  planes,  whose 
equations  are  given,  may  be  parallel  to  one  another. 

Let  z  ==  Aa;  +  By  -^c^  ss  ^  A'w  +  B'y  ■\-c\  be  the  equa- 
tions to  two  planes ;  then  if  they  be  parallel  to  one  another, 
their  common  sections  with  any  plane  which  cuts  them  are 
parallel;  therefore  their  traces  on  the  co-ordinate  planes  are 
parallel.  But,  making  y  ==  0,  the  traces  on  the  plane  of  za? 
have  for  their  equations  %  =^  Aw  -{■  Cy  %  =■  Ax  +  c ,  which  will 
be  parallel  if  A-  A  \  similarly,  since  the  traces  on  y%  are 
parallel,  B  =  B\  Hence  the  conditions  of  parallelism  of  two 
planes  are,  that  the  coefficients  of  00  and  y  in  their  equations 
are  respectively  equal. 

CoE.  The  equation  to  a  plane  drawn  through  a  point 
(tV ,  y\  %)y  parallel  to  a  given  plane  z  =  Ax  +  B!y  +  c',  is 

z  -  ;^'=  A{x  ~  x)  +  B\y  -  y\ 
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19.  To  find  the  equation  to  a  plane  which  shall  pass 
through  three  given  points. 

Let  ofiyiZi,  ^%y%^%^  ^^sVs^zi  he  the  co-ordinates  of  the 
given  points,  and  z  ^  Aw  +  By  +  c  the  equation  to  the  plane ; 
then  the  co-ordinates  of  the  points  must  satisfy  it; 

X2^  Aaf2  +  By2'\-C9 

which  are  the  three  equations  for  finding  A^  B,  c.  Mul- 
tiply the  second  and  third  respectively  by  indeterminate 
coefficients  t,   u^  and  add. them   to  the  first; 

.-.  J8f|  4-^i8?2  + Wi^3  =  -4(a?i  + ^a?2  + wa?3) (1), 

provided  yi  +  ty^  +  uy^  =  0,      l+^  +  w  =  0. 

These  two  latter  equations  give 

^1-^3  +  ^(^2-^3)  =  0,^    j^i-y2  +  w(y3-y2)  =  o, 

and  so  determine  t  and  u ;  and  substituting  these  values  in 
equation  (l),  we  find  A ;  and  then  B  may  be  obtained  by 
interchanging  XiWiW^  and  yiy^yz'^   so  that 

^  -  ^1  =  A{x  -ic^)  +  B(y"  yi), 

the  equation  to  the  plane,  will  be  completely  determined. 

•        20.     To  determine  the  line  of  intersection  of  two  planes 
whose  equations  are  given. 

Let  the  equations  to  the  planes  be 

z  =  Aw  +  By  +  c,     z  =  Aw  +  Sy  +  c . 

Then  the  line  of  intersection  is,  as  we  know,  sufficiently 
determined  by  these  two  equations  taken  simultaneously; 
that  is,  by  supposing  <r,  y^  z  to  receive  only  such  values 
as  satisfy  both  at  the  same  time.  If,  for  instance,  we  sub- 
stitute any  series  of  values  for  ^,  we  shall  have  for  each 
of   these    values    two    equations    to    find    the    corresponding 
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values  of  w  and  y;  and  thus  we  may  determine  as  many 
points  in  the  line  as  we  please.  But  the  line  of  inter- 
section is  more  conveniently  determined  by  its  projections 
on  the  co-ordinate  planes.  To  find  these  projections,  let 
afy%'  denote  the  co-ordinates  of  any  point  in  the  intersec- 
tion, then  tt?',  %\  are  also  the  co-ordinates  of  the  correspond- 
ing point  of  the  projection  on  zx\ 

.-.,  eliminating  y\  {ff  -B)z^  {Aff-A'B)af'+  B!c  -  Be' \ 

which  is  the  relation  between  the  co-ordinates  of  any  point 
in  the  projection  on  zw.     Hence,  suppressing  the  accents, 

(5'  -  5)»  =  (AB!  -  AB)w  +  B^C'-  Bc\  and,  similarly, 

{A'  '•A)z^  (BA'  -  B'A)y  +  A'c  -  Ac\ 

are  the  equations  to  the  line  of  intersection  of  the  planes  ;  ;  <; 
which,  as  we  see,  result  from  separately  eliminating  y  and  ^^  \  ' 
from  the  equations  to  the  planes. 

21.     To  find  the  equations  to  a  straight  line  which  shall 
pass  through  two  given  points. 

Let  w'y'z^  a?'y  V,  be  the  co-ordinates  of  the  given  points  ; 

«r  =  mz  +  a,   y  —  nz  +  b^   the  equations  to  the  line, 

which  must  be  satisfied  by  the  co-ordinates  of  the  points; 

.*.  a7'=m«f'+a,      y'^nz^b (l), 

iV  =  mz  +  a,     2/  =  ^^  +  ^> 

the  four  equations  to  determine  the  four  constants.  First, 
for  the  values  of  m  and  w,  we  have 

w  "  X  ^  myz  —  z  ),     y  -^y  sz  n{z  —  z  ); 

also  subtracting  equations  (l)  from  the  assumed  equations 
in  order  to  eliminate  a  and  b, 

w  "  no  ^m{%  -  z')^     y  "  y'=in{z  "  z)  ; 
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therefore,  substituting  for  m  and  w,  the  required  equations  are 

,       W  -W  ^       y  ^y 

^-^=73^.(^-«)»    y-y  =737(^-^)- 

CoE.     If  the  line  is  required  to  pass  through  only  one 
point  w'i/ff^j  its  equations  will  be 

where  m  and  n  remain  undetermined,  as  might  have  been 
foreseen;  for  this  condition  may  be  satisfied  by  an  un- 
limited number  of  lines.  If,  besides,  it  is  to  be  parallel 
to  a  known  line  of  which  the  equations  are 

Off  =  m'z  +  a',    2/  =  n%  +  b\ 

since  the  projecting  planes  and  therefore  the  projections  of 
these  lines  must  be  parallel,  we  have  m  —  m\  n^rt!  %  there- 
fore the  required  equations  are 

I  X  —  a/  -m'{x  --  %'),     y  —y'  =n(z  —  z). 

22.     To  determine  the  point  of  intersection  of  two  given 
lines. 


Let  their  equations  be 

X  =  mx  +  al      X  =  mix  +  a'l 
y^n%'\-h\     y-  n'%  +  6'  ] 


For  any  given  value  of  %^  the  values  of  x  and  y  furnished 
by  these  two  systems  of  equations  will  in  general  be  dif- 
ferent; but  if  %  be  the  ordinate  of  their  point  of  intersec- 
tion, the  corresponding  values  of  x  and  y  furnished  by 
them,  will  be  the  same.  Therefore  the  co-ordinates  of  the 
point  of  intersection  are  the  values  of  a?,  y,  %^  which  simul- 
taneously satisfy  the  above  four  equations;  and  as  the 
number  of  equations  exceeds  the  number  of  quantities  to 
be  determined,  there  will  be  an  equation  of  condition,  with- 
out which  the  problem  would  be  impossible;  since  two 
straight  lines  do  not,  in  general,  intersect.  Hence,  elimina- 
ting X  and  y  separately. 
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and  equating  these  two  values  of  x^ 
a  -  a         h-h* 


m  "wl      n  —  n 


an  equation  which  must  be  made  identically  true  by  the  con- 
stants entering  into  the  equations  to  the  two  lines,  in  order 
that  they  may  intersect.  The  two  remaining  co-ordinates 
of  the  point  of  intersection,  will  be  found  by  substituting 
the  value  of 

a  —  a  h  —  h' 


«  =  — 


m  —  m  n  —n'^ 


in  either  of  the  above  systems  of  equations. 

/'  CoR.  When  m-m\  and  n  —  n\  the  equation  of  con- 
J  dition  is  satisfied,  and  yet  the  lines  do  not  intersect,  being 
j  parallel;  therefore  the  above  condition  will  not  ensure  the 
^intersection  of  the  lines,  without  the  restriction  that  the 
/-value  of  %  is  not  to  be  infinite.  Taken  without  any  re- 
I  striction,  it  expresses  that  the  lines  are  in  the  same  plane 
Sand  may  therefore  intersect;  without  deciding  at  what  dis- 
^tance  that  intersection  will  happen. 

4 

23.  To  find  the  conditions  in  order  that  a  straight 
line  and  plane  whose  equations  are  given,  may  coincide,  or 
be  parallel  to  one  another. 

Let  %=  Aof  +  By  -{-c^  be  the  equation   to  the  plane, 

w  =  m%  +  a,     y  =  n%  +  6, 

the  equations  to  a  line  coinciding  with  it.  Since  every  point 
of  the  line  is  in  the  plane,  if  %  be  the  ordinate  of  any 
point,  and  .-.  mz  +  a,  nx  +  b^  the  values  of  the  other  co- 
ordinates, these  values  must  satisfy  the  equation  to  the  plane ; 

.-.  0  =  (Am  +  Bn  -  l)  »  +  ^a  +  J56  +  c ; 
and  since  this  equation  must  be  true  for  all  values  of  ^, 

.-.  Am  +  Bn  -l  :=0^  Aa-^-  Bh^c^  0, 
which  are  the  required  conditions. 
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If  the  plane  and  line  are  parallel,  then  a  plane  and 
line  drawn  through  the  origin  respectively  parallel  to  them, 
coincide;  therefore  the  above  equations  must  be  satisfied 
when  we  suppose  c,  6,  a,  to  vanish ;  hence  the  remaining 
equation 

Am  +  Bn  -1  =  0, 

expresses  the  condition  in  order  that   a   line  and  plane  may 
be  parallel  to  one  another. 

24.  It  will  be  observed  that  the  results  of  the  pre- 
ceding Articles  from  (17)  inclusive,  are  also  true,  when  the 
axes  are  oblique;  since  the  only  assumptions  made,  are  the 
forms  of  the  equations  to  the  plane  and  straight  line;  but 
in  that  case,  the  constants  J,  5,  w,  n,  will  have  different 
significations. 

25.  To  find  the  conditions  that  a  straight  line  and 
plane  may  be  at  right   angles  to  one  another. 

-  I  Let  the   straight   line    OP  (fig.  7.)?    ^^  a  perpendicular 

^'  from  the  origin  on  the  plane  ABC,  whose  traces  on  the  co- 
ordinate planes  are  CB^  BA^  AC;  and  let  it  meet  the 
plane  in  P.  Join  CP  and  produce  it  to  meet  AB  in  Q, 
join  OQ.  Then  the  plane  COQf  since  it  passes  through 
CO  and  OP,  is  perpendicular  to  each  of  the  planes 
AOBy  ACB;  and  therefore  AB,  the  intersection  of  the 
two  latter  planes,  is  perpendicular  to  the  plane  COQy  and 
therefore  to  the  line  OQ,  which  is  the  projection  of  OP 
on  the  plane  A  OB.  Similarly,  if  OJR,  OS  be  the  pro- 
jections of  OP  on  the  other  co-ordinate  planes,  it  may  be 
shewn  that  they  are  respectively  perpendicular  to  the  traces 
AC,  CB.  Hence,  when  a  straight  line  is  perpendicular  to 
a  plane,  the  trace  of  the  plane,  and  the  projection  of  the 
line  on  any  one  of  the  co-ordinate  planes,  are  at  right 
angles  to  one  another.  And,  conversely,  if  any  two  projec- 
tions OJR,  0*9,  be  perpendicular  to  the  traces  AC,  CB,  the 
line  in  space  will  be  perpendicular  to  the  plane;  for  the 
projecting  planes  whicn  pass  through  OR,  OS,  being  re- 
spectively perpendicular  to  AC,  BC,  lines  in  the  plane  ACB, 

C 
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are  both  perpendicular  to  the  plane  ACB,  and  therefore  their 
intersection,  which  is  the  line  OP^  is  perpendicular  to  that 
plane. 

Now  let  %  -  Ax'\'  By  -{-c  be  the  equation  to  a  plane, 

w  =  m%  4-  a,  y  =  w«f  +  6, 

the  equations  to  a  line  perpendicular  to  it.  Then  the  equa- 
tion to  the  trace  of  the  plane  on  zw  is  %  =  Ax  -{■  Cj  and  this 
is  perpendicular  to  the  projection  of  the  line  on  %x^  whose 
equation  is 

Of       a  A 

«f  = ;     .-.  —  +  1  =  a 

mm  m 

Similarly,  the  lines  whose  equations  are 
%  =  By  +  c,    and    y  =  wsf  +  6, 

are  perpendicular  to  one  another,  and  .-.  —+1=0. 

Hence  -4  -f  iw  =  0,  5  +  w  =  0,  are  the  required  con- 
ditions. 

Cob.  Hence  we  can  find  the  equations  to  a  straight 
line  which  shall  pass  through  a  given  point,  and  be  per- 
pendicular to  a  given  plane. 

Let  ai\  y\  z   be  the  co-ordinates  of  the  given  point, 

X  -  Aai  +  By  +  c  the  equation  to  the  plane ; 

then  w  —  w'=m(% "  s/),  y  —  y^n{%  —  %)  are  the  forms  of 
the  required  equations  (Cor.  Art.  21);  and  since  the  line  is 
perpendicular  to  the  plane, 

m-  - Aj    n=  - Bf 

.-.  w  -  0?'+  A{z  -  ijf')  =  0,   2/  -  y'+  B(%  -  ij/)  =  0, 
are  the  required  equations. 

26.  The  only  exception  which  the  assertion,  that  a  line 
is  perpendicular  to  a  plane  when  two  projections  are  per- 
pendicular   to    two    traces,    suffers,    is   when    the    plane    is 
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parallel  to  one  of  the  co-ordinate  axes,  as  the  axis  of  z; 
for  in  that  case  the  two  projecting  planes  become  coincident, 
and  a  line  CQ  (fig.  6.)  may  have  two  of  its  projections 
C*y,  CR  perpendicular  to  ASy  BR  the  paraUel  traces  on 
%x  and  yzy  without  being  perpendicular  to  the  plane  AR. 

Suppose  that  y  = a?  +  6  was  the  equation  to  the  plane  ; 

then  every  line  perpendicular  to  it  would  be  in  a  plane  parallel 
to  a?y,  and  therefore   have   «  =  c   for   one   of  its  equations, 

and  y  =  -w  -{-h'  for    the   other,   since  its    projection    on   wy 

must  be  perpendicular  to  the  trace  on  that  plane. 

27.  In  fig.  7,  /  CQO  is  the  inclination  of  the  plane 
ABC  to  the  plane  of  ary,  and  is  equal  to  the  Z  COP^ 
which  OP  makes  with  the  axis  of  a?,  each  being  equal  to 
the  complement  of  z  POQ ;  in  other  words,  the  angle  be- 
tween two  planes  is  equal  to  the  angle  between  two  lines 
respectively  perpendicular  to  them.  If  the  perpendiculars 
should  not  meet,  then  by  the  angle  between  them,  and 
generally  by  the  angle  between  any  two  lines  that  do  not 
intersect,  we  understand  the  angle  formed  by  two  lines  drawn 
through  any  the  same  point  respectively  parallel  to  them. 

28.  Having  given  the  equations  to  a  straight  line,  to 
find  the  angles  which  a  line  parallel  to  it  through  the  origin, 
makes  with  the  axes. 

Let  w  =  m%  -fa,  y  =  t^s?  +  6,  be  the  equations  to  the 
given  line.  Through  the  origin  draw  a  line  OA  (fig.  8.) 
parallel  to   it ;    then  the  equations  to  OA  are 

w  =  m^,    y  =  n%. 

Let  a,  /3,  7,  denote  the  angles  which  OA  makes  with 
the  axes  of  a?,  y,  %\  also  let  0-4  =  1,  and  let  w\  y\  z\ 
be  the  co-ordinates  of  the  point  J,  then  (Art.  5.)  a?'=  cos  a, 
y=cos/8,   ;2?'=cos'y;    also  since  the  point  is  in    OA, 

<v  =  mz\    y  =  nz. 
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But    OjP^x'^^  y'^+  a    or    1  »  (m*+  ««+  1)^!;^, 

, 1  1 

»  =  — >  ==  ;      .*.  cos'y  = 


y  5  •   •     \/vro  ■  y  —         y — 


cos  p  =:  — y  ==r ,     COS  a  == 


—  J  9         CU»  CC   =    i  • 

Vl+m^+n*  vi+m^  +  n* 

The  radical  in  these  expressions  admits  of  a  double  sign 
+  or  -  ;  but  as  it  must  be  taken  +  in  all,  or  —  in  all, 
we  have  only  two  systems  of  values  for  a,  /3,  7;  viz.,  the 
angles  which  OA  makes  with  Ow,  Oy,  Ox;  or  their  sup- 
plements, which  AO  produced  or  OA'  makes  with  the  same 
lines.  It  is  usual  to  take  the  positive  sign;  then  cos 7 
is  +,  and  therefore  7  acute;  and  the  angles  determined  are 
those  which  the  part  of  the  line  above  the  plane  of  wy 
makes  with  the  co-ordinate  axes  produced  in  the  positive 
directions. 

Cor.     Conversely  these  equations  give  the  values  of  the 
coefficients  m   and  n^ 

cos  a  cos  3 

m  = ,     n  = . 

cos  y  cos  y 

Hence  the  equations  to  a  line  passing  through  a  given  point 
(<r',  y',   ^)  and   making  angles  a,  )3,  7  with  the  axes,    are 

x  —  x'     y  —  y      X  —  X 


cos  a        cos  (i       cos  7 

29.      To  find  the  angles  of  inclination  of  a  plane  whose 
equation  is  given,    to  the   co-ordinate  planes. 

Let  X  =^  Ax  ■\-  By  +  c  be  the  equation  to  the  plane ; 
then  tr  =  -  Ax^    y  =  -  Bx^ 

are  the  equations  to  a  line  through  the  origin  perpendicular 
to  it;  and  if  a,  j3,  7  denote  the  angles  which  this  line 
makes  with   the    axes    of  cP,    y,  »,    then    (Art.  27.)  a,    j3,   7 
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are  also  the  angles  at  which  the  plane  is  inclined  to  the 
co-ordinate  planes  of  yss^  %x^  xy  respectively;  and  by  the 
preceding  article  we  have 

cos  a  =  — J  ==  ,    cos  p  =  - 


1 

cos  'V  =       i  . 

30.  ^Having  given  the  equations  to  two  straight  lines, 
to  find  the  angle  which  two  lines  parallel  to  them  drawn 
through  the  origin  include. 

_.       iv^mz  +  a]      w  =  mx  +  a]  ,       , 
Let  ,>,  ,        ,,>  be  the  equations  to  the 

y  ^nx  +bj      y  =  n'z  +  6  J 

lines  to  which  OA^  OB^  (fig.  8.)  are  respectively  parallel ;  then 
cG^mz^  y^nz  are  the  equations  to  OA^  and  w-m'z^ 
y  =  nz^  those  to  OB.  Take  OA^  OB,  each  =  1 ;  and  let 
the  co-ordinates  of  A  and  B  be  denoted  respectively  by 
Off,  y^  z;  x\  y\  z;  join  AB,  and  let  AB  =  d,  Z  AOB  =  6, 
Then  from  the  triangle  AOB^ 

12+  1^-  2COS0  ^  cP=  iw  -  xy^  (y  -  yy+  (z  -  z'Y; 

or,    expanding,  and  reducing   by  the  relations 

af'  +  y'+z^^l,    a?'*+y*+sf'«=l, 

COS0  =  Of  Off' +  yy'-^  zz'. 

But   since  A  and  B  are  situated  respectively  in  OA,   OBy 

Of  =  mzy   y  ^nz ;     ^'=  mV,    y'=  wV ; 

.-.   ]  =(w**+n2+l)»2,     or  i8r=  -y==^==; 
Similarly,    ^%-p===^==; 
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mm'  +  nn  -\-  1 


\/l  +  m*  +  n*^/l  +  m'*+  w'^ 


This  expression,  on  account  of  the  two  radicals  it  con- 
tains,  will  furnish  for  0,  four  values  equal  two  and  two, 
corresponding  to  the  four  angles  formed  by  the  indefinite 
lines  AA\  BS ,  It  is  usual  to  take  the  denominator  posi- 
tive, i.  e.  to  take  the  radicals  with  the  same  sign,  so  that 
the.  points  -4,  S,  are  both  above  or  both  below  the  plane 
of  xy\  and  the  angle  determined  is  AOB  or  its  opposite 
JlOB!^  contained  between  the  two  portions  of  •the  lines 
which  form  each  an  acute  angle  with  Oz  or  Oz  ;  this  angle, 
moreover,  will  be  acute  or  obtuse  according  as  l  +  mm'+ifiTi' 
is  positive  or  negative. 

CoE.  By  .  means  of  the  formula  sin  =  \/l  -  (cos)*  we 
may  shew  that 

.          \/(m  -  mY  +  (w  -  i^Y-\-  (mn'  -  mrCf 
sm  V  = ■p=====^ — .  • 

31.  The  angle  between  two  lines  may  also  be  ex- 
pressed in  terms  of  the  angles  which  each  makes  with  the 
co-ordinate  axes. 

Let  OA  make  with  the  axes  of  ,r,  y,  z  the  angles 
a,  /3,  7 ;  and  OB  make  with  them  the  angles  a ,  /3',  y' ; 
then,  proceeding  as  in  the  last  Art.,  we  may  shew  that 

cos  Q  =  tt?a?'+  yy  -|-  zz'i 
But    0?  =  cos  a,     y  =  cos  /3,     jjt  =  cos  7 ; 
x  =  cos  a',    y  =  cos  )3',    z  =  cos  7' ; 
.•.  cos  Q  =  cos  a  cos  d  +  cos  /3  cos  jS'  +  cos  7  cos  7'. 

32.  Hence  the  condition  in  order  that  two  lines  may 
be  perpendicular  to  one  another  is  cos  6  =  0,  or 


■\ 


mm'  +  nn'  -\-  1=0; 
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at  which  we  may  arrive  immediately  by  observing  that  the 
equation  to  a  plane  through  the  origin  perpendicular  to  the 
first  line  is  iir  +  mai  +  ny  =  0,  which  must  necessarily  contain 
a  line  through  the  same  point  parallel  to  the  second  whose 
equations  are  w  =  m'ss^  y  =  n'z ; 

.-.  »  +  mmz  +  nn'z  =  0,     or  mm'  +  nn  +  1=0. 

This  condition  expressed  in  another  form,  is 

cosa  cosa'+cos/3  cos/3'+  C0S7  cos^y'sO. 

Also,  in  order  that  the  lines  may  be  parallel  to  one  another, 
we  must  have 

sin  0  =  6,     or  (m  -  m*Y  +  (n  -  n'y  -\-  {mv!  -  mnf  =  0, 

which  can  only  be  satisfied  by  m  =  w',  w  =  n' ;  this  agrees 
with  Cor.  Art.  21. 

33.  To  find  the  angle  of  inclination  of  two  planes  whose 
equations  are  given. 

Let  X  —  Aoo  ->(•  By  •{- c^  %-JL(x-\-B'y-^c\  be  the  equa- 
tions to  the  two  planes.  Then  the  equations  to  two  lines 
respectively  perpendicular  to  them  through  the  origin  are 
(Art.  25.) 

a?  =  —  A%^     y  =  —  B«  ;     a?  =  —  A«,    y  =  "•  -S'^  5 

and  (Art.  27.)  the  angle  of  inclination,  0,  of  the  two  planes 
is  equal  to  the  angle  between  these  two  perpendiculars; 
therefore  (Art.  SO.) 


M 


COS0  = 


=fc\/l+^^+S«AAn^TS^' 


the  double   sign  belonging  to  the  acute  and  obtuse  angles 
between  the  two  indefinite  planes. 

34.  The  angle  of  inclination  of  two  planes  may  also 
be  expressed  in  terms  of  the  angles  at  which  each  is  in- 
clined to  the  co-ordinate  planes.  •  .J. 
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For  if  a,  /8,  7;  a',  /3',  7';  denote  the  angles  at  which 
the  planes  are  incUned  to  the  co-ordinate  planes  of  yz,  zw^ 
a?y,  these  are  also  the  angles  which  the  perpendiculars  on 
them  from  the  origin  respectively  make  with  the  axes  of 
0?,  y,  iJf;  therefore  (Art.  31.) 

cos  0  =  cos  a  cos  a  +  cos  )3  cos  /3'  +  cos  7  cos  7'. 

35.  Hence  the  condition  that  two  planes  may  be  per- 
pendicular to  one  another  (since  in  that  case  cos  9  =  0)  may 
be  expressed  in  the  two  following  ways : 

'''   \  cosa  cosa'+  cos/3  cos/3'+  C0S7  cos7'=  0. 

36.  To  find  the  angle  between  a  straight  line  and  a 
plane,  of  which  the  equations  are  given. 

The   angle,    6,    here    meant,  is    the    angle  between    the 

line    and    its    projection    upon    the   plane,    and  is    therefore 

equal    to   the   complement   of  the   angle   made  by    the   line 
with  a  perpendicular  to  the  plane. 

Let  ^  =  Jo?  +  By  +  c  be  the  equation  to  the  plane;  then 
the  equations  to  a  line  through  the  origin  perpendicular  to 
it  are 

tV  =  —  Az,  •  y  =  —  Bz. 


Let    w  «  mz  +  a,    y  =  »«  +  6,    be    the   equations   to    the 

3n  Une ;    then    since 9  i 

the  perpendicular  to  the  plane^ 


given  Une ;    then    since 9  is   the  angle   between   it   and 


(it      A  .    ^  l^Am-Bn 

cos V]      or  sin  6^  = 

V2         / 


^1       37.     To  find  the  distance  of  a  point  from  a  plane. 

Let  a?',  y\  z  be  the  co-ordinates  of  the  given  point  P 
(fig.  9.),  z  =:  Ax  +  By  +  c  the  equation  to  the  given  plane 
ABC. 
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Through  P  draw  a  plane  GKH  perpendicular  to  the  trace 
AB ;  then  this  plane  is  perpendicular  both  to  the  given  plane 
ABC<,  and  to  AOB^  and  contains  the  ordinate  PN.  Let 
GH  be  the  intersection  of  the  two  planes  meeting  PN  in  Q ; 
draw  PR  perpendicular  to  GH.  Then  PR  is  perpendicular 
to  the  plane  ABC ;  and  PR  =  PQ  sin  PQR  =  PQ  cos  GHK. 

But  PQ:=:PN-'QN^x'^(Aw'+By-\-c), 
since  Q  is  a  point  in  the  plane  ABC,  for  which  x^  x\  y^y'\ 

and  cos  GHK  =     .        ^^     ^    (Art.  29) ; 

,.«     t             .    J   J.                 z'-Aco-'By-'C 
^1   .-.  Pi?,  the  required  distance,  = .  ^  ; 

the  radical  being  taken  with  that  sign  which  makes  the 
whole  expression  positive;  for  whenever  distances  are  not 
measured  parallel  to  a  fixed  line,  the  question  can  only  re- 
late to  their  absolute  values. 

Cor.     Making  j?'=  0,  y  =0,  %*  —  0^.  we  have  the  distance 
of  the  plane  from  the  origin 

—  c 


^^/\^A^^•B^' 
where  the  radical  must  have  the  same  sign  as  —  c* 

38.      To  find  the  distance  of  a  point  from  a  line*  |  ^ 

Let  P  (fig.  10.)  be  the  point,  whose  co-ordinates  are 
^\  y\  ^' ;  AB  the  line  whose  equations  are  w^mz  +  a^ 
y^nz  +  by  so  that  o,  b,  are  the  co-ordinates  of  its  trace  A ; 
PB  a  perpendicular  from  P  on  AB.     Then 

or  z  =  ^ma}''ny-\'Z  -k-mx  -^ny 

is  the  equation  to  a  plane  through  P  perpendicular  to  AB ; 
therefore,  by  the  preceding  Art.,  since  AB  is  drawn  from  a 
point  (a,  6,  0)  perpendicular  to  this  plane, 

D 
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ma-^nb  -  (ss' +  mj/ -\- ny) 


and  AP^y/i^'-ay  +  (y'^bf  +  z'^; 


1  +m''+n' 


or,  by  reduction, 


5P»= 


{a/^mx'^ay+(if'^nz'-'by+{n{w^a)^m(y'--b)Y 


Co».  The  distance  may  also  be  obtained  in  terms  of 
the  angles  which  the  line  makes  with  the  axes.  Let  a,  /3,  7 ; 
a,  jS',  7',  be  the  angles  which  AB,  AP^  make  respectirely 
with  the  axes  of  w,  y^  x; 

I  then  cos  PAB  «  cos  a  co8a'+  cos/3  co»/y+  C0S7  C0S7' 


' 


>^W^,  7C 


(a?'  -  a)  cos  a  +  (y'  -  5)  cos  )3  +  z  cos  7 
AP 


(Art.  6,  Cor.); 


.-.  BP^  =  AP^  -  (^P  cos  PABy, 
^(w'^ay+{y'^by+z'' 
-  {(j/-  o)  cosa  +  (y'-  6)  cos/3  +  sf'  C0S7}*- 


39'  As  two  straight  lines  in  space,  although  not  pa- 
rallel, may  never  intersect,  it  is  a  Problem  which  some- 
times arises  to  determine  the  shortest  distance  between  them ; 
it  may  be  solved  by  means  of  the  following  proposition. 

40.  The  shortest  line  which  can  join  any  two  points 
in  two  straight  lines  in  space,  is  the  line  which  meets  both 


of  them  at  right  angles. 


Take  one  of  the  lines  OC  (fig.  11.)  for  the  axis  of  /p, 
and  let  the  other  AB  meet  the  planes  of  ZtV^  wy,  in  A  and  J?, 


Digitized  by 


Google 


27 

in  which  planes  draw  AO,  Oy  perpendicular  to  OC,  and 
let  these  be  the  axes  of  x  and  y.  Draw  By  parallel  to  Oa^ 
join  Ay  and  draw  OM  perpendicular  to  it;  draw  MN  pa- 
rallel to  By^  make  Ow  equal  to  MN  and  join  Nx.  Then 
MN  being  parallel  to  Ow  is  perpendicular  to  MO ;  therefore 
OM  is  perpendicular  to  each  of  the  lines  MN.,  Ay^  and 
therefore  to  the  plane  AyB;  also  MN  being  equal  and 
parallel  to  Ow,  the  figure  NO  is  a  rectangle,  and  NtV  is 
equal  and  parallel  to  MO;  therefore  Nw  is  perpendicular 
to  0<2?,  and  also  to  the  plane  AyB  and  therefore  to  AB; 
hence  Nw  meets  each  of  the  given  lines  at  right  angles.  It 
is  also  their  shortest  distance ;  for  take  any  point  JT  in  ABj 
draw  KL  parallel  to  By  and  join  OL;  then  the  distance  of 
K  from  0«  is  equal  to  OL,  because  a  perpendicular  from 
K  on  Oaf  would  be  parallel  and  equal  to  OZ,  Z  LOw  being 
a  right  angle,  and  OL  is  manifestly  greater  than  OM. 

CoE.  Any  plane  passing  through  the  shortest  distance  i 
will  be  perpendicular  to  the  plane  to  which  both  the  given  \^ 
lines  are  parallel;  for  since  Nw  is  perpendicular  to  the  plane 
Ay  By  any  plane  through  Nof  is  perpendicular  to  AyB;  and 
AyB,  since  it  contains  one  and  is  parallel  to  the  other,  is 
itself  parallel  to  every  plane  to  which  both  the  lines  are 
parallel.  Also  if  through  OC  we  conceive  a  plane  to  be 
drawn  parallel  to  AyB,  it  will  be  parallel  to  AB ;  and 
MO  =  Nw  will  be  its  perpendicular  distance  from  the  plane 
AyB;  i.  e.  the  shortest  distance  between  two  lines  not  in 
the  same  plane  is  the  perpendicular  distance  of  two  planes, 
each  of  which  is  drawn  through  one  of  the  lines  parallel  to 
the  other. 


41.  We  shall  conclude  this  section  with  two  or  three 
Problems,  which  will  furnish  occasion  to  apply  several  of 
the  results  already  obtained.  We  shall  first  complete  the 
determination  of  the  shortest  distance  between  two  lines,  by 
finding  its  position  and  magnitude,  when  the  equations  to 
the  lines  are  given. 
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IPbob.  1.  To  find  the  equations  to  a  straight  line  which, 
cuts  perpendicularly,  each  of  two  straight  lines  not  in  ;the 
same  plane  whose  equations  are  given. 

Let  ,>,  ,  ,,}  oe  the  equation  to  the 

y^nz  +  b)      y=n  «  +  b) 

given  lines ;  then  if  «  =  Aof  +  By  +  c  be  the  equation  to  a 
plane  parallel  to  them  both,  Am  +  Bn^  1^  Arn-\-Bn!^ly, 
(Art.  23.) 

n!—n  _        ni—m 

mn  ^niTi  mn  —  mn 

Let  z  =  -4'a?  -f  B'y  +  c  be  the  equation  to  a  plane  which 
contains  the  first  given  line,  and  also  the  required  line,  and 
which  therefore  (Art.  40,  Cor.)  cuts  the  plane,  parallel  to  both 
the  given  lines  at  right  angles ;  therefore  (Art.  23.  and  S5.) 

AA'+BB'+l=0,    A'm  +  B'n^  1^0,    A'a  +  B'b  +  c  =  Oi 

hence  c'=  —  A^a  -  S'fe, 

and   A\An-'Bm)=^-(B-¥n),  B\Bm- An)  = -(A +  m)i 

.-.   z  =  A\w^a)-^B'(y--b), 

or   z(An  -  Bm)  =  -  (^  ^  a)(B  +  w)  +  (y  -  b)(A  +  w), 

or,  substituting  the  values  of  A  and  B, 

z{m(m-'m)  +»(/i'-n)}=  (op  —  o){m'-  m  +  n(mn  —mn)} 

+  (y  ^6){w'-^  +  m(mn-m'n)\, 

is  the  equation  to  the  plane  containing  the  first  given  line 
and  the  required  line. 

Similarly,  the  equation  to  the  plane  containing  the  second 
given  line  and  the  required  line,  by  interchanging  w,  w,  a,  6, 
and  m',  n\  a',  6',  is 

z{m\m  -  m)  +  nXn  -  w')}  =  (a?  -  a'){m  -  w'+  n'(w?i'-  mn)\ 

+  (y  -  6') {n  -  n'+  m(mn  -  m/^') } . 
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These  two  equations  determine  the  position  of  the  line  re- 
quired, since  they  are  the  equations  to  two  planes  each  of 
which  contains  it;  the  equations  to  its  projections  may  be 
found  by  Art.  20. 

Pros.  2.  To  find  the  length  of  the  shortest  distance 
between  two  straight  lines  whose  equations  are  given. 

If  a  plane  be  drawn  through  each  of  the  lines  parallel 
to  the  other,  the  perpendicular  distance  of  these  planes,  which 
will  of  course  be  parallel  to  one  another,  will  be  the  shortest 
distance  of  the  lines  (Art.  40.  Cor.). 

_       ^  =  mz  -I-  al       a?  =  m%  +  o'l   ,       ,  .  , 

Let  ,  r  J  /        ,1  r  be  the  equations  to  the 

lines,  %  =^  Ax  +  By  +  c,  the  equation  to  the  plane  which  is 
parallel  to  the   second,  and  contains  the  first, 

.".  Jm  +  Bn'^  1,    Am  +  Bn  =1,    ^a  +  jB6  +  c  =  0, 

which  give  for  A^  B,  c,  the  values 

.         n'-n  ^  m-m 

A^—^l r->   B^ J —^   c=  -Aa-Bb. 

rhn  —  m  n  mn  —  mn 

Similarly,  the  equation  to  the  plane  which  is  parallel  to  the 
first,  and  contains  the  second,  is 

%  =  Ax  +  By  +  c\ 

where  A^  B  have  the  above  values,  and 

c'=  -Aa-BV; 

and  the  lengths  of  the  perpendiculars  dropped  upon  these 
planes  from  the  origin  are  respectively  (Art.  37.  Cor.) 

-c  —  c 


Vl+^'+B'"    Vl  +  A'+B'" 
the  difference  of  which 

-       "(g'-g)  A(a'-a)  +  B{b'^b) 
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therefore,  substituting  for  A  and  B  their  values,  the  shortest 
distance  between  the  two  lines 

{n'^  n)(a'-  a)  -  (m'-  m){V^  b) 


Cob.  When  c  in  the  equation  to  the  first  plane,  and 
c  the  corresponding  quantity  for  the  second  plane,  have 
different  signs,  the  origin  is  situated  between  the  two  planes ; 
and  therefore  the  distance  of  the  planes  will  be  found  by 
taking  the  sum  of  the  perpendiculars.  When  the  shortest 
distance  vanishes, 

(»'-  n)(a'-  a)  =  (w  -  m)(6'-  6), 

which  is  the  condition  in  order  that  the  lines  may  intersect, 
found  in  Art.  22. 

Pbob.  3.  Having  given  the  lengths,  the  least  distance, 
and  the  inclination  of  two  opposite  edges  of  a  tetrahedron, 
to  find  its  volume. 

Let  A  (fig.  11.)  be  the  vertex,  and  BOC  the  base  of 
any  tetrahedron;  complete  the  parallelogram  Cy,  and  join 
Ay\  let  Nat  cut  each  of  the  opposite  edges  AB^  OCy  at 
right  angles ;  then  OC  is  parallel,  and  Nof  is  perpendicular 
to  the  plane  ABy.  Hence,  since  they  are  on  the  same 
base,  and  their  vertices  are  in  a  line  parallel  to  the  plane  of 
base, 

tetrahedron  ^^jSO  ^^  tetrahedron  Ay  Bat 

^  ^  AB.  By.  sin  ABy.  ^Nw; 

but  tetrahedron  Ay  BO  =  tetrahedron  AOBC, 

since  they  have  a  common  vertex,  and  equal  bases  in  tEe~ 
same  plane; 

.-.  tetrahedron  AOBC  ^^AB  .OC  .Ncff.einOy 

where  0  denotes  the  atgle  between  AB  and  OC. 
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SECTION  II.  \    ^ 


ON  SURFACES  OF  THE  SECOND  ORDER. 


42.  The  foregoing  section  comprehends  all  the  more 
useful  results  relative  to  lines  and  planes  referred  to  rect- 
angular co-ordinates.  We  shall  now  proceed  to  investigate 
the  equations  and  forms  of  surfaces  of  the  second  order,  \ 
which,  after  the  plane,  are  next  in  simplicity ;  reserving  for 
the  subject  of  the  following  section  (after  the  reader  has 
become  familiar  with  the  mode  of  representing  surfaces  by 
equations,  and  thence  deducing  their  forms)  one  of  the  prin- 
cipal means  of  modifying  and  simplifying  those  equations, 
viz.  transformation  of  co-ordinates;  we  shall  then  have  oc- 
casion to  introduce  the  projections  of  lines  and  plane  sur- 
faces; and  the  more  useful  results,  relative  to  the  line  and 
plane  referred  to  oblique  co-ordinates,  may  be  then  more 
conveniently  given  than  at  present.  It  will  be  necessary 
however  to  make  some  preliminary  observations  on  the  geo- 
metrical meaning  of  equations  containing  only  one  or  two 
of  the  variables  w,  y,  iir,  when  we  embrace  in  our  enquiries 
the  three  dimensions  of  space. 

43.  It  was  remarked  (Art.  10.)  that  the  equation 
a?  as  g,  when  three  dimensions  of  space  are  regarded,  repre- 
sents an  indefinite  plane  parallel  to  yx ;  similarly,  the  equa- 
tion y^  -f  y y  +  g  =  0,  which  gives  for  y  two  constant  values 
y  =  a  ±  6,  represents  two  planes  parallel  to  i^ro?;  and  in 
general,  every  equation  containing  only  one  of  the  variables,  I 
represents  a  system  of  planes  parallel  to  the  two  axes! 
whose  co-ordinates  it  does  not  involve.  ^ 
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Again,  the  equation  f{xy  y)  =  0,  which,  in  Plane  Geo- 
metry, belongs  to  a  curve  cc  ^tig.  12.)  in  the  plane  of  .ry, 
in  Geometry  of  Three  Dimensions,  represents  a  cylindrical 
surface  formed  by  drawing  lines  through  all  the  points  of 
CC'  parallel  to  0%\  for  any  point  P  in  this  surface,  what- 
ever be  the  value  of  PC  or  %^  will  have  the  same  w  and  y 
as  its  projection  C;  and  therefore  the  co-ordinates  of  every 
point  in  the  cylindrical  surface  will  satisfy  the  relation 
f(w,y)  —  0,  which  does  not  contain  «;  and  any  point 
whose  projection  is  not  in  CC  cannot  by  its  co-ordinates 
satisfy  the  relation  /(a?,  y)  =  0.  The  same  observations  ap- 
ply to  equations  of  the  form  /  (a?,  5?)  =  0,  /  (y,  z)  =  0. 
Hence,  an  equation  containing  only  two  of  the  variables 
represents  a  cylindrical  surface  parallel  to  that  axis  whose 
co-ordinate  it  does  not  involve;  and  of  which  the  trace 
upon  the  plane  containing  the  other  two  axes,  is  in  Plane 
Geometry  given  by   the  same  equation. 

44.  The  locus  of  an  equation  /(a?,  y,  ar)  =  0,  contain- 
ing all  the  variables,  is  a  shrface ;  that  is,  it  all  the  points 
be  taken  whose  co-ordinates  satisfy  it,  they  will  not  compre- 
hend all  the  points  of  a  solid  figure,  but  only  those  situated 
in  a  surface.  In  the  equation  /(^,  y,  »)  =  0  we  may  assume 
any  values  for  two  of  the  co-ordinates;  and,  deducing  the  value 
of  the  third  from  it,  we  have  the  co-ordinates  of  the  cor- 
responding point  in  the  locus;  and  similarly,  we  may  de- 
termine as  many  points  in  the  locus  as  we  please.  Instead 
of  this,  however,  let  us  assume  the  value  of  only  one  co- 
ordinate Off  =  a  ;  "then  (Art.  43.)  /(y,  »,  a)  =  0,  represents  a 
cylindrical  surface  parallel  to  the  axis  of  off ;  but  since  ^e  must ' 
only  take  the  points  in  this  surface  which  satisfy  the  con- 
dition Off  =  a^  it  follows  that  by  this  assumption  we  obtain 
a  curve,  namely,  the  section  of  the  cylinder  made  by  the 
plane  off  =  a  parallel  to  yz.  Let  this  be  PQ  (fig.  13.), 
where  0N=  a;  then  of  all  the  points  in  the  indefinite  plaij^^ 
PNQ  it  is  only  those  in  the  curve  PQ  which  are  deter- 
mined by  the  equation  /(y,  z,  cc)  =  0\  similarly r  If  we  take 
X  =  0N'=  a',  we  shall  have  /  (y,  Zj  a)  =  0,  which  'ut|ua£luuir^ 
determine  the  curve  P'Q!'^  and,  proceeding  in  this  manner, 


Digitized  by 


Google 


33 

we  may  obtain  an  infinite  number  of  curves  all  situated 
in  planes  parallel  to  yx^  and  succeeding  one  another  at 
intervals  as  small  as  we  please,  the  assemblage  of  which 
will   form    a    surface    which    is    the    locus    of   the    equation 

45.  We  conclude,  therefore,  that  every  equation,  whe- 
ther containing  one,  two,  or  three  of  the  variables,  repre- 
sents a  surface;  if  however  the  equation  can  be  satisfied  by 
no  system  of  real  values  of  the  co-ordinates,  the  surface 
will  be  altogether  imaginary ;  or,  if  it  can  be  satisfied  only 
by  breaking  it  up  into  two  or  three  others,  the  surface  is 
reduced  to  a  limited  number  of  lines  or  points.  In  other 
cases  the  equation  will  enable  us  to  determine  the  figure 
and  properties  of  the  surface  which  is  its  locus,  as  will  be 
seen.  In  discovering  the  figure  from  the  equation,  the 
traces  on  the  co-ordinate  planes,  determined  by  putting 
^,  y,  ss  separately  =  0  in  the  equation  to  the  surface,  and 
the  sections  made  by  planes  parallel  to  the  co-ordinate  planes, 
determined  by  putting  the  co-ordinates  each  separately  equal 
to  a  constant,  are  the  principal  means.  Thus  (fig.  IS.) 
4B,  BCj  CA  are  the  three  traces  of  the  surface;  and  PQ 
is  a  section  made  parallel  to  y%^  the  equation  to  which  is 
/(y,  )8f,  a)  =0,  where  ON  -  a^  and  QNy  NP  are  tp  be  re- 
garded as  the  axes  to  which  the  curve  PQ  is  referred.  As 
in  Geometry  of  Two  Dimensions,  a  curve  may  have  several 
branches,  and  an '  ordinate  several  values  corresponding  to 
the  same  value  of  the  abscissa;  so  a  surface  may  have  se- 
veral   sheets^    and   points  in  different   sheets  may    have   the 


same  projection  on  the  co-ordinate  planes.  As  many  real 
values  as  x  has  for  given  values  of  x  and  j^,  so  many 
sheets  will  the  surface  have;  if  the  value  of  z  is  imagi- 
nary, there  is  no  point  in  the  surface  corresponding  to  those 
values  of  w  and  y, 

in  the  same  manner  as  lines,  are  divided 
^  according  to  the  degree  of  their  equations;  the 


determined  by    the   sum  of  the  indices   of  the 
I  three  variables    in    that    term  .of    the  equlftibn    where   it   is 
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jl  ffreatysti   The  plane  is  the  surface  of  the  first  order,  being 
^'\  the  locus  of  the  equation  of  the  IBrst  degree  between  three 
I  yariablei ;    the  sphere,    the  common  cone  and  cylinder,    the 
^  ellipsoid,   hc*9    are .  surfaces   of   the   second    order,   because 
their  equations  are  of  the  second  degree.     We  shall  at  pre- 
sent obtain  the  equation  to  each  variety  of  the  surfaces   of 
the  second  order  from  some  known  properties  of  them,  and 
determine  their  figures ;   reserving  the  discussion  of  the  ge- 
neral equation  of  the  second  order,  and  the  closer  considera- 
tion of  the  properties  of  the  surfaces  which  it  represents,  to 
a   more   advanced   part  of  the    work.     This  arrangement, 
which  corresponds  to   that  usually  followed  with  regard  to 
curves    of   the    second    order,   will   gradually  introduce  the 
student  to  the  more  difficult  parts  of  the  subject,    and  put 
him  at  onee  in  possession  of  the  more  important  results. 

/I    4iJ.    To  find  the  equation  to  the  surface  of  a  sphere. 

The  characteristic  property  of  this  surface,  is,  that 
every  point  in  it  is  at  the  same  distance  from  the  center. 

LfCt  (tf  yy  X  he  the  co-ordinates  of  any  point  in  the  sur- 
face, a,  6,  c  the  co-ordinates  of  its  center,  and  r  its  radius; 
then 

is  the  rdation  which  the  co*ordinates  of  every    point  must 
satisfy,  and  therefore  the  equation  to  the  surface. 

Coa.  This  equation  will  assume  different  forms  accord* 
ing  to  the  position  of  the  origin;  thus  if  the  origin  be  ia 
the  center,  a  "«  (  ■>  o  «  0,  and  the  equation  becomes 

if  the  origin   be  in   the  surface   of  the   sphere, 

and  the  equation  becomes 

«f*  +  y*  +  **  =  2  (aw  +  6y  +  c»). 
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48.  To  find  the  equation  to  the  surface  of  an  oblique 
cylinder,  the  base  being  circular. 

-  -This  surface  is  generated  by  an  indefinite  line  which  is 
carried  round  the  perimeter  of  a  given  circle,  always  remain- 
ing parallel  to  a  given  straight  line. 

Let  w^mx^  ymnzy  be  the  equations  to  a  line  OR 
(fig.  14.)  through  the  origin,  to  which  the  generating  line 
is  always  paridlel;  and  r  the  radius  of  the  circle  OP  A 
described  in  the  plane  oi  wy  with  its  diameter  coinciding 
with  the  axis  of  ^,  along  which  the  generating  line  movea. 
Let  PQ  be  the  generating  line  in  any  position,  and  w^  y^  x 
the  co-ordinates  of  any  point  M  in  it,  and  therefore  in  the 
cylindrical  surface.     Then  the  equations  to  PQ  are 

Jr-  ^  «  m(Z  -  »),     F-  y  «=  n(Z  -  »),     (Cor.  Art.  21.) ; 

therefore,  making  Z  =  0,  we  have  the  co-ordinates  of  P,  or 

^'=  ON^of^mx,     Y'^NP^y-  nx. 

But,  P  being  a  poiiit  in  the  circular  base, 

therefore,  substituting  for  F'  and  -AT'  their  values, 

(y  -  nxy=  2r(a?  -  mx)  —  (af-  mxy^ 

a  relation  among  the  co-ordinates  of  any  point  in  ^  surface, 
and  therefore  its  equation. 

Cob.  We  may  suppose  the  curve  OP,  instead  of  a  circle, 
to  be  any  curve  of  the  second  order  determined  by  the  equa- 
tion F'*  =  iJT'  -  (1  -  e*)  JT*;  we  shall  then  obtain  the  equation 
to  any  cylindrical  surface  of  the  second  order,  vie. 

(y  -  »«)*=  l(af  -  mx)  -  (1  -  e^(<a?  -  mxy. 

And  it  is  easily  seen  that  whatever  the  curve  OP  be,  if  its 
equation  be  F'=/(Jr'),  the  equation  to  the  cylindrical  surface 
generated  by  a  straight  line  carried  along  it,  and  of  which 
it  is  called  the  directrix,  will  be  {y —  nx)  ^/{ps -mx). 

"^       49.     To  find  the  equation  to  the  surface  of  an  oblique 
jcone,  the  base  being  circuliyr.    ^cc  /%^,^.  /i,^/ 
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This  surface  is  generated  by  an  indefinite  line  which  i^ 
carried  round  the  perimeter  of  a  given  circle,  always  passing 
through  a  fixed  point. 

Let  a,  6,  c  be  the  co-ordinates  OR,  RQy  QV  (fig.  15.) 
of  the  vertex  F,  and  r  the  radius  of  the  circle  OPA  de- 
scribed in  the  plane  of  wy  with  its  diameter  coinciding  with 
the  axis  of  Wy  along  which  the  generating  line  moves.  Let 
PF  be  the  generating  line  in  any  positicm,  and  a?,  y,  x  the 
co-ordinates  of  any  point  M  in  it,  and  therefore  in  the  conical 
surface;   then  the  equations  to  VP  are  (Art.  21.) 

so  ^  a  V  —  b 

X-^a  = (Z  -  c),      r-  6  =  ? (Z  -  c)  ; 

«f  —  c  %  —c 

therefore  making  Z  =  0,  we  have  the  coordinates  of  P,  or 
*trty-  P  being  a  point  in  the  circular  base, 

r^  =  2r  jr'  -  x'^ ;       "■  "'"^^^^^'.^-^^ 

therefore,  substituting  and  reducing, 

{b%  —  cyy=  2r(«  -  c)  (az  -  cai)  -  {az  -  cwy^ 

^  '^the  equation  to  the  conical  surface.  %  .X    v 

J  Cor.     We    may   suppose   the    curve   OPl  insteld*  pff^ 

Vt  circle,  to  be  any  curve  of  the  second  order,  determined  nby 
rS  the  equation  F^^^  /JST'-  (l  -  e^)  JT'*;  we  shall  then  obtain  the 
I    a  I  equation  to  any  conical  surface  of  the  second  order,  viz. 

al    (bz^  cyf=l(z  -  c) {az  -  cof)  -  (1  -  e^) {az^^^^T^r 

h  And  it  is   manifest  that  whatever  the   curve   OP  be,   if  its 

J  equation  be  F'=/(Jr'),  the  equation  to  the  conical  surface 
k^        of  which  it  is  the  directrix  will  be 

I  ;        bz -cy  ^  /•/az —  ca)\ 

^1  z  -c    "^  K^z-c  )  ' 
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-^    50.     To  find  the  equation  to  the  surface  of  a  spheroid.    1^ 

This  surface  is  generated  by  the  revolution  of  an  ellipse 
about  one  of  its  axes. 

Let  CA  (fig.  16.)  be  a  quadrant  of  an  ellipse  which,  by 
revolving  about  its  axis  OC  coincicling  with  the  axis  of  x^ 
generates  a  spheroid.  Let  A'C  be  any  position  of  the  gene- 
rating curve,  and  ON  =  ar,  NM  =  y,  MP^  =  %  the  co-ordinates 
of  any  point  P'  in  it ;  AO  ^^  a^  CO  =  c ;  then  from  the  right- 
angled  triangle  ONMy 

OM^^w'^-y^ 

But,  since  P'  is  a  point  in  an  ellipse  with  ^  axes  a  and  c. 


J^&Xc^r-:^*^     L\ 


OM*     «• 


a*         c» 


the  equation  to  the  surface;  which  is  called  an  oblate  or 
late  sphercgd,  according  as  the  axis  20,  about  which  the 
pse  revolves,  is  the  less  or  greater  of  its  axes. 

CoE.  Similarly,  if  the  hyperbola  AQ  (fig.  18.)  revolve 
about  its  conjugate  axis  OC  coinciding  with  the  axis  of  ss^ 
the  equation  to  the  surface  of  the  hyperboloid  generated 
will  be 


P 


^^*--^.  ^1 


and  if  it  revolve  about  its  transverse  axis  OA  (fig.  19.) 
coinciding  with  the  axis  of  ^,  the  equation  to  the  surface 
generated  will  be 


%\.     To  find  the  equation  to  the  surface  of  a  paraboloid.  I^* 

Let  OQ  (fig.  20.)  be  a  parabola  which  by  revolving 
about  its  axis,  coincident  with  the  axis  of  a?,  generates  a 
paraboloid ;    OP  any  position  of  the  generating  curve. 
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OJV-ar,     NM~y,    MPmx, 
the  co-ordinates  of  any  point  P  in  it;    then 
PN*  =  l.ON^la>, 

I  being  the  latus  rectum  of  OP;   but  from  the  right-angled 
triangle  PMN, 

the  ec^eXioxi  to  the  surface. 

52.  When,  as  in  the  preceding  instances,  a  plane  curve 
rerolves  about  an  axis  coincident  with  one  of  the  co-ordinate 
axes,  the  equation  to  the  surface  generated  may  be  readily 
obtained,  whatever  be  the  generating  curve.  For  let  OC 
(fig.  16.)  the  axis  of  x  be  the  axis  of  revolution,  CPA  the 
generating  curve,  and  PR^f{OR)  its  equation;  and  let  it 
revolve  about  OC  into  the  position  CP^A'\  ON^oo^  NM^y^ 
MP^^Xy  the  co-ordinates  of  any  point  P'. 

Then  by  the  equation  to  the  curve,  MP^^f{pM)j 
or   «=/(\/ST^, 
the  equation  to  the  surface. 

53.  The  surfaces  which  we  have  hitherto  considered, 
are  the  simplest  cases  of  surfaces  of  the  second  order;  their 
equations  are  all  contained  in  the  general  equation  of  the 
second  order  between  three  variables,  which  is 

It  will  be  shewn  hereafter  that  this  equation,  by  giving 
a  proper  position  and  directions  to  the  origin  and  axes  of 
the  co-ordinates,  can  always  be  reduced  to  one  of  the  forms 

which  represent  two  distinct  families  of  surfaces;  the  former 
those  which  have  a  center,  the  latter  those  which  have  not 
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a  center;  meaning  by  center,  a  point  such  that  all  chords 
of  the  surface  drawn  through  it  are  bisected  in  it. 

54.  The  origin  is  the  center,  and  the  co-ordinate  planes 
are  the  principal  planes,  of  the  surface  represented  by  the 
equation 

For  let  P  (fig.  22.)  be  a  point  i|i"^he  surface- whose \ 
coordinates  are  w  =  h^  y  =»  Ar,  x-^  I ;  then  the  equation  is 
satisfied  by  these  values,  and  therefore  it  is  also  satisfied 
when  —  A,  —  Ap,  —  /  are  written  for  a?,  y,  and  ss.  But  if  we 
produce  PO  to  P',  and  make  OP  =  OP,  the  co-ordinates  of  P' 
are  evidently  equal  to  —  A,  —  Ap,  -  / ;  therefore  P'  is  a  point 
in  the  surface,  and  PP  is  a  chord,  and  it  is  bisected  in  O ; 
i.  e.  every  chord  is  bisected  in  O,  therefore  O  is  the  center 
of  the  surface.  Also  the  surface  is  situated  symmetrically 
with  respect  to  the  co-ordinate  planes.  For  if  in  the  equa- 
tion we  make  x  «  ON  =  A,  and  y «  NM  =  Ar,  it  will  give 
for  X  two  equal  values  with  contrary  signs  Pilf,  QM\  so 
that  for  every  point  of  the  surface,  situated  above  the  plane 
of  wyy  there  will  be  a  corresponding  point  situated  at  an 
equal  distance  below  it.  Similarly,  the  other  ix>-ordinate 
planes  may  be  shewn  to  bisect   all  their  ordinates  at  right 

I  angles.  Planes  which  have  this  property  are  called  the  prin^ 
cwal  planes  of  the  surface,  and  their  intersections  (which  in 

I  this  case  coincide  with  the  axes  of  the  co-ordinates,  and  with 
respect  to  each  of  which  also  the  surface  is  symmetrically 
situated)  the  aaes  of  the  surface.  Also  every  chord  passing 
through  the  center  is  called  a  diameter  of  the  surface. 

55.  In  the  equation  to  surfaces  that  have  a  center 

having  taken  care  to  make  the  second  member  positive, 
since  the  coefficients  of  the  variables  cimnot  be  all  negative 
together,  we  can  only  have  three  varieties  of  form,  (l)  all 
the  coefficients  positive,  (2)  one  negative,  (3)  two  negative; 
so  that  the  equation  may  assume  the  three  following  forms: 
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f 


..«  *,» 


^CZ'^c^^'-^ 


The  surfaces  represented  by  them  are  called  respectively 
the  ellipsoid,  the  hypeAoloid  of  one  sheet,  and  the  hy^r- 
boloid  of  two  sheets. 

56.    In  the  family  of  surfaces,  represented  by  the  equation^ 

the  origin  is  not  the  center,  since  the  equation  does  not 
remain  unchanged  when  or,  y,  f$  are  changed  into  -^,  —  y, 
'-«\  and  it  will  be  seen  hereafter  that  no  other  point  can 
be  its  center.  Also  since  only  even  powers  of  y  and  z 
enter  the  equation,  the  planes  of  %x  and  wy  are  principal, 
planes,  but  the  plane  of  yz  not  a  principal  plane;  con- 
sequently the  surface  has  only  one  axis,  coinciding  with  the 
axis  of  <r.  In  the  equation,  if  B  and  A'  are  not  both 
positive,  let  the  coefficient  of  ff  be  made  positive;  and 
then,  if  necessary,  change  the  sign  of  w  in  order  to  make 
the  second  member  positive,  for  the  change  of  w  into  —or 
will  merely  alter  the  position  of  the  surface;  the  equation 
will  then  oflfer  two  varieties  according  as  C  is  positive  or 
negative,  under  the  forms 


«/€<Y/^J'/^  ^/ 


JB  2 

I  V 


and  the  surfaces  represented  by  them  are  called"  respectively 
the  elliptic  and  hyperbolic  paraboloids. 

57.     To  find  the  equation  to  the  surface  of  an  ellipsoid. 
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This   surface  is   generated   by    a   variable   ellipse   which^ 
moves  parallel  to  itself  with   its  axes  in  two   fixed -planes, 
and  vertices  in  two  ellipses  in  those  planes  having  a  common 
^  axis  coincident  with  the  intersection  of  the  planes. 

Let  jBC,  CA  (fig.  17.)  be  quadrants  of  the  given  ellipses 
traced  in" );he  Apiaries  yz^  %x\  OC^c  their  common  -^  axis 
coiilt^ding  wiSi  tbe  axis  of  z^  OA  =  a,  OB  =  5,  the  other 
^  axes;  QPR  a  quadrant  of  the  generating  eUipse  in  any 
position,  having  its  plane  parallel  to  wy,  its  center  in  OCy^ 
aiid  two  of  its  vertices  in  the  ellipses  AC^  BC;  so  that 
the  ordinates  QN^  RN  are  its  ^  axes ;  also  let  ON  = «, 
NM  =  w,  MP  =  y  be  the  co-ordinates  of  any  point  P  in 
it ;    then 

(^'-  (?) '  '*"""  "* '  •  -(^)'' 

...^.Q'(.<,.v,..«.4V..(,-^)4V 

the  equation  to  the  surface.      U  [^ ,i it  ^^'  ^  (^  t^'^..j^^       . 

68.  To  determine  the  form  of  the  ellipsoid  from  its 
equation. 

Since  in  the  equation,  a?  can  only  receive  values  between 
a  and  -  a,  y  between  6  and  -  6,  and  %  between  c  and 
^o^^  the  surface  is  ^limited  in  all  directions.  If  we  put 
i  =  0,  Vfe^^obtain  ,  "^ '  ^ 

for  the  equation  to  the  trace  on  a?y,  which  is  therefore  an 
ellipse  AB\  also,  from  the  mode  of  generation,  all  sections 
parallel  to  coy  are  ellipses,  and  sin^e  their  axes  acj^  in  the 
ratio  of  a  to  6,  they  are  all  similar  to  AB. 

^.-;-..        -  ./  F 
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If  we  make  a?  =  ±  A,  we  have 

for  the  equation  to  any  section  parallel  to  yx^  which  is  ^ 
an  ellipse  similar  to  the  trace  BC^  since  its  axes  are  in  the 
ratio  of  6  to'  c  whatever  be  the  value  of  A,  and  which 
becomes  imaginary  when  h>a.  In  the  same  manner  it 
may  be  shewn,  that  all  sections  parallel  to  xw  are  ellipses, 
similar  to  the  trace  AC.  The  ellipses,  of  which  ABj  BC^ 
CA,  are  quadrants,  in  which  the  surface  is  intersected 
by  the  co-ordinate  planes,  which  are  its  principal  planes, 
are  called  the  principal  sections  of  the  surface;  and  the 
parts  of  the  co-ordinate  axes  intercepted  within  the  surface, 
are  called  its  axes.  Hence  a,  6,  c  represent  the  ^  axes  of 
the   ellipsoid,    and  also  the  ^  axes    of  its   principal  sections. 

I  The  extremities  of  the  axes  such  as  A^  £,  C  are  called  the 
vertices  of  the  ellipsoid,  of  these  it  has  six,  one  at  the 
extremities  of  each  axis. 

The  whole  surface  consists  of  eight  portions  precisely 
similar  and  equal  to  that  represented  in  the  figure. 

Cor.  If  a  =  6,  the  equation  becomes  that  to  a  spheroid 
generated  by  revolution  about  Oz;  similarly,  if  any  other 
two  of  the  semiaxes  become  equal,  the  ellipsoid  becomes  a 
spheroid  generated  by  revolution  about  the  remaining  axis. 

59.  To  find  the  equation  to  the  surface  of  a  byper- 
boloid  of  one  sheet. 

This  surface  is  generated  by  a  variable  ellipse  which 
moves  parallel  to  itself,  with  its  axes  in  two  fixed  planes, 
and  vertices  on  two  hyperbolas  in  those  planes  having  a 
common  confzc^ate  axis  coincident  with  the  intersection  of 
the  planes. 

Let  JQy  BR  (fig.  18.)  be  the  given  hyperbolas  traced 
in  the  planes  zw^  yx;  OC^c  their  common  ^  conjugate 
axis   coinciding   with    the  axis  of  %j    OA  =  a,    OB  =  6,    the 
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^  transverse  axes;  QPR  the  generating  ellipse  in  any  posi- 
tion, having  its  plane  parallel  to  wy,  its  center  in  OC, 
and  its  vertices  in  the  hyperbolas  AQ,  BR,  so  that  the  or- 
dinates  NQ,  NR,  are  its  ^  axes.  Also  let  ON  =  z, 
NM  =  m,  MP  =  y  be  the  co-ordinates  of  any  point  P  in 
the  generating  ellipse;    then 

INCI\*      /NR\''       .  ,  (0N\' 

...,.{^^C-^..R^-^...{^.^-^., 
w'      y'      z^ 

°^  ;:i  +  p  "  ::5  =  1^ 

a       o       c 
the  equation  to  the  surface. 

60.     To  determine  the   form  of  the  hvperboloid  of  one  I  ^ 
sheet  from  its  equation.  I 

Since  the  equation  will  visibly  admit  values  of  ^,  y,  x 
positive  and  negative  however  large,  the  surface  is  extended 
indefinitely  on  all  sides  of  the  origin.  If  we  put  ;??  =  0, 
we  obtain 

for  the  equation   to  the  trace   on   wy,    which   is   the  ellipse  y    l^ 
AB ;    and  from  the  mode  of  generation  all  sections  parallel/^ ''     /^ 
to  afy  are  similar  ellipses,  the  dimensions  of  which  increase       ^^c. 
indefinitely,    the   least   being  that   of   which  AB   is  a  qua-  ^ 
drant,  and    which   forms    the   interior   limit   of   the   surface. 
For  the  sections  parallel  to  yz^  putting  a?  =  =t  A,  we  have 

which,  as  long  as  A  <  a,  and  therefore  the  second  mem- 
ber positive,  represents  a  hyperbola  similar  to  the  trace 
BR,  with  its  vertices  in  the  elli{)se  ABj  and  conjugate  axis 
parallel  to  Qz^  since  the  coefficient  of  «^  is  negative*     When 
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h^  a^    the  equation  represents  two  straight  lines ;  and  when  • 
4>a5  making  the  second  member  positive,  the  equation  is 

Which  also  represents  a  hyperbola,  but  in  a  new  position, 
^  ]  namely,  with  its  vertices  in  AQ^  and  conjugate  axis  pa- 
rallel to  Oy.  In  the  same  manner,  the  sections  parallel  to 
zw  may  be  shewn  to  be  hyperbolas  similar  to  the  trace  AQ. 
The  principal  sections  of  this  surface  are  the  ellipse  AB^ 
and  the  hyperbolas  AQ,  BR.  The  quantities  a,  6,  which 
denote  the  distances  from  the  origin  at  which  the  surface 
cuts  the  axes  of  w  and  y^  are  called  the  real  semiaxes  of 
the  surface ;  the  quantity  c  is  called  the  imaginary  semi- 
axis,  because  if  we  put  a?  =  0,  y  =  0,  to  find  when  the  sur- 
face ,<iutSo  the  axis  of  X,  we  find 

'i;.;. -«..  «.^« -cS    or   x=^Cy/~i^ 

so  that  c  is  the  coefficient  of  the  expression  for  the  imagi- 
nary ^  axis  of  the  surface.  The  extremities  of  the  real 
axes  are  called  the  vertices  of  the  surface;  two  of  them 
are  A^  B^  and  the  remaining  two  are  at  distances  from  O 
respectively  equal  to  a  and  6,  in  AO  and  BO  produced. 
The  whole  surface  consists  of  eight  portions,  precisely  simi- 
lar and  equal  to  that  represented  in  the  figure ;  and  since 
it  is  continuous,  that  is,  since  we  can  pass  from  one  point 
in  it  to  any  other  point  in  k,,  without  quitting  the  sur- 
face, it  is  called  the  hyperboloid  of  one  sheet. 

Cor.  If  a  =  6,  all  sections  parallel  to  wy  become 
circles,  and  the  surface  becomes  a  hyperboloid  of  revolution 
about  the  conjugate  axi5. 

161.  The  hyperboloid  of  one  sheet  has  an  interior  coni- 
cal asymptote. 

Putting  the  equation  under  the  form 


45 
we  see  that  when  w  and  y  are  very  great,    the  quantity 

.oY  +  feV 

is  very  small;  and  therefore  the  relation  among  the  co- 
ordinates of  points  very  distant  from  the  origin,  is  nearly 
expressed  by 

^      w'     ^ 
'  b' 


r»2     "*     ^«     "*"      I»2   ' 


this  then  is  the  equation  to  a  surface,  whose  distance  from 
the  surface  of  the  hyperboloid,  measured  parallel  to  the 
axis  of  Xy  diminishes  indefinitely  as  op  and  y  increase ;  and, 
as  its  ordinate  is  always  greater  than  the  corresponding  or- 
dinate of  jthe  hyperboloid,  it  lies  within  the  latter  surface. 
This  asymptotic  surface  is  a  right  cone  vertex  O,.  and  base 
an  ellipse  A'B\  whose  center  is  in  C,  and  ^  axes  equal 
and  parallel  to  AO^  BO;  for  if  a?,  y,  z  he  co-ordmates  of 
any  point  in  a  generating  line*  of  this  conical  surface,  its 
equations  will  be 

%  z 

.*.  the  co-ordinates  of  the  point  where  it  meets  A' B'  are, 
making  Z  =  c^ 

Jl  ^  -  c^     r  =  -c; 

z  z 

and  as  these  are  co-ordinates  of  .a  point   in  an  ellipse  w 
^  axes  are  a  and  6,  ^ 


A 


C       Ar  cy       ly  cy  sr      a?^      y*         3-"^^"^^   ^         ^ 


62.     To   find   the  equation  to  the  surface   of  a   hyper^se  a^**.^ 
boloid  of  two  sheets.  cl^^^i  ^ 

This  surface  is  generated  by  a  variable  ellipse  which 
moves  parallel  to  itself,  with  its  axes  in  two  fixed  planes, 
and    vertices   in    two    hyperbolas  in  those  planes    having    a 
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common  transverse  axis,    coincident  with  the  intersection  of 
the  planes. 

Let  AQ^  AR  (fig.  190  ^^  ^^®  given  hyperbolas  traced 
in  the  planes  xw,  xy ;  OA  =  a,  their  common  ^  trans- 
verse axis  coinciding  with  the  axis  of  ^,  OB  =  6,  OC  =  c, 
the  ^  conjugate  axes;  QPR  the  generating  ellipse  in  any 
position,  having  its  plane  parallel  to  yz^  its  center  in  Owy 
and  its  vertices  in  ^Q,  AR^  so  that  the  ordinates  QN^  RN 
are  its  semiaxes.  Let  ON  =  a?,  NM  =  y,  MP  =  »  be  the 
co-ordinates  of  any  point  P  in  the  ellipse, 

then  (^—-j  =  ^— j  ,  smce  each  =(—]-!; 


t 


a?      1^      si^ 
or  —-  —  ---=  1, 
a^      6^*      c^ 


the  equation  to  the  surface. 

63.     To  determine  the  form  of  the  hyperboloid  of  two 


(DO.       ±o  aetermine   \ 
sheets  from  its  equation. 


The  equation  shews  that  all  values  of  as^  between  -h  a 
and  —a,  are  inadmissible,  therefore  no  part  of  the  surface 
can  be  situated  between  two  planes  parallel  Xo  yz  through 
A  and  A  \  but  the  equation  can  be  satisfied  by  values  of 
^,  y,  X  indefinitely  great,  therefore  there  is  no  limit  to  the 
distance  to  which  the  surface  may  extend  from  O.  If  we 
put  a?  =  0,   we  have 

therefore  the  principal  section  by  yz  is  imaginary;  but  all 
sections  parallel  to  yz^  and  at  a  distance  from  it  greater 
than  a,  are  similar  ellipses  as  appears  from  the  mode  of 
generation.  For  the  sections  parallel  to  xy^  putting  z^  ^ly 
we  have  ^  ^. 
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which  represents  a  hyperbola  similar  to  the  principal  section 
AR  with  its  vertices  in  JQ  and  the  opposite  branch,  and 
conjugate  axis  parallel  to  Oy;  and  in  the  same  way  it  may 
be  shewn,  that  the  sections  parallel  to  zw  are  hyperbolas 
similar  to  the  principal  section  AQ  with  vertices  in  ^J?  and 
the  opposite  branch,  and  conjugate  axes  parallel  to  0%,  If 
we  make  at  once  y  =  0  z  =  0,  to  find  where  the  surface  cuts  ' 
the  axis  of  x,  we  have  a?*  =  a^  or  a?  =  =t  a ;  2  o  is  the  real 
axis  of  the  surface,  and  its  extremities  the  vertices  of  the 
surface  of  which  there  are  but  two;  the  quantities  6^  c  are 
the  imaginary  semiaxes  of  the  surface,  because  it  does  not 
cut  either  the  axis  of  y  or  z.  The  whole  surface  consists 
of  two  sheets  perfectly  similar  and  equal,  and  indefinitely 
extended  in  opposite  directions,  but  separated  by  an  interval 
in  which  exists  no  point  of  the  surface;  it  is  therefore 
called  the  hyperboloid  of  two  sheets;  each  sheet  consists  of 
four  portions  precisely  similar  and  equal  to  that  represented 
in  the  figure. 

Cor.  If  6  =  c,  or  the  two  imaginary  axes  become  equal, 
this  surface  becomes  a  hyperboloid  of  revolution  about  the 
transverse  axis. 

64.  The  hyperboloid  of  two  sheets  has  an  exterior 
conical  asymptote. 

Putting  the  equation  under  the  form 


S=—    -I 1-1—      '  ._»/lL 


we  have,  for  points  very  distant  from  the  origin,  the  relation 
among  the  co-ordinates  nearly   expressed  by 


cs^      y^      7? 


this  then   is   the  equation  to  a  surface  whose  distance  from 

the  hyperboloid,  measured  Barallel  to  the  axis  of  ccy  diminishes 

Jl  indefinitely  as   y   dnd  z  if^rease ;    and,  as  its  ordinate  x  is 

X I  always  less  than  the  corresponding  ordinate  of  the  hyperbo- 
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iloid,  the  latter  surface  lies  within  it.  It  may  be  shewn,  as 
in  Art.  6l,  that  the  asymptotic  surface  is  a  right  cone  vertex 
O9  and  base  an  ellipse  SC  whose  center  is  A  and  semiaxes 
parallel   and   equal   to    OB^    OC.     In   this   case,    as  in   the 

Ifprmer,  we  observe  that  the  equation  to  the  conical  asymp- 
tote is  obtained  by  omitting  the  constant  term  in  the  equa- 
tion to  the  surface. 

65.  Since  from  the  equation  to  the  ellipsoid,  the  equa- 
tion to   the  hyperboloid  of  one   sheet  results  by  changing  c 

into  cv -1;    and   the  equation  to  the   hyperboloid   of  two 

sheets,  by  changing  b  into  by/-  l  and  c  into  c\/-  1 ;  if 
any  result  in  terms  of  its  axes  be  obtained  for  the  ellipsoid, 
the  corresponding  results  for  the  hyperboloids  may  be  de- 
duced by  writing 

cv  —  1  for  c,  or  6 v  -  1,  c\/-  1,  for  b  and  c. 

I        66,      To  find  the  equation  to  the  surface  of  the  elliptic 
/^paraboloid.        BlC:/izU/i^-^r^>^'^^^ 

This  surface  is  generated  by  a  parabola  which  moves 
with  its  plane  perpendicular  to  a  fixed  plane,  and  axis  in 
that  plane,  and  parallel  to  the  axis  of  another  parabola  along 
which  its  vertex  moves;  the  concavities  of  the  parabolas 
being  turned  towards  the  same  parts. 

Let  OR  (fig.  20.)  be  a  parabola  traced  in  the  plane  of 
a?y,  vertex  at  the  origin,  and  axis  coinciding  with  the  axis 
of  iT,  I  its  latus  rectum;  RP  the  generating  parabola  in 
-any  position  "with  its  plane  parallel  to  %x^  vertex  in  OjR, 
and  axis  parallel  to  Oony  and  let  t  denote  its  latus  rectum, 
and  ON  =  a?,  NM  =  y,  MP  «  »  be  the  co-ordinates  of  any 
point  P  in  it;   also  draw  J?Jf'  parallel  to  Oy,      Then 

^=  t.  RM^l'iON-  OAf)  =  r  (a?  -  ^]  , 
the  equation  to  the  surface. 
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67-      To  determine  the   form    of  thi>   elliptic   paraholoid  ly 
from  its  equation.  I 

Since  only  positive  values  of  w  are  admissible,  no  part 
of  the  surface  is  situated  to  the  left  of  the  plane  o{  yz; 
also  since  the  equation  can  be  satisfied  by  positive  valuei^ 
of  a?,  and  by  positive  and  negative  values  of  y  and  x  however 
large,  the  surface  is  extended  indefinitely  towards  the  positive 
direction  of  ^.  If  we  make  y  =  0,  «?* «  ^o?  is  the  equation 
to  the  principal  section  OQ^  and  from  the  mode  of  genera- 
tion all  sections  parallel  to  isra?  are  parabolas  equal  to  OQ 
with  vertices  in  OR;  similarly,  all  sections  parallel  to  wy 
are  parabolas  equal  to  the  other  principal  secition  OJ?,  and 
having  their  vertices  in  OQ.  If  we  make  ^p  =  0,  we  find 
f^  +  ls^^O,  .*.  y  =  0,  «f  =  0,  or  the  trace  on  yz  is  a  point 
namely  the  ongin.     If  we  make  w  ^  h,  we  have 

^      ^^ 


for  the  equation  to  a  section  parallel  to  y;K,  which  represents 
an  ellipse  whose  semiaxes'  are  the  ordinates  QJV,  NT  which 
are    to  one   another  in  a  constant  ratio  \/T  to  \/l;  there-^ 

fore    all    sections     perpeTi<|]PiTlf»i'    tn    thf^    aYig    of   thp    ftnrfarPjl     f 

are  similar  ellipses,  and  hence  the  name  of  the  surface.  It 
has  only  one  vertex  O  and  one  indefinite  axis  Owj  and  con- 
sists of  one  sheet;  and  is  reduced  to  a  paraboloid  of 
revolution  when  /  =  ?. 

68.     To  find  the  equation   to  the  surface  of  the  hvper-  j  ^ 
bolic  paraboloid.  ^ 

This  surface  is   generated  by   a    parabola  which   moves 
with    its    plane    perpendicular    to   a  fixed   plane,     and    axis 
in    that    plane,    and  parallel   to   the   a^ps  of  another   para-  ^ 
bola  along    which   its  vertex   nioves ;  the  concavities  of  the 
parabolas  being  turned  towards  opposite  parts. 

Let    OR    (fig.  21.)    be   a  parabola  in  the  plane  of  wy, 
vertex  at  the  origin,  and  axis  coinciding  with  the  axis  of  a?; 
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and  /  its  latus  rectum;  RP  the  generating  parabola  in  any 
position  with  its  plane  parallel  to  %x,  vertex  in  OR^  and 
axis  parallel  to  0<r,  and  let  /'  denote  its  latus  rectum, 
and  ON  =  ^r,  NM  =  y,  MP  = «  the  co-ordinates  of  any 
point  P  in  it ;  draw  RM'  parallel  to  Oy,  then 


»*«  r^SlR^ Hoh  -  OJV)  =  /'  (^  -  ^]  ; 


< 


y' 


*    »* 


^  5 


A 


I      V 
the  equation  to  the  surface. 

69.  To  determine  the  form  of  the  hyperbolic  para- 
boloid from  its  equation. 

The  surface  cuts  the  co-ordinate  axes  only  at  the 
origin,  and  since  the  equation  will  visibly  admit  values  of 
Wy  y,  %  positive  and  negative  however  large,  the  surface  is 
extended  indefinitely  from  the  origin.  If  we  make  y  =  0, 
we  have  «*  =  ~  Z'a?  for  the  equation  to  the  trace  on  xx^ 
which  represents  the  parabola  OQj  with  its  concavity  turned 
towards  the  negative  direction  of  a?,  since  its  equation  shews 
that  w  must  be  taken  negatively;  and  from  the  mode  of 
generation,  all  sections  parallel  to  «w  are  parabolas  equal 
to  OQ^  with  their  vertices  in  OR.  The  other  principal 
section  of  the  surface  in  the  plane  of  wy,  is  the  parabola 
O/?,  forming  the  interior  limit  of  the  figure,  and  all  sec- 
tions parallel  to  wy  are  parabolas  equal  to  OJ?,  with  their 
vertices  in  OQ.  For  the  trace  on  yx^  putting  ^p  =  0,  we 
have  x\/l^  ^yy/T\  which  represents  two  straight  lines 
passing  through  the  origin;  and  for  sections  parallel  to  yx^ 
making  w  ^hj  we  have 

which  represents  a  hyperbola  with  its  vertices  in  OJR,  and 
conjugate  axis  parallel  to  Ox.  If  we  make  h  negative^  the 
equation  to  the  section  becomes 

Vh      Ih"^' 
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•which  also  represents  a  hyperbola,  but  in  a  new  position, 
viz.  with  its  vertices  in  OQ9  and  conjugate  axis  parallel  to 
Oy.  The  surface  consists  of  one  sheet,  and  has  only  one 
vertex  O,  and  one  indefinite  axis  Oa?;  and  all  sections  per-. 
pendicular  to  its  axjft  ^r^  mm)^^^  tivperbolas,.  whence  itsj> 
name.  It  does  not  become  a  silrface  of  revolution  when 
/  =  /',  nor  in  any  other  cas^ -^il^iC- ^e^^i*^  ^«^  ^^.Aj^^^^^m 

70.     The  hyperbolic  paraboloid  has  plane  asymptotes.       l^ 
Putting  the  equation   under  the  form 


'■-7>-''"7^('-7)' 


we  have  the  relation,  among  the  co-ordinates  of  points  very 
distant  from  the  origin,  nearly  expressed  by 


I 


--y/i 


y-       ...    ^=±y,yr'  l^    t^(^^     ^>,^» 


^0\ 


ro 


is  the   equation   to   two  planes   through   the   origin   perpen 
dicular  to  the  plane  of  y»,  the  distance  between  which  and  / 

the  paraboloid  continually  diminishes.  These  planes  contain 
the  asymptotes  to  all  the  hyperbolic  sections  parallel  to  y%^ 
which,  as  we  have  seen,  have  their  centers  in  the  axis  of  a?, 
and  axes  in  the  ratio  of  \/V  to  \/L 

71.  The  equation  to  the  hyperbolic  diflfers  from  that 
to  the  elliptic  paraboloid,  in  having  -/'  instead  of  Z'; 
this  relation  will  enable  us  to  modify  all  results  obtained 
for  one  surface,  so  as  to  be  true  for  the  other. 

72.  The  elliptic   and    hyperbolic   paraboloids   are  par-  ■ 
ticular  cases  of  the  ellipsoid,  and  hyperboloid  of  one  sheet  1  /    ^  J 
respectively ;    viz.  when    the   centers  of   these    surfaces    are  j 
removed  to  an  infinite  distance. 


« 


In^  the  equation 


S  2  2 

at       y       z 

~2  +  p  "^  ;t  =  1> 
a       0       c 
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write  A?  -  a  instead  of  w^  then  the  resulting  equation 

is  reckoned  from  the  vertex  of  the  surface^  Let  p  and  p' 
denote  the  distances  of  the  foci  of  the  principal  sections  in 
a^y  and  zw,   from  the  vertex 

_        T-^'gr-^^i -  (a  - p)^=  2op  - p*,     c^^^ap^p'^; 
hence,  by  substitution, 

a!^      9.x  \?  s^ 

^  ^  i    ■  ^  Q 

o*       a       2ap-p^      9.ap'^p'^       ' 

^                   y"                 ^ 
or 2ii?  + ± n,  =  0 ; 

a  a 

therefore  making  a  infinite,  i.  e,  supposing  the  center  of  the 
surface  to  remove  to  an  infinite  distance  from  the  vertex, 
whilst  the  distances  of  the  foci  of  the  principal  sections  from 
their  common  vertex  remain  finite,   we  have 

y^       z" 

—  ± — ^,-2a?  =  0, 

2p      2p 

which  coincides  with  the  equations  to  the  paraboloidal  surfaces. 

Cor.  Hence  if  any  result  be  obtained  for  the  ellipsoid 
or  hyperboloid,  it  will  be  adapted  to  the  paraboloids,  by  the 
modification  above  indicated;  viz.  by  transferring  the  origin 
to  the  extremity  of  an  axis,  and  making  that  axis  infinite. 
Also  both  families  may  be  represented  by  the  equation 

1^  ^Aw^-\-By^+Cz^^^A\v, 

\^i^^  ^rigiir  being  at  a  vertex,  and  ^=0   when   the   surface 
Has  riot  a  center. 

73.  Surfaces  of  the  second  order,  admit  of  another 
division,  viz.  into  those  which  can  be  generated  by  the  motion 
of  a  straight  line,  and  into  those  which  cannot.  This  pro- 
perty  which   we  have   seen    to    belong   to    the   cylinder   and 
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cone,  we  shall  now  shew  to  be  possessed  by  the  hypecboloid 
of  one  sheet  and  the  hyperbolic  paraboloid ;  it  is  easily  fore- 
seen that  it  cannot  belong  to  the  remaining  surfaces  of  the 
second  order,  as  their  forms  manifestly  preclude  their  having 
a  straight  line  applied  to  them  throughout  its  indefinite  length ; 
this  will  also  appear  from  our  results. 

74?.     The  hyperboloid  of  one  sheet  can  have  an  infinite  I 
number  of  straight  lines  entirely  coinciding  with  its  surface.  \'^ 

Let  the  equations  to  the  surface  and  to  a  line  be  respectivdy 
a^      if      a^ 
a'      b^      c^       ' 

if  the  line  coincide  with  the  surface  in  all  its  points,  the 
equation 


(mx  +  hy      {nz  +  kf 

~9  ' 


¥ 


will  be    true    for   all   values   of   «;    therefore,    equating   to 
nothing  the  coefficients  of  s?  and  %,  we  have 


vnr     nr      1  ^ 
mh      nk 


k" 


Eliminate  k  between   the  two  latter  equations,   and   reduce 
by  meians  of  the  former; 

K"      (mh  M'  /  A6\« 

or       \na   aj  \nacj 


nac  mbe        /  ■  ' 

.-.  A  «  =k  — ,     and  A(?  «  =f  — -;     Ji^Jta^  Jy^^.^^ik^t 

therefore  the  two  lines  whose  equations  are  respectively 


tv  =  mz  + 
y  ^nz-- 


nac 

mhc 
a 


X  —  mz  — 


,..(1), 


y  =  nx  + 


nac 
mbc 


^..(2), 
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will  coincide  with  the.  surface  of  the  hyperboloid  in  all 
their  points,  m  and  n  being  any  quantities  which  satisfy 
the  equation 

1 


and  if  m  be  made  to  assume  all  values,  and  n  be  always 

6      y 

taken  =  — vo*-m*c*,   we  shall   determine  two  infinite  sys- 
ac  ^ 

terns   of  lines   represented   by   the    equations    (l)    and    (2), 
having  the  aforesaid  property. 

CoE.  No  two  lines  in  the  same  system  intersect;  for 
if  we  take  two  lines  in  the  first  system  represented  by 
the  equations 


a?  =  m«f -f 


1 

mhc  I 
a    J 


mz  -{• 


y^n%- 


mhc 


.^       we   shall  find    (Art.  22.)    that    they   cannot   intersect    unless 
'^/   •^(m  — m')*=0,    that   is,    unless   they   become   identical.     But 


^^^iV^any  line  in   the    first   system    intersects    every    line    in   the 
i^   second  system;   for   let  the   equations  to  two  lines,  one  in 

,       n'ac  1 


^l^  ^  each  system,  be 

■A  ^  c?-<\j  nac 

*'   / .  .  ;  ^  =  mz  H — — ■ 

^^  ^     -     -0                     mhc 
I  y^nz 


f^:  ^ 


,       mhc  I 


.^•v-- 
'-V 


>:/ 


then  it  will  be  seen  that  these  equations  satisfy  the  con- 
dition of  intersection.  Hence  if  we  take  any  three  lines  in  I/O 
I  the  second  system,  and  suppose  them  fixed,  and  make  a  ^ 
f  line  intersect  them,  it  must  be  a  line  of  the  first  system, 
and  by  assuming  all  possible  positions  will  generate  the 
surface  of  the  hyperboloid;  and  since  consecutive  positions 
of  the  generating  line  do  not  intersect  one  another,  the 
surface  is  what  is  called  a  twisted  surface.  The  surface 
evidently  admits  a  second  mode   of  generation,  in  which   a 


CTK  < 


A 


w> 


^ 
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line  belonging  in  eyery  position  to  the  second  system,  moves 
along  three  fixed  lines  of  the  first  system. 


75.     The   projections .  of    the    generating    lines    of    the  j^^. 
hyperboloid  upon  the  principal  planes,   are  tangents  to  the  H?*^ 
traces  of  the  surface  on  those  planes.  I 


75.     The   projections .  of    the    generating    lines    of    the 
»erboloid  upon  the  principal  plane 
traces  of  the  surface  on  those  planes. 

Suppose  07  =  m^  +  A  to  be  the  equation  to  a  line  touching 
the  principal  section  on  isro?  whose  equation  is 

^«  ~  ^  ~  ^ ' 


then  (m.^hy^^ 


-^=1> 


/y  ^      .*.  -^ — +  1    must  be  a  perfect  square; 


or  A*=  a^-^m^c^; 


must  give  tjcaeau^  values  for  z^  and 
/  ^      ••  Ti 

which  coincides  with  the  equations  to  the  projections  of  the /^  ^^  /! 
generating  lines  on  zw.  Similarly,  the  projections  on  ihcLA^  /^, 
other  principal  planes  may  be  shewn  to  be  tangents  to  the  ^  il^yu,,^  \, 
traces  on  those  planes. 

Cor.  If  through  the  origin  we  draw  a  line  parallel  to 
the  generating  lines,  its  equations  will  be  x^mz^  y^nz; 
and  the  equation  to  the  surface  generated  by  it,  eliminating 
fn  and  n  by  means  of  the  equation  which  connects  those 
quantities,  will  be 

a^      a^      y^ 

which  represents  the  conical  asymptote ;  hence  any  line  drawn 
tbrou^  the  center  parallel  to  a  generating  line  of  the  hyper- 
boloid lies  in  the  surface  of  the  conical  asymptote. 
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\76.     The    hyperbolic    paraboloid    can   have    an    infinite 
number  of  straight  lines  entirely  coinciding  with  its  surface. 

Let  the  equations  to  the  surface  and  to  a  straight  line 
be  respectively 

then,  if  the  line  coincide  with  the  surface  in  all  its  points, 
the  equation 

(n«  +  ky      «^ 
I  7 


mx  +  h  i 


is  satisfied  for  all  values  of  x; 


n^      1 


9.nk 


m  = 


.•.n-=^\/^, 


Im 
in' 


therefore  the  two  lines  whose  equations  are  respectively 

fnl'\ 


w  ^  7n 


'...(1), 


.(2), 


will  coincide  with  the  surface  of  the  paraboloid  in  all  their 


^-Jl: 


I  points,  m  being  any  quantity,  and  n  =  \/  y  5    ^^^  if  f»  be 

I  made  to  assume  all  values,  we  shall  determine  two  infinite 
Isy stems  of  lines  represented  by  equations  (l)  and  (2),  having 
Ithe  aforesaid  property. 

Cor.  In  the  same  manner  as  for  the  hyperboloid,  it 
may  be  shewn  that  two  lines  in  the  same  system  never  inter- 
sect, and  that  two  lines  in  different  systems  always  intersect. 
Hence  if  we  suppose  three  lines  in  either  system  to  become 
fixed,  the  surface  may  be  generated  by  making  a  line  move 
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so  as  always  to  intersect  them.  Or  since  the  generating 
lines  in  the  two  systems  are  respectively  parallel  to  the 
fixed  planes  y  =  nz^  y  ^  —  nz^  the  paraboloid  may  be  also 
generated  in  two  way^  by  a  straight  line  which  moves  so 
as  always  to  intersect  two  fixed  lines,  and  to  be  parallel  to 
a  fixed  plane. 

In  this  case  also  the  projections  of  the  generating  lines 
are  tangents   to  the  principal  sections  of  the  surface. 

Thus  (changing  the  sign  of  of  in  both  equations), 
—  ^  =  m«  -f  h  will  be  a  tangent  to  »*  «=  /'a?, 
if  i8f^+  /'w«?  +  I'h  =  0  be  a  perfect  square, 


or  4Z'A  =  Pm^f     or  A  =  — 

4 


t 


ml' 
—  xV  ss  m 


(j»H ]  is  the  equation  to  a  tangent; 


which,  measuring  w  ip.  the  positive  direction,  coincides  with 
the  equation  to  the  projection  of  the  generating  lines  on  xa^. 


77'  The  following  Problems  furnish  examples  of  finding 
the  equations  to  surfaces  from  the  given  geometrical  mode 
of  describing  them,  and  serve  to  illustrate  the  preceding 
•«f>roposition8.  As  the  simplicity,  of  the  result  will  in  every 
case  greatly  depend  upon  properly  selecting  the  positions 
of  the  co-ordinate  axes,  some  instances  are  here  introduced 
with  that  special  object. 

Peob.  1.     If  a   straight  line   have   always   three    given  i 
points  in  three  fixed   planes  ^^yf^ght  angles  to  one  another^  l''*^ 
to  find  the  locus  of  any  otHet^pmnt  in  it. 

Let  the  planes  be  taken  for  the  co-ordinate  planes,  and 
let  the  line  meet  them  in  the  points  J,  jB,  C,  (fig.  23.) ; 
and  let  P  be  the  describing  point  the  co-ordinates  of  which 
are  ON=x^   NQ^y,   PQ^z.     Also   let   PA^ay  PB^h, 
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PC  «  c,    Z  AC  a  =  i,    Z  Cbw  =  0,  Ca  being  the  projection  of 
CA  on  xy.     Then 

)ir  =  c  sin  i,     x  =^  a  cos  i  cos  0,     y  =  6  cos  i  sin  0 ; 

af^       i/       a^ 
•  •   -2  +  ^  +  ^  =  (cosiy+  (sini)2=  1 ; 

hence  the  locus  of  P  is  an  ellipsoid. 

»         Pbob.  2.     To  find   the  locus  of  the  intersection  of  two 
^1  planes  drawn  through  two  given  lines,  so  as  always  to  be 
I  perpendicular  to  one  another.         ^^^        " 

Let  AA\  BB\  (fig.  24.)  be  the  two  given  lines,  AB 
their  shortest  distance  which  make  the  axis  of  %\  also  take 
the  jplane  bisecting  AB  at  right  angles  for  that  of  xy^  and 
the  line  bisecting  the  angle  between  the  projections  Oa,  Oh 
of  the  lines,  for  the  axis  of  x.  Then  if  OA  =  OB  =  c,  and 
tanaOo^sDi,  the  equations  to  the  lines  AA\  BB\  are 
y  =  mxj     «?  =  c ;     y  =  —  mx^     «f  =  —  c. 


I 


Let  x^  Ax  -\-  By  +  c  be  the  equation  to  the  plane  passing 
through  AA' ;     .-.  ^  +  Bm  =  0 ; 


•.  %  -c^  A\x  ".—  ]   or  A  = 


m(x  "  c)  x  —  c 


mx—y  mx—y 


Similarly,  if  iif  =  A'x  +  B^y  —  c  be   the  equation  to  the  plane 
passing  through  BB\  A'  —  B'm  =  0;    . 

.'.  A  = ,      />  = . 

mx  +  y  mx-\-y 

But,  because  the  planes  are  at  right  angles  to  one  another, 
AA'+BBT -¥1^0', 

{mxy  -  y^      (mxy-  y^ 

or  (m2-l)^+m^a72-3^=(w2-l)c', 

which,  since  only  one  of  the  coefficients  is  negative  whether 
m>  or  <1,  represents  a  hyperboloid  of  one  sheet 
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Cob.  It  may  be  easily  shewn  that  each  of  the  lines 
AA\  BB\  lies  in  the  surface,  and  that  a  plane  perpendicular 
to  either  of  them  will  cut  it  in  a  circle.  If  the  lines  are 
parallel,  m  =  0,  and  y^-i-x^^x  c%  which  represents  a  cylinder 
as  it  ought. 

Peob.  3.     To  find  the  locus  of  a  point   which  is  equi-  /  / 
distant  from,  two  lines  given  in  space.  J 

Retaining  the  same  axes  and  notation  as  in  Prob.  2,  it 
mil  he  found  that  the  equation  to  the  surface  is 

w^y  +  (l  +  wi')c»  =  0. 

Peob.  4^    Two  points  move  in  straight  lines  with  uniform  j 
velocities,   to  find  the  equation  to  the  surface  generated  by  I  r^ 
)|be  straight  line  which  joins  them.  , 

Retaining  the  same  axes  and  notation  as  in  Prob.  2, 
and  besides  denoting  by  a,  a',  the  initial  values  of  w  for 
the  points  moving  in  AJ.\  Bff^  respectively,  and  by  n  :  1 
the  ratio  of  their  velocities,  it  will  be  found  that  the  equa- 
tion to  the  surface  is 

(n  +  1)  c  {cy  —  mwz)  -  (w  —  l)c  (wic«r  -  %y)  -m{a'-na)(ji?  —  »*). 

Peob.  5.  To  find  the  equation  to  the  surface  gene- 
rated by  a  straight  line,  which  constantly  passes  through 
three  fixed  straight  lines. 

Let  a  parallelopiped  be  constructed,  having  its  three 
edges  (of  which  no  two  either  intersect  or  are  parallel  to 
one  another)  in  the  three  given  lines;  take  its  o^ter  for 
origin  and  lines  parallel  to  its  edges  for  the  axes ;  then  the 
equations  to  the  given  lines  will  be 

a?  =  —  al         y  =      b\         w  ^     a\ 

Let  the  equations  to  the  generating  line  in  any  posi- 
tion be 

-h      y-k 


tyi^-fA,   y^nx-^ky 


m  n 
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then  since  it  meets  each  of  the  given  lines,  we  have  three 
equations  of  condition,  viz. 

m  n 

and  it  remains  to  eliminate  m,  n,  h,  k^  between  these  and 
the  equations  to  the  generating  line.     Subtracting  we  find 

X  -"  a      y  •\-b 

a?  +  a  =  w  (iJT  -  c),     y  -  6  =  w  (iJT  +  c),     = ; 

m  n 

therefore,  eliminating  m  and  n, 

{os  +  a)  (y  +  6)  («f  4-  c)  =  (a;  -  a)  (y  -  6)  (%  -  c), 

or  reducing 

ayx  +  h%w  +  cwy  +  dhc  =  0. 

CoE.  If  the  signs  of  the  quantities  a,  6,  c,  be  changed 
this  equation  is  not  altered ;  therefore  the  same  surface 
would  be  generated  by  a  straight  line  constantly  passing 
through  three  difiPerent  straight  lines  whose  equations  are 

J?  =     a\         y  =  -  61         07  =  -  ol 
;?  =  -  cj '      %  =      c}        y  =      bj' 

The  surface,  as  we  know,  is  a  hyperboloid  of  one  sheet; 
the  origin  is  its  center,  and  the  axes  of  the  coordinates  are 
i^ituated  in  the  surface  of  the  conical  asymptote. 

I       Pbob.  6.      To  find   the    surface  generated    by    a    line 
Which  always  intersects  two  given  lines,  and  is  parallel  to  "a 
^  jSxed  plane. 

Let  the  fixed  plane  be  taken  for  that  of  y%,  and  let 
AB  (fig.  24.),  the  line  joining  the  traces  of  the  given  lines 
on  that  plane,  be  taken  for  the  axis  of  z,  and  its  middle 
point  for  the  origin.  Also,  let  the  plane  of  wy  be  pa- 
rallel to  the  two  given  lines,  and  the  axis  of  x  bisect  the 
angle  between  their   projections  made  parallel  to  Ox. 
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Then,  referred  to  this  system  of  oblique  axes,  the  equa- 
tions to  the  given  lines  are 


Let  w  =  a,  y  =^n%  +  bj  be  the  equations  to  the  generating 
line,  since  it  is  parallel  to  yx;  then  since  it  intersects 
each  of  the  given  lines, 

fna  =  nc  +  b,    —ma^—nc  +  b; 

.'.  6  =  0,   and  ma-  nc^  or  eliminating  a  and  w,  wi^  =  -c  ; 

.'.  mzw  =  cy  is  the  required  equation, 
representing,  as  we  know,  a  hyperbolic  paraboloid. 

Fbob.  7.  If  the  axes  of  a  hvperboloid  become  evan- 
escent, always  preserving  a  constant  ratio  to  one  another, 
the  surface  is  changed  into  its   asymptotic  cone. 

Let  the  equation  to  the  hyperboloid  be 

a^      y^      s^ 

a^      W      c 

a,  6,  c  being  certain  given  values  of  the  semiaxes;  .and 
suppose  the  semiaxes  to  diminish  continually,  but  always 
to  be  proportional  to  a,  6,  c ;  then  they  may  be  represented 
by  na,  nb,  nc^  where  ti  is  a  common  multiplier  continually 
growing  less;  therefore  the  equation  to  the  surface  in  its 
successive  changes  will  be 

a^      \r      & 

therefore,  making  w  =  0,  or  the  semiaxes  na,  n6,  nc  evan- 
escent, the  equation  to  the  surface  becomes 

c^      '^      sf 
a^      b^      <? 
the  same  as  that  to  its  conical  asymptote. 
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SECTION  III. 

ON    THE    PROJECTIONS    OF    LINES    AND     PLANE    SURFACES, 
AND    ON    THE    TRANSFORMATION    OF    CO-ORDINATES. 


78.  The  meaning  of  the  projection  of  a  point,  and  of 
a  line,  upon  any  plane  has  already  been  explained,  (Arts. 
2.  and  13.)  Moreover  if  from  the  extremities  of  a  limited 
line  we  drop  perpendiculars  upon  any  indefinite  line  either 
in  the  same  plane  with  it  or  not,  the  part  of  the  latter 
line  intercepted  between  the  feet  of  the  perpendiculars,  is 
called  the  projection  of  the  former  line  upon  the  latter. 
Also,  if  the  sides  of  any  plane  surface  be  projected  upon 
a  plane,  the  figure  bounded  by  these  projections  is  called 
the  projection  of  the  given  surface  upon  that  plane.  Be- 
tween the  length  of  a  finite  line,  and  the  length  of  its 
projection  upon  any  plane  or  line,  and  also  between  the 
area  of  any  plane  surface,  and  the  area  of  its  projection 
upon  a  plane,  a  remarkable  relation  exists,  which  we  shall 
now  exhibit. 

79.  The  length  of  the  projection  of  a  limited  line 
upon  a  plane,  is  equal  to  the  length  of  the  line  multi- 
plied by  the  cosine  of  the  acute  angle  which  it  forms  with 
the  plane. 

Let  CD  (fig.  25.)  be  the  line  produced  to  meet  GdK,  the 
plane  on  which  it  is  to  be  projected,  in  H.  Let  DHd  be 
the  projecting  plane,  intersecting  GdK  in  Hd\  and  in  the 
projecting  plane  draw  Cc,  Drf,  perpendicular  to  JJd,  and 
CD'  parallel    to  it ; ,  then  cd  is  the  projection  of  CD,    and 


Digitized  by 


Google 


63 

LDHd^i  IS  the  inclination  of  CD  to  the  plane  GdK\ 
also  CD':=CD  cosi; 

.-.  cd^CD'^CD  cosL 

80.  The  length  of  the  projection  of  a  limited  line 
upon  any  other  line,  is  equal  to  the  length  of  the  line 
multiplied .  by  the  cosine  of  the  acute  angle  which  they 
form  with  one  another. 

Let  CD  (fig.  26.)  be  the  line,  AB  the  line  upon  which 
it  is  to  be  projected,  Cc,  Dd  perpendiculars  upon  AB^ 
then  cd  is  the  projection  of  CD  upon  AB.  Let  J/o(  N<& 
be  planes  through  C,  X>,  perpendicular  to  AB,  and  of  course 
containing  the  lines  Cc,  Dd;  draw  CD'  parallel  to  AB^ 
meeting  the  plane  Nd  in  D\  and  join  DD^;  then  the 
triangle  CDI/  is  right-angled  at  D',  and  z  DCD'  = «  Is 
equal  to  the  angle  formed  by  the  lines,  .•.  CD^  ^  CD  cos  i, 
but  cd=  CD\  each  being  the  perpendicular  distance  of  pa- 
rallel planes; 

.-.  cd  =  CD  cos  i, 

\ 

81.  The   area   of    the  projection  of  any  plane   surface 

upon  a  plane,  is  equal  to  the  area  of  the  surface  multi- 
plied by  the  cosine  of  the  acute  angle  which  the  planes 
form  with  one  another. 

Let  ACB  (fig.  27.)  be  a  triangular  area  traced  in  a 
plane  which  intersects  the  plane  GdKj  upon  which  the  pro- 
jection is  to  be  made,  in  GK.  Through  the  angular  points 
draw  planes  AGa^  BKb^  CHc  perpendicular  to  GK\  then 
these  planes  will  contain  the  perpendiculars  A  a,  Bb,  Cc 
let  fall  from  the  angular  points  upon  the  plane  of  pro- 
jection, and  their  intersections  with  each  of  the  planes 
AHBy  aJffbj  will  be  perpendicular  to  GJT;  also  the  angle 
CHc  will  equal  the  inclination  of  the  planes  =  i.  Join 
the  feet  of  the  perpendiculars;  then  acb  is  the  projection 
of  ACB ;  also  join  Dd,,  which  is  parallel  to  Cc, 

Then  the  triangles  acd,  A  CD^  since  they  have  a  com- 
mon   altitude    GH^    are   to   one    another   as    their    bases  cd 


Digitized  by 


Google 


64 

CD\  similarly  the  triangles  6cd,  BCD,  having  a  common 
altitude  HK^  are  to  one  another  as  cd  to   CD; 

cd 
,\  triangular  area  a6c  «=  triangular  area  ABC.-—, 

=  trianglar  area  ABC .  cosf. 

Next  suppose  the  figure  to  be  projected  is  a  polygon ;  then 
it  can  be  divided  into  triangles,  each  of  which  will  be  to 
its  projection  as  1  to  cosi;  and  therefore  the  sum  of  the 
triangles  will  have  to  the  sum  of  the  projections  the  same 
ratio, 

or  area  of  projection  =  area  of  polygon .  cos  i ; 

and  as  this  is  true  however  the  number  of  sides  of  the 
polygon  be  increased,  it  is  also  true  when  the  figure  to  be 
projected  is  bounded  by  a  curve; 

.*.  area  of  projection  of  any  plane  surface  =  area  of  surface .  cos^^ 

82.  The  square  of  the  area  of  any  plane  surface  is 
equal  to  the  sum  of  the  squares  of  the  areas  of  its  pro- 
jections on  three  co-ordinate  rectangular  planes. 

Let  the  given  area  be  denoted  by  A,  and  its  projections 
on  the  planes  of  wy,  y%,  zw  by  A^,  A^,  Ay,  respectively. 
Also  let  a,  )3,  y  denote  the  angles  which  a  perpendicular 
to  the  plane  of  the  given  area  from  the  origin,  makes  with 
the  axes  of  a?,  y,  x.  Then  «y  (Art.  ^.)  is  the  inclination 
of  the  plane  of  the/  given  area  to  tne  plane  of  wy,  and 
therefore  A^^  A  cos y ;  similarly  A^^  A  cos  a,  Ay=  A  cos /3 ; 

.-.  Al  +  Al  +  Al^  J2{(cos7)^+  (cosa^  +  (cos/3)^}  =  A\ 

Cor.  Hence  in  fig.  9,  since  the  triangles  AOB,  BOG, 
CO  A,  are  the  three  projections  of  the  triangular  area  ABC, 
if  OA,  OB,  OC  be  denoted  by  a,  6,  c, 

(AABCy^  (iaby+  (^bcy+  (^cay; 
,-.  AABC^^V{aby+  (acy+  (bey- 
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83.  To  express  the  distance  of  a  point  from  the  origin 
in  terms  of  its  oblique  co-ordinates. 

In  fig,  2,  let  the  angles  yOz^  zOwy  ^Oy,  be  denoted 
^J  X,  /x,  y;  and  let  OA^  JJV  parallel  to  Oy,  and  NM 
parallel  to  Ox^  he  the  co-ordinates  w^  y,  z  of  the  point  M. 
From  the  points  A  and  N  drop  perpendiculars  Am^  Nn 
upon  0%;  then  mn  is  the  projection  of  AN  upon  0%^ 
and  =:^JVcosX,  since  AN  is  parallel  to  Oy  (Art  80.); 
and  Omas  O^cos/x.  Now  from  the  triangle  ONM^  sinoe 
MN  is  parallel  to  Oz^  we  have 

OM'^  OJVr«+  NM'+  2MN.  NO  coszON. 

But  OJV*=^p*+ j^+ 2a?ycosy,  from  the  triangle  OAN9 

and   ONcoszON^  On^Om-\-mn^^cosiuL  +  ycos\; 

,*.  (F=:a^'^y^+  s^+2wy  cosv-^2jffZCoSfjL'\-2yzcos\. 

'/*  Cob.  Since  4  is  the  diagonal  of  the  parallelopiped  of 
J  which  Wy  y^  ^  are  three  contei'minous  edges,  the  above 
1  formula  gives  the  diagonal  of  any  paralleIo|»ped  in  terms 
vof  its  edges  and  the  angles  which  they  make  with  one 
another.  It  is  ako  the  equation  to  the  surface  of  a  sphere 
whose  center  is  at  the  origin  and  radius  »  d. 

I  84.     To  find  the  distance  between  two  points  in  terms 

of  their  oblique  co-ordinates. 

]  Let  Off,  y^  z;   ^Vy'^  z',  denote  the  co-ordinates  of  two 

^  points  referred  to  oblique  axes;   then  asvin  Art.  6,  if  through 

these  points  we  draw  six  planes  parallel  to  the  co-ordinate 
I  planes,  we  shall  form  a  parallelopiped  with  its  edges  parallel 

to  the  axes,  their  lengths  being  w*  —  a^  V^Jh  ^^  z'^zx 
I  and   the    distance   of   the    points    is    the    diagonal    of    this 

i  parallelopiped; 

^    -  .-.  <P^W-wy^(y'-yy+iz^zy 

+2(a?'-a?)(y'-y)cosi;+8(^'-^)(i?f'-«)cosM+2(y'-y)(jif'-jy)cosX. 
i 

Cor.     Hence  we  have  the  equation  to  the  surface  of  a  sphere 

whose  radius  is  d,  and  co-ordinates  of  its  center  w\  y,  z\ 

I 


i 
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86.  To  find  the  angle  between  two  lines,  whose  equations 
are  given  referred  to  oblique  axes. 

Let  >  ,   >    be  the  equations  to   two   lines 

y  =  nx}     y^nz] 

parallel  to  the  proposed  ones,   through  the  origin. 

Then,  as  in  Art.  SO,  if  we  take  a  point  in  each  of  the 
lines,  at  a  distance  =3  1  from  the  origin^  and  call  their  co- 
ordinates w^  y^  z\  y,  y^  «',  respectively;  also  their  dist- 
ance dy  and  the  angle  between  the  lines  0,  we  have 

2-2cos0=d*-(a?'-^)*+(y'-yyH-(af'-.i?y+2(y-a?)(y'-y)cosv 

+  2(a?'-a?)(«'~»)cos/A  +  2(y'-y)(«'-»)  cosX^ 

or,  since 

1  =a?*4- j^  +  «*+2a?y  cosi/  +  2/raf  cosyu  -Y^yss  cosX, 

1=0?'*+  y'*  +  «'*  +  2a?y  cos  y  +  2^)8?'  cos /m  +  2yV  cos  X, 

cos 0  s  WW  +  yy' 4-  ««'  +  {wy  +  wy)  cos  v  +  {wz  +  wz)  cos yu 

+  (y'«  +  «f'y)  cosX. 

But  since  w  =  m^?,   y  =  Wiif,  a?'  =  mV,   y  =  nV, 

1  =»*(i  +fii*  +  n*+2mn  cos  1;  + 2m  cos/i  +  2n  cosX), 

1  =«  *(1  +  m''  +  »'*+  2mVcosi/  +  297»'cos/i>f2n'cosX); 

.'.    COS0B 

l+i>tm^+itn^+(i>t^»+mn^)cosir+(m+m^)co8M+(»+w^)co8\ 

Jl+m*-\-ti^+2mn  cos  v+2  wi  coSfi+2  n  codxjl  +iii'*+n'*+2  wiVcos  v+2  m'cos/A+2  n'cos\ ' 


rl 


Cob.  .  Hence  the    condition    that  the   lines  may  be    at 
right  angles  to  one  another  is  cos  0  »  0,    or 

1  +  mm'  +  nn^'\-  (m'n  +  mn')  cos  1;  +  (m  -1-  m')  cos  /u 

(n  +  n)  cos  X  =  0. 
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86.  To  find  the  conditions  in  order  that  a  straight  line 
and  a  plane,  referred  to  oblique  axes,  may  be  perpendicur 
lar  to  one  another. 

Let  a  line  and  plane  be  drawn  through  the  origin,  re-f 
spectively  parallel  to  the  proposed  ones,  and  let  their  equa- 
tions be 

x  =  mz\         ^  ^        ^ 

K  and  z^Ax^-By. 
y  =  nz} 

w  =  m!  z\ 
Let      ^    ,    >  be  the  equations  to  any  line  in  the  plane, 

.-.  1  ^Am-^Bn'. 

Now   the  proposed  line,    since  it    is    perpendicular    to    the 
{dane,  is  perpendicular  to  any  line  situated  in  the  plane, 

.-.  1  +  mm'+  nn  +  {mn'  +  w!n)  cos  i;  +  (f»  +  m!)  cos /i 

+  (»  +  n'y  cos  \  =  0. 

Hence,  eliminating  m   between  these  equations, 

^  {l  +  »n'+  wn' cos  v^-m  cos /i  +  (w  +  fi)  cosX} 

•f  (m  +  ^  cos i;  -H  cos Ai)  {\  -  Bfi)  =  0 ;  ' 

and  as  this  equation  must  be  true  for  all  values  of  Uy 

••.  ^(l +mcos^  + wcosX)  +  (w  +  w  cosi^  +  cos^)  ssO.^-^-^  ^^'^^^'^"^ 

-fei —  ^  < 
Similarly,  by  eliminating  n\  we  find   the  other  equation 
of  condition, 

jB(1  +W  COS/Ut  +  n  COSX)  +  (W^+  W  COSI/  +  cosX)  =0. 

Cor.  Hence,  we  can  find  the  angle  between  two  planes 
referred  to  oblique  axes ;  for  the  above  conditidSs  enable 
us  to  find  the  equations  to  two  lines  through  the  origin 
respectively  perpendicular  to  them ;  and  knowing  the  equa- 
tions to  the  lines,  we  can  compute  the  angle  between  them» 
that  is,  the  angle  between  the  planes,  by  Art.  H5. 
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87*  The  discussion  of  the  nature  and  properties  of 
fiurfaoes  is  much  facilitated,  when  their  equations  are  re- 
duced to  the  most  simple  form  they  are  capable  of,  without 
being  deprived  of  any  of  their  generality.  This  simplifica-^ 
tioQ  is  effected  by  giving  a  suitable  position  to  the  origin, 
and  suitable  directions  to  the  axes  of  the  co-ordinates.  We 
shall  therefore  next  proceed  to  inyestigate  the  chief  formulae 
for  trapsformation  of  co-ordinates.       ^^.      .    ^^ 

88.  To  change  the  (Higin  of  the  co-orcKnat^  withojit 
altering  the  directions  of  the  axes. 

Let  a?,  y,  %^  be  the  co-ordinates  of  the  point  M  (fig.  3) 
referred  to  the  origin  O,  and  axes  Oa?,  Oy,  (>%%  also  let 
M'  be  the  new  origin,  OJ'=A,  A'N'^k,  N'M'^l,  ita 
co-ordinates,  and  a?',  y',  Zj  the  co-ordinates  of  M  referred 
to  M'  as  origin  and  axes  parallel  to  the  original  ones; 

th^  w^  OJ'^M'H+OA'^a+h, 

similarly  y*y'+A?,   x  t^  x'  +  1; 

and  substituting  these  values  of  of^  y,  x  m  the  equation  to 
the  surface,  we  shall  obtain  the  equation  referred  to  the 
new  origin  and  axes. 

89.  To  pass  from  one  system  of_  eo-f^rJipftt.<>a  tn 
another  having  the  same  origin,  supposing  the  first  rectan- 
grul^f^  and  the  second  oblique. 

Let  Oa?,  Oy,  Ox  (fig.  28.)  be  the  recfaflgtilaf,  and 
Oaf  9  Oy\  Ox'  the  oblique  axes,  having  a  common  origin  Ow 
From  any  point  P  draw  PM,  PM\  respectively  parallel  to 
Oxy  Ox' 9  meeting  the  planes  of  <ry,  a/y'  in  M  and  M\  and 
draw  MNy  JfN'  parallel  to  Oy^  Oy'. 

Then  the  co-ordinates  of  P  in  the  two  syi^ms  are  ^ 

ON^w,      NM^y,      MP^x, 

0]Sr^x\   JSTM'^y',    JttP^x'; 

and  our  object  is  to  express  each  of  the  first  set  in  terms 
of  the  latter.       From    JV',   M\    drop   perpendiculars .  N'n^ 
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M'm  upon  Ow,  and  join  PN  which  is  also  perpendicular 
to  Om\  then  On,  wm,  mN  are  the  projectidns  of  0N\ 
N'M',   JtP  upon  the  axis  of  w ;  therefore  (Art.  80.) 

On  =  w'  cos  <rV,     nm  =  y  cos  y'^,     mN  ^%  cos  »'^, 

denoting,  by  «a?'^,  the  z  atOw  contained  by  the  axes  of  of  and 
OB  produced  in  the  positive  directions,  and  similarly  of  the 
others. 

.\  w  =  ON  =  0»  -f  ««»  + 1»  AT 

^Z?irs«  00  ^  a/  cos  a?'<r  +  y'  cos  y'a?  +  «'  cos  a/w ;    (JLj       ^U/w». 

that  is,    each  primitive  co-ordinate  is  equal  to   the  sum  o/IL 
the  projections  of  the  three  new  co-ordinates  upon  its  awis.  |p 

Hence     y  =  ^'  cos  a/y  +  y  cos  yy  + 1??'  cos  x'y^ 
%  ^  CB  cos  a?'j8r  +  y  cos  y'l??  -h  %  cos  i^r'ijf ; 

or,  if  we  denote  by  (m,  w,  r)  the  cosines  of  the  angles 
which  the  axes  of  a?',  y\  %\  make  with  the  axis^  of  a;  and 
by  (w',  «',  r ),  (m",  «",  r")  similar  quantities  relative  to 
the  axes  of  y,  and  %,  we  have 

w  =  mw'  -{-ny'-^-rz^ 
y  =  w  V  +  ni/  +  r'i8f', 

Of  the  nine  angles  involved  in  these  formulae,  six  only  are 
independent,  there  being  three  equations  of  condition;  for 
since  of'a?,  ^'y,  afz,  are  the  angles  which  a  straight  line,  viz. 
the  axis  of  a/,  makes  with  the  three  rectangular  axes  of 
^y  y>  X, 

.'.  (cos  0?'^?)*+ (eosa7'y)*+,(coStr'»)*=  1 ; 

and  similarly  with  respect  to  the  angles  which  the  axes  of 
y'  and  z'  make  with  the  primitive  axes ;  therefore 


m*  +  m'^+m''^^h] 

^8  +  /«  +  /'«  =  1. 


.(2). 
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Cob.  In  the  figure,  the  axes  of  ^\  y\  9^  are  sup- 
posed to  make  acute  angles  with  the  axis  of  a? ;  if  this 
were  not  the  case,  and  if  for  instance  one  of  them  Oy'y 
made  an  obtuse  angle  with  Ow^  m  would  fall  to  the  left 
of  n,  and  we  should  have 

Of «  On  —  nm  +  mN^ 

with  which,  the  general  expression  (1)  still  agrees,  because 
the  term  y'  cos  ya/  is  negative  in  the  case  supposed,  but 
numerically  equal  to  the  projection  of  y\  If  again,  the 
axes  being  as  in  the  figure,  y'  was  negative,  the  point  m 
would  fall  to  the  left  of  n,  and  we  should  have 

X  as  On  —  nm  +  mN. 

'Hence,  we  collect  that  the  formula  (l)  is  applicable  to  all 
cases,  provided  we  pay  attention  to  the  signs  of  the  co- 
ordinates, and  of  the  cosines;  the  angles,  as  wa3  before 
observed,  being  those  formed  by  the  axes  produced  in  the 
positive  directions, 

90.     To  pass  from  one  svstem  of  rectangular    co-ordi- 


Iuv,       ±0   pass    irom   one   systi 
nates  to  another  also  rectanflrulg. 


Here  it  would  be  sufficient  to  join  to  the  expressions 
and  equations  of  condition  of  the  preceding  Art.,  three 
new  equations  of  condition  expressing  that  the  axes  Ow\ 
Oy\  0%   are  at  right  angles  to  one  another. 

We  may,  however,  arrive  at  the  expressions  for  .r,  y,  «, 
briefly  as  follows.  Let  d  be  the  distance  of  P  from  the 
origin;  then  referring  the  lines  OP^  Ox  to  the  rectangu- 
lar axes  Ox\  Oy\   0%\  we  have  for  the  angle  between  them 

cos  P  0?  =  cos  Px  cos  XX*  +  cos  Py  cos  xy  -h  cos  P%  cos  x%'\ 

hence,  multiplying  by  d,   and  observing  that   d  cos  Px  ^  <r, 
dcosPx^^x'f  &c.,  we  have 

X  ^  X  cos  XX  +  y  cos  yx  -f  %  cos  «x^ 
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and  similarly  for  y  and  «;  hence  denoting  the  cosines  as 
before^ 

x  =  ma/  +  nf/  +  r«\\ 

y  =  i»V  +  ny  +r'i8f',L..(3). 

In    this  case   there   are  only   three  independent    angles. 
For  since  the  axes  of  w'  and  y'  are  at  right  angles, 

cos  a/w  cos  yxA-  cos  wycos  yy  +  cos  a!x  cos  y'«  =  0 ; 

similarly,  expressing  that  the  axes  of  ao\  z\  and  the  axes 
of  ^,  isr^,  are  at  right  angles,  and  substituting  for  the  cosines 
their  values,  we  have  three  new  equations  of  condition  to  be 
joined  to  those  of  the  preceding  Article,  viz. 


mn  +  mv!  +  m*ri'  =  0, 
mr  +  wV  +  m'r"  =  0, 
nr  +nV  +nV'  =0. 


...(4). 


91.  Sometimes,  in  the  case  of  two  rectangular  systems, 
it  is  required  to  find  af^  ^,  $/  in  terms  of  <r,  y,  isr.  This 
may  be  effected  by  regarding  a/,  ^,  ^  as  the  primitive 
co-ordinates,  and  recollecting  that  each  is  equal  to  the  sum 
of  the  projections  of  the  co-ordinates  ^,  y,  x  upon  its  axis ; 

.•.  w  ^w  cos  xw'  +  y  cos  yx'  +  «  cos  «x  ; 
and  similarly  for  y'  and  iir';  hence 

a/  =  ma?  +  m'y  +  m"», 
y  =  no?  +  «'y  +  w"«. 

These  expressions  might  also  have  been  obtained  from  (3)  by 
adding  them  together  after  having  multiplied  them  respec- 
tively (1)  by  w,  m\  w";  (2)  by  «,  n',  n";  (3)  by  r,  /,  r"; 
reducing  in  each  case  by  means  of  the  equations  of  con- 
dition (2)  and  (4). 
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Also  the  equations  of  condition,  when  w^  y^  z  are  re- 
garded as  the  new  co-ordinates,  and  consequently  their  axes 
referred  to  the  axes  of  <r',  y',  «f',  will  be 


m^  -f  n*  +  r*  «  1, 


...(5), 


mm   +  nn!  +  rr  =  0, 
mni'  +  nri*  +  f  r"  =  0, 


.(6), 


which  are  entirely  equivalent  to  the  relations  between  the 
same  constants  obtained  before,  and  may  in  every  case 
replace  them.  Indeed  there  is  no  difficulty  in  shewing  that 
they  are  a  necessary  consequence  of  (2)  and  (4).  For  since 
P  is  at  the  same  distance  from  the  origin  in  either  system, 

and  putting  for  a?,  y,  «  their  values  given  in  (3),  and  equating 
coefficients  on  both  sides,  we  obtain  the  equations  of  con* 
dition  (5)  and  (6). 

92.  In  the  preceding  Articles,  the  means  of  passing 
from  one  rectangular  system  of  co-ordinates  to  anothei^,  have 

^  been  given  in   simple  and  symmetrical  formulse;  they  have 

J  however   the  inconvenience  of  involving  nine  constants,   six 

^y^i  which  must  be  eliminated  by  means  of  six  equations  of 

^condition  in   order    to   make  the   determination  of  the   new 

^\axes  relative  to  the  primitive  ones  depend  upon  three  quan- 

Ntities.      This    led    Euler    to    invent    a    mode   of   expressing 

^each  of  the  nine  constants  in  terms  of  three  others,  which 

N^are  the  inclination  of  the  planes  of  xy  and  x'y',   and  the 

angles  which  their  line  of  intersection  forms  with  the  a^es 

of  X  and  x';  as  described  in  the  following  proposition. 

93.  To  pass  from  the  rectangular  system  of  co-ordinates 
^,  y,  X,  to  another  rectangular  system  a?',  y\  i/;  having 
given  the    Z0  at  which  the  planes  of  a?y,  a/y'y  are  inclined 
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to  one  another,   and  the  angles  0,   yj/,   which  their  line  of 
intersection  makes  with  the  axes  of  of  and  ^'  respectively. 

Let  the  new  plane  of  w'f/  intersect  the  plane  of  wy  in 
the  line  Owi  (fig.  29.),  and  be  situated  above  it;  and  let 
Ox'  perpendicular  to  the  plane  of'j/  be  the  axis  of  x\  and 
Oa/,  Oyfj  the  axes  of  of  and  y';  and  let  a  sphere  be 
described  about  0  as  a  centre  with  radius  1,  cutting  the 
axes  in  the  points  x^  y,  x^  &c. ;  and  suppose  these  points 
to  be  joined  by  arcs  of  great  circles.  Then  if  wa^i  =  0, 
and  z.a/wiy=0,  or  xx^Q^  the  plane  of  a/y'  and  the  axis 
O^/  will  be  completely  determined ;  also  if  afx^  =  y^,  then 
the  positions  of   Owy  Oy\  in  the  plane  cn^Oy   will  be  fixed. 

Also  we  have 

x^  Of  cos  xcc  -f  y  cos  yx  +  x'  cos  xx,  &c. ; 

and  our  object  is  to   express  the   nine  cosines  in  terms  of 
^>  ^>  ^9  which  may  be  done  by  means  of  the  fundamental 

I  theorem  in  Spherical   Trigonometry  for  finding  one  side  of 
a  triangle  in  terms  of  the  other  two  and  the  included  angle. 

First,  from  the  triangle  a/xiX^  in  which  z  x'x^x  =  180°-  0, 
"     I   ^QS  w^oD  =  cos  <p  cos  \^  —  sin  0  sin  \^  cos  Q ; 
and  changing  y^  into  90**  +  '^, 

/  cosyx  =  -  cos 0  sin "v|/^  -  sin  0  cos y^ cosd ; 
also  from  the  triangle  xxix,  in  which 

ijf'a7i  =  90^     and   xx^x^go^  -9^ 
I  cos  x'x  =  sin  0  sin  Q, 
Secondly,  from  the  triangle  xx^y,  in  which  Xyy  =  90°  -  0, 
I  cos  x'y  =  cos  \^  sin  0  +  sin  y\f  cos  (p  cos  0 ; 
and  changing  \|r  into  90®  +  \//, 

[  cos  yy  =  —  sin  >^  sin  0  +  cos  y^  cos  0  cos  Q ; 
also  from  the  triangle  xx^y^'m  which 

ar'^i  =  90^     and   xx^y  =  90V  0, 

cos  x^y  a=  -  cos  0  sin  0. 
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Lastly,    from   the   triangle    x  XiX^    in    which    «a?i=90^, 
and  x'x^x  =  90^-0, 

\   cos  xz  =  sin  >//^  sin  © ; 

and  changing  \|/  into  90^  +  >//, 

cos  y'ijf  =  cos  \^  sin  © ; 

also    cos  si^%  s  cos  Q ; 

X  =  X*  (cos  0  COS  >^  —  sin  0  sin  y^  cos  6) 

-  y  (cos  0  sin  >^  +  sin  0  cos  >//^  cos  6) 
+  sr'  sin  0  sin  ©. 

y  =  «r'  (cos  >//^  sin  0  +  sin  \|r  cos  0  cos  9) 

-  y'  (sin  0  sin  >//^  —  cos  0  cos  >//^  cos  ©) 

-  »'  cos  0  sin  ©. 
^  =  a?'  sin  \/^  sin  ©  +  y'  cos  \/^  sin  0  +  J8f'  cos  0. 

94.      We   may   arrive  at    these   results   without   the    aid 

V  of  Spherical  Trigonometry,  by  passing   successively  through 

T  three  rectangular   systems,  each  having  one  axis  in  copmon 

I  with  the  preceding,   and  employing  the  formulae  realtive  to 

^^  the   transformation  of  co-ordinates   in  one  plane.      Thus    to 

^  pass  from  the  system  of  axes  Ox^  Oy,   O^,    to  the  system 

^;j  Oxi,  Oyiy  0%^  of   which    Ox^    is    the    trace    of   the   plane 

^^  a/0^  upon  xy^    and   Oyy    is  perpendicular  to    Oxy  in  that 

plane,  we  must  put 

X  —  Xy  cos  <f>  —y\  sin  01 
y  =  Xi  sin0  +  yi  cos0j*" 

without  altering  %,  Next  to  pass  from  the  system  Ox^y 
Oyi9  Oxy  to  the  system  Ox^^  Oy^,  Ox\  of  which  Oy^ 
lies  in  the  plane  x' y\  and  0%'  is  perpendicular  to  Oy^ 
in  the  plane  yiO%,  we  must  put 

Vi  =  y%  cps  Q  "%'  sin  0\ 
%  =  y,  sin  ©  +  «  cosOj 


^}...(2. 


) 
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without  altering  ^j.  Lastly,  to  pass  from  the  system 
Oa?i,  0^2,  Ox!  to  the  system  Ox\  Oy\  Oz\  of  which 
Oub!^  Oy'j  are  at  right  angles  to  one  another  in  the  plane 
^iOy2  9  we  must  put 

Wi  =  tv  cos  yjf  —  y  sin  V'l     /    ^ 
y^^  OB  sm  Y  +  y  cos  yj  - 

without  altering  %\  But  we  may  arrive  at  the  result  of 
these  three  successive  substitutions  by  a  single  substitution, 
the  formulae  for  which  will  be  formed  by  eliminating  a?,,  yi, 
and  yz  between  the  systems  of  equations  (l),  (2)  and  (S); 
we  shall  then  obtain  the  same  expressions  for  a?,  y,  x  in 
terms  of  w\  y\  %'  and  the  three  angles,  as  before. 

CoE.  If  we  dispense  with  the  third  transformation,  we 
shall  have  O^i,  one  of  the  new  axes,  in  the  plane  of  xy. 
The  system  Oa?i,  Oyg?  0%\  in  which  the  new  plane  of  wy 
is  inclined  at  an  L  Q  to  the  primitive  one,  and  their  inter- 
section is  the  new  axis  of  x  inclined  at  an  Z0  to  the  pri- 
mitive one,  is  for  most  purposes  sufficiently  general.  The 
formulae  for  it,  combining  the  equations  (l)  and  (2),  and 
calling  the  new  co-ordinates  x,  y\  z\  are 

0?  =  <»'  cos  0  -  {y'  cos  Q  -  %'  sin  Q)  sin  0, 

y  =  0?'  sin  0  -h  (y  cos  Q  —  %  sin  Q)  cos  0, 

i8f  =  y'  sin  ©  +  %  cos  9 ; 

which  evidently  agree  with  the  formulae  of  Art.  93,  when 
we  put  y\f  =  0. 

95.  In  the  preceding  transformations  we  have  supposed 
the  origin  to  remain  unaltered;  if,  however,  the  origin  is 
to  be  changed,  as  well  as  the  directions  of  the  axes,  we 
must  employ  the  formulae 

0?  =  0?"  +  A,     y  =  y"  +  Ar,     «r  =  ar"  +  /,     • 

where  A,  A;,  I  are  the  co-ordinates  of  the  new  origin  parallel 
to  the  primitive  axes,  and  x\  y",  a/'  denote  the  values  of 
x^  y,  %  found  in  each  of  the  preceding  cases. 
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96.  It  is  important  to  observe,  that  in  employing  any 
of  the  preceding  formulae  to  refer  an  equation  F  (<r,  yyXy-O 
to  new  axes,  the  transformed  equation  F  {x\  y\  z)  =  0  will 
always  be  of  the  same  degree  as  the  primitiye  equation; 
understanding  by  the  degree  of  an  equation  the  sum  of 
the  indiees  of  the  three  variables  in  that  term  where  it  is 
^t^at^t.'  For  let  this  term  be  Aoj^Vsif;  then  it  becomes 
by  substitution^  {/ 

A  {mx  +  ny  +  rsi/y{m'x  +  n'y  -h  rV)«  (w'V  +  ny  +  rV)* ; 

now  these  factors  cannot  furnish  terms  whose  dimensions 
exceed  p,  g,  t^  respectively;  therefore  if  A'  w'^  if^  %^ 
be  the  term  of  highest  dimension,  p-^-x+t'  cannot  ex- 
ceed j>  +  9  +  ^ ;  i*  e.  the  dimension  of  the  transformed  equa- 
tion cannot  be  greater  than  that  of  the  primitive.  Neither 
can  it  be  less;  for  if  it  could,  then,  as  transformation  of 
co-ordinates  can  never  raise  the  degree  of  an  equation,  we 
could  not  return  from  F{w\  y\  «')  =  0  to  F{x^  y,  sr)  =  o, 
which  is  absurd. 

97«  To  pass  from  one  system  of  oblique  co-ordinates 
to  another  also  oblique. 

Let  Oif  =  /r,  JfQ  =  y,  QP^x,  (fig.  SO.)  be  the  co-ordi- 
nates of  a  point  P  parallel  to  the  axes  Ow,  Oy^  Oz;  and 
OM^x\  M'Q[^y\  Q[P^z  the  co-ordinates  of  the  same 
point  parallel  to  the  axes  Ods\  Oy\  Oz\  Through  the 
origin  draw  a  normal  ON*'  to  the  plane  of  ^y,  and  on 
the  same  side  of  it  as  the  positive  direction  of  the  axis 
of  z ;  and  from  P,  Q',  M'  drop  perpendiculars  Pp,  Q'n, 
JIf'w,  upon  OJV"; 

then  PQ  cos N"Oz  ^  Op  =  Om  -{-  mn  +  np 

=  OM'  cos  jvrv  -f  m'q:  cos  Ny  +  (tP  cos  isrv, 

or  z  cos  N''z  =  w  cos  JV"j?'  +  y'  cos  N'^y  +  z'  cos  N''z\ 

Similarly,  if  we  draw  normals  ON^  ON'  to  the  planes  of 
yzj  zxy  and  on  the  same  side  of  them  as  the  positive 
directions  of  the  axes  of  w  and  y,  we  shall  have 
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w  COS  Nx  =  of  cos  Nx  +  y'  cos  Nyf  +  ir'  cos  JV«r', 

y  cos  JVy  =  x'  COS  JVV  +  y'  cos  JVy  +  i^  cos  N'%\ 

Since  cos  JV"»  =  sin  {x,  xy)^  &c.  these  formulae  may  be 
expressed  without  the  aid  of  the  auxiliary  normals ;  but  they 
are  more  convenient  in  their  present  shape,  as  the  employ- 
ment of  negative  angles  is  thereby  avoided. -^e^AA -^^  ^^^^*^/ 

98.  The  position  of  a  point  P'  in  space  may  be  fixed 
by  the  following  three  variables;  (l)  the  radius  vector 
OP'^r  (fig.  16.);  (2)  the  ^COP^^O  which-  the  radius 
vector  makes  with  the  axis  of  ^;  (S)  the  /.AOA'^(p 
which  the  meridian  plane  COP'  makes  with  the  fixed  plane 
CO  A.  Of  these  angles  the  former  varies  from  0  to  180^ 
and  the  latter  from  0  to  360°,  in  order  that  the  radius 
vector  may  pass  through  all  points  of  space.  If  x,  y,  % 
be  the  co-ordinates  of  P',  they  can  be  expressed  by  means 
of.r,  $9  0;  for  P'M^rcosd,  OM^rsinO;  i/et/i  ^/^ ir^/ 

.-.  ^sOJIf  cos0sr  sin0cos0,  y  =  rsindsin0,  and  x^rcosO. 

99.  In  the  discussion  of  surfaces,  it  is  useful  to  know 
the  nature  and  magnitude  of  the  curves  in  which  they  are 
intersected  by  any  planes.  To  do  this,  it  is  not  sufficient 
to  combine  the  equation  to  the  surface  F{xy  y,  x)  =  0,  with 
the  equation  to  the  cutting  plane  %  =  Ax  -{-  By  •{•  c,  so  as 
to  eliminate  one  of  the  variables,  z  'for  instance ;  for  the 
result  /(^,  y)  =  0  would  represent  only  the  projection  of  the 
curve  required,  which  is  not  generally  of  the  same  nature 
with  the  section  in  space,  nor  sufficient  to  determine  it. 
But  if  we  transform  the  co-ordinates  so  that  the  cutting 
plane  may  be  that  of  x'y\  and  then  put  x'^0  in  the 
resulting  equation,  we  shall  determine  the  trace  of  the  sur- 
face on  x'y\  i.  e.  the  curve  in  which  it  is  intersected  by 
the  proposed  plane.  And  it  may  be  here  observed  that, 
since  the  degree  of  an  equation  is  never  altered  by  the 
transformation  of  co-ordinates,  if  the  equation  to  a  surface 
be  of  the  »*  degree,  the  curve  in  which  it  is  intersected 
by  a  plane  cannot  be  of  a  higher  order  than  the  n^; 
but  it  may  be  of  a  lower,  if  by  putting  x  =  0,   we  cause 
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all  the  terms  of  the  highest  dimension  to  disappear  from 
its  equation.  If  we  employ  Euler's  formulae  for  tranforma- 
tion  of  co-ordinates  (Art.  93.),  since  %'  is  to  vanish  in  the 
final  result,  we  are  at  liberty  to  make  iif'=0  in  the  values 
of  07,  y,  %  before  we  substitute  them,  and  so  we  may  obtain 
the  proper  substitutions;  these  however,  without  being  de- 
duced from  the  general  case,  may  be  readily  obtained  as 
follows. 

100.  To  determine  the  nature  of  the  section  of  a  sur- 
face made  By  any  plane  passing  through  the  origin. 

The  most  convenient  data  for  fixing  the  position  of  the 
cutting  plane  are  (l)  the   z  d  at  which  it  is  inclined  to  the 
plane  of  wy,  and  (2)  the   z  0  which  its  trace  on  that  plane 
makes  with  the  axis  of  a?;   these  are  readily  obtained  if  we 
suppose  the  equation  to  the  plane  given;    for  if  the  equa- 
tion be  z^  Jaf  +  By^  then  cos 0  = -7======  (Art.  29.)> 

VI  +  A^'\-  B^ 

.  A        , 

and    tan  0  =  —  -5  >    since    Jx  +  By  =  0    is    the    equation    to 
B 

the  trace. 

Let  of'Oy^  (fig.  31.)  be  the  given  plane,  cutting  the 
surface  in  the  curve  AM^  and  the  plane  of  a/ y  in  the  line 
Ow\  which  take  for  the  axis  of  a?',  and  let  Oy,  a  line 
perpendicular  to  it  in  the  given  plane,  be  the  axis  of  y\ 
and  OR  =  w\  RM  =  y'  the  co-ordinates  of  any  point  M  in 
the  section  referred  to  the  axes  O.r,  Oy\  also  let  OQ^w, 
QP  =  y,  PM  ^  z  he  the  co-ordinates  of  the  same  point 
referred  to  the  axes  Oo?,  Oy,  Oz.  Join  iJP,  then  lMRP^Q 
the  inclination  of  the  cutting  plane  to  the  plane  of  a?y,  and 
LaiOaf=<f>  the  angle  formed  by  its  trace  on  wy  with  the 
axis  of  OS, 

Then  PR^ycosO,     PM^ysinO; 

0Q=  0/? cos 0  +  iJP sin 0,     QP=  O/?sin0  - /?Pcos0; 

•*•  ^  =  y  sin  0,     0?  =  Off' cos <f>  -k-y  cos 0  sin 0, 

y  =  0?'  sin  0  -  y'  cos  Q  cos  0 ; 
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and  if  these  values  be  substituted  in  the  equation  F{af^  y^  x)^0 
to  the  surface,  we  shall  have  a  relation  between  of'  and  y' 
which  is  the  equation  to  the  curve  AM. 

101.  If  the  cutting  plane  pass  through  one  of  the  co- 
ordinate axes,  the  formulae  are  simplified,  and  in  many 
cases  are  sufficiently  general. 

Let  x'Oy  (fig.  32.)  be  the  cutting  plane,  passing  through 
the  axis  of  y;  0(fi  in  the  plane  of  zx  the  axis  of  .r', 
PJf  =  ai\  OM  =  y\  the  co-ordinates  of  any  point  P  in  the 
section,  ON  =  a?,  iVQ  =  y,  (^P  =?  %  the  co-ordinates  of  the 
same  point.  Join  JfQ,  then  iPMQ^Oy  and  ilfQ  =  a?'cos©, 
PQ  =  a?'sine; 

.-.    OB  —  CD  COS  0,     y  —  y^     «  =  ^'  sin  0 ; 

that  is,  to  determine  the  section  made  by  a  plane  through 
the  axis  of  y  inclined  at  an  lQ  to  wy^  we  have  only  to 
write  a?' cos©  and  a?'sin0  for  x  and  «r,  in  the  equation  to 
the  surface,  without  altering  ^;  and  the  resulting  relation 
between  a/  and  y  is  the  equation  to  the  curve.  Similarly, 
if  the  cutting  plane  pass  through  the  axes  of  z  or  a?. 

102.  If  the  cutting  plane  does  not  pass  through  the 
origin  of  the  primitive  co-ordinates,  or  if  we  wish  to  take 
a  point  in  the  cutting  plane  different  from  O  for  the  origin 
of  the  new  co-ordinates,  we  shall  only  have  to  add  to  the 
second  members  of  the  preceding  formulae  the  co-ordinates 
h,  ky  I  of  the  new  origin  reckoned  parallel  to  the  primitive 
axes. 

103.  To_determine  the  nature  of  the  curve  formed  bv  the 
intersection  of  anv  plane  with  a  surfax^e  of  the  second  ordi>r. 

Let  Aa^-^  By^-\-  C^=  2A'x  be  the  equation,  which  may 
represent  all  surfaces  of  the  second  order;  therefore,  sub- 
stituting for  Xf  y,  %  the  values  found  in  Art.  100. 

X  =  x'  cos  0  +  y'  cos  0  sin  0, 

y  =  X  sin^  -  y  cos  Q  cos  0, 

z  ^y'  sin  0, 
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the  result  developed  and  arranged  will  be 

0?'*  {-4 (cos  (py  +  B(Bm  0)*}  +  2 ^y  (-4  -  B)  cos  d  sin  0  cos  0 

+  y^  [{ J(sin0)»+  S(cos0)«}  (cos0)*+  C(sine)*] 

=  2-4 V  cos  ^  -h  2  A'y  cos  0  sin  0, 

the  equation  to  a  curve  of  the  second  order,  which   will  be 
an  ellipse,  parabola,  or  hyperbola,  according  as  the  quantity 

(J-S)«(cosesin0cos0)*-{J(cos0)«+S(sin0)*} 

X  [  {^  (sin  (py  +  B (cos  0)«}  (cos  dy  +  C(8in  ©)»], 

or  -  JS(cos  ey  -  ^C(cos  0  sin  ©)*  -  SC(sin  0  sin  0)^ 

is  negative,  nothing,  or  positive. 

Hence  every  section  of  an  ellipsoid  is  an  ellipse,  because 
all  the  quantities  J,  £,  C  are  positive.  For  a  hyperboloid 
of  one  or  two  sheets,  in  which  cases  one  or  two  of  the 
quantities  -4,  S,  C  are  negative,  the  sectiog  may  be  an 
ellipse,  parabola,  or  hyperbola.  For  paraboloids  -4  =  0; 
therefore  for  the  elliptic,  in  which  case  B  and  C  have  the 
same  sign,  the  section  is  an  ellipse;  except  when  0  =  0,  or 
(p^Oy  in  which  cases  it  is  a  parabola.  For  the  hyperbolic 
paraboloid,  since  B  and  C  are  of  contrary  signs,  the  section 
is  a  hyperbola ;  except  as  before  when  0  =  0,  or  0  =  0, 
when  it  is  a  parabola.  «>^  ^  <s»-»,jl  ^  aC-  ^e^^r...^  ^^i^r-^  £4/^ 

CoBf  Since  the  section  is  referred  to  rectangular 
axes,  it  can  never  be  a  circle  unless  the  coefficient  of  xy' 
vanishes,  or 

{JL  -  B)  cos  0  sin  0  cos  0  =  0 ; 


hence   we   must   have  0  =  — ,    or   0  =  — ,    or   0  =  0;    which 

f  I  shew  that  for  a  circular  section,  the  cutting  planp  miiRt  lif> 
^j  pftrj^pndir^ilar  ^  one  of  the  principal  planes  of  the  surface. 
'^  In   the   next  article  we  shall   see  that  this  property  is  con- 
fined to  one  only  of  the  principal  planes  of  each  surface. 


Digitized  by 


Google 


81 

104.  Every  surface  of  the  second  orckr,  except  the 
hyperbolic  paraboloid,  may  be  g«ierated  in  two  ways  by 
the  motion  of  a  variable  circle  parallel  to  itself,  the  center 
of  the  circle  moving  along  a  diameter  of  the  surface. 

Let  the  surface  have  a  center,  and  let  its  equation  be 

Since  every  circular  section  must  be  perpendicular  to  a 
principal  plane,  let  the  cutting  plane  be  perpendicular  to 
zwy  and  inclined  to  <ry  at  an  z^;  and  ^  the  center  of  the 
circle  must  be  in  the  plane  of  %x^  let  x  -h^  x^l  be  its 
coordinates;  then  the  equation  to  the  section  reckoned  from 
that  point  as  origin  will  be 

J(a?' cosd  +  A)'+ Sy''+ C(^r' sine  +  0'=  A 

(Art.  101.)  which  represents  a  circle  if 

^(cos0)'+  C(sin0)'=  S,  or  ^  +  C(tan0)'=5{l  +  (tand/}, 


K^j       or  (tan  0)'  = 


C-5' 


and  the  relation  between  h   and  Z,  since  the  origin  is   the 
center  of  the  circle  and  therefore  the  coefficient  of  of  =  0,  is 

A  cos  ©A  H-  C  sin  ©Z  =  0 ; 

therefore  the  loctt»  of  the  centers  of  the  circular  sections  is 
a  straight  line  and  a  diameter  of  the  surface.  ^ 


Aha  the  radius  of  the  sectnm  =  'V  -^  -  ■    ^     . 


B 


We  must  now  examine,  for  each  of  the  surfaces,  which 
axis  it  is  that  coincides  with  the  axis  of  y  to  which  the 
cutting  plane  is  parallel. 

I.    For  the  dKpsoic^  A^-z*     ^~]S'     ^  =  ~8> 


tan0=:±- Vii 


L 
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.-.  6  lies  between  a  and  c,  or  the  axis  of  the  surface  to  which 
the  cutting  plane  is  parallel  is  its  mean  axis. 

2.  For  the  hyperboloid  of  one  sheet,   since  we  cannot 

J      1        _      1         -,  1 

have  B  negative,  we  must  put  -4=— ,     B  ^jr,     C*-  — , 

c  ^  /¥^' 

a        c  -\-  0 

.-.  6>a,  or  the  cutting  plane  is  parallel  to  the  greater  of 
the  real  axes. 

3.  For  the  hvperboloid  of  two  sheets,  since  we  cannot 
have  A  and  C  negative,  we  must  put 


^.| 


.-.  tane=±-.  Vii «; 

.*.  h>Cy  or  the  cutting  plane  is  parallel   to  the   greater  of 
the  imaginary  axes. 

Since  tan  0  has  two  values,  the  cutting  plane  may  be 
inclined -at  «n  Z0  or  180-0  to  the  plane  of  a?y,  and  hence 
the  fiurface  may  be  generated  by  a  variable  circle  in  two 
different  ways;   but  it  will  be  observed  that  in  every  case, 


if  the  surface  become  one  of  revolution,  the  two  positions 
coincide  in  one  which  is  parallel  to  the  two  equal  axes. 

106.     Next,  let  the  surface  not  have  a  center,  and  let 
its  equation  be 

Then  as,  before,  if  A,  /,  denote  the  co-ordinates  of  the  center 
of  the  circular  section,  its  equation  reckoned  from  that  point 
as  origin  will  be 

5y  V  C(^'sin0  +  Z)«=  2^'(a?'cos6>  +  A), 
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with  the  conditions 

B  =  C(sin  e)\     C  sin  dl  =  A'  cos  9 ; 

/»  jf 

.•.  sin0=±  'v  7^5     and  Z  =  — cot(9. 

Hence  the  locus  of  the  centers  of  the  circular  sections 
is  a  straight  line  parallel  to  the  axis  of  the  surface,  or  a 
diameter;  also  B  and  C  have  the  same  sign  and  B<  C; 
hence  the  surface  is  the  elliptic  paraboloid,  and  the  cutting 
plane  is  perpendicular  to  the  principal  section  whose  latus 
rectum  is  least. 

In  the  case  of  the  _h3^)erbplic  paraboloid,  since  B  and 
C  have  different  signs,  no  plane  can  be  drawn  which  shall 
intersect  it  in  a  circle. 


106.  We  shall  now  give  some  applications  of  the  prin- 
cipal results  obtained  in  this  section,  relative  to  the  projections 
of  plane  surfaces,  the  transformation  of  co-ordinates,  and  the 
intersections  of  surfaces  by  planes. 

Frob.  1.     The  pvramid  whose  vertex  is  the  orisrin,   and^ 
base    any    plane   surface,    is    equal    to  the    three    pyramids! 
whose    common    vertex    is    any   point    in   the   plane  of  the!  -^ 
surface,    and  bases  its    three   projections  on   the   co-ordinate/ 
planes. 

Let  d,  a  perpendicular  from  the   origin  upon* the  plane*  - 
in  which    the   surface   lies,    make  angles  a,  /3,   y  with  the 
axes  of  tr,  y,  x;    also  let  A  denote  the  area  of  the  surface, 
and  a?,  y,  z  the  co-ordinates  of  any  point  in  its  plane, 

.'.  Of  cos  a  +  ycosfi  +  z  cos  y  ^  d. 

Hence,  multiplying  by  J -4, 

d 
A  cos a.^a^-^-  A  cos  fi.^y  -\-  A  cosy  ,^z  ^  A- y 


X       .    y       ,    z       .    d 
3         ^3  3  3 
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which  (since  the  volume  c^  any  pyramid  is  equal  to  the  area 
of  its  base  multiplied  by  one  third  of  its  height)  expresses 
the  property  announced.  The  quantities  -4,,  Ay^  A^  will  be 
positive  or  negative  according  as  a,  j3,  7  are  acute  or  ob- 
tuse. 

Pbob.  2.  To  find  the  sum  of  the  projections  of  any 
number  of  areas  upon  a  given  plane. 

Let  N,  D'\  &c  denote  the  areas;  a,  jS',  7';  a',  jS",  7"; 
&c.  the  angles  which  the  perpendiculars  upon  their  planes 
from  the  origin  make  with  the  rectangular  axes  of  ^,  y,  z 
produced  in  the  positive  directions.  Also,  let  a,  )3,  7  be 
the  angles  which  a  perpendicular  to  the  given  plane  makes 
with  the  same  axes.  Then  the  areas  must  be  multiplied 
respectively  by  the  expressions 

cos  a  cos  a'  +  cos  j8  cos  ^  +  cos  7  cos  7' 

cos  a  cos  a  +  cos  /3  cos  j3"  +  cos  7  cos  7",    &c., 

which  are  the  values  of  the  cosines  of  the  angles  between 
the  plane  of  projection,  and  the  planes  in  which  the  areas 
lie.     The  sum  of  these  products  will*  be 

S  =  cos  a  iP'  cos  a  +  D"  cos  a"  +  &c.) 

+  cosjS  (Zy  cos /J' +  ZX' cos  )3"  +  &c.) 

+  cos  7  (Zy  COS  7'  +  D"  cos  7"  +  &c.) ; 

or,  if  we  denote  the  sums  of  the  projections  on  the  co-ordi- 
nate planes  of  yz^  zw^  ay  by  S^^  *S'y>  Sg  respectively, 

S  ^  Sj,  cosa+  Sy  cos  j8  +  iSjs  cos 7  ; 

which  enables  us,  from  knowing  the  projections  of  any  areas 
upon  three  planes  at  right  angles  to  one  another,  to  find 
the  sum  of  their  projections  upon  any  plane  whose  position 
is  given  relative  to  the  same  planes.  In  forming  the  values 
of  Sgj  Syj  Sg  regard  must  of  course  be  had  to  the  signs 
of  cos  a,  cosa^  &c.      Thus  for  a  single  area  IX, 

S  =  2>',  cos  a  +  Z/y  cosj3  +  ZX,  cos  7, 
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where  the  quantities  Z/,,  l^y,  Tf^  are  positive  or  negative, 
according  as  the  angles  a ,  j3',  7'  are  acute  or  obtuse. 

Pros.  3.  To  find  the  position  of  the  plane  on  which 
the  sum  of  the  projections  of  any  number  of  areas  is  a 
maximum. 

Let  aS,,  Syy  Sg  denote  the  sums  of  the  projections  of 
the  areas  on  the  co-ordinate  planes  of  yz,  zw^  wy  respec- 
tively; Sg'y  Sy'y  St'  the  sums  of  the  projections  on  three 
other  planes  y'%\  %x\  coy  at  right  angles  to  one  another 
having  the  same  origin, 

.-.  S^=  Sg  cos  Of' Of  +  Sy  cos  w'y  +  Sg  cos  w'%, 
iSy  =  iS,  cos  yw  +  Sy  cos  y'y  +  Sg  cos  yz, 
Sg'  =  Sg  cos  z'of  +  Sy  cos  %'y  +  Sg  cos  z'«. 

Hence,  squaring  and  adding,  and  recollecting  the  equations 
of  condition  to  which  the  cosines  are  subject, 

si  +  si.^sl':^si  +  si  +  si 

.  Hence,  if  the  planes  of  y%\  z  ai\  a/y\  be  so  situated  that 
the  sums  of  the  projections  on  two  of  them  vanish,  the 
sum  of  the  projections  on  the  third  will  be  the  greatest 
possible ;   let  this  be  the  plane  of  y'z\  then 

^^'  =  0,    5','=0,    and    Sl'^Sl+Sl^Sl 

But  if  we  had  begun  by  supposing  the  projections  on  the 
planes  of  yV,  zx\  wy  given,  we  should  have  had  the 
equation 

Sg  =  Sjc'  cos  waf  -\-  Sy'  cos  Of  y  +  S/  coswz'. 

In  this  case  therefore,  iS^  =  S^*  cos  a?«r' ;    similarly, 
Sy  =  ^y^  cos  y«r',  Sg  =  Sg,'  cos  z,v\ 

Hence  the  position  of  the  plane  (or  rather  of  its  nor- 
mal, viz.  die  axis  of  ^')  on  which  the  sum*  of  the  projections 
is  a  maximum  is  determined  by  the  equations 
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COS  a  =  cos  a?  0?  =      .—  -  -     -  -    - 

Vsi+si+si 

cos/3  =  co8a?'y  = 


cos  y  =  cos  a?  «f  =  —  „ r  ; 

and  the   value  of  the  greatest   sum  S  =  y^^'*  +  A"^  +  S^^. 

CoE.  Let  y  denote  the  sum  of  the  pr-ojections  on  a 
plane  whose  normal  makes  angles  a',  )3',  y  with  the  axes 
of  Wy  y^  Zy  and  an  z  =  0  with  the  normal  to  the  plane  of 
greatest  projection, 

.*.  cos  9  =  cos  a  cos  a  ■\-  cos  /3  cos  j8'  +  cos  •y  cos  y 

_  ^y^cosg  H-  A^y  cos  j8'  H-  A?^  cos 7'      S^ 
S  '  S' 

.-.  y  =  AScos0. 

Hence,  the  sum  of  the  projections  vanishes  on  all  planes 
perpendicular  to  that  on  which  the  sum  is  a  maximum. 

IFbob.  4.  To  find  the  area  of  the  surface  of  any  por- 
tion of  a  right  cone  on  a  circular  base. 

Let  ACM  (fig.  33.)  be  a  section  through  the  axis  of  the 
cone  perpendicular  to  the  cutting  plane  CPB;  AC-c^  AB=c\ 
/.CAB^  ^\  also  let  Cp6  be  the  projection  of  CPB  on   a 

plane    perpendicular   to    the    axis,    then    Ch^{c  +  c')  sin  — 

/3 
s  major  axis  of  projection;    and  y/cc   sin -•  = -^  minor  axis 

both  of  CPB  and  C/)6,  since  it  is  a  mean  proportional  be- 
tween the  perpendiculars  dropped  from  B  and  C  upon  the 
axis  of  the  cone; 

.•.  the  area  of  projection  Cp6  «  tt  (  sm  — )   .  ^^ • 
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TT         3 

every  portion  of  which  is  inclined  at  an  z  = ~   to    the 


But  Cpb  is  the  projection  of  the  conical  surface  CABPj 
ry  porti( 

plane  CMy 

^.^^  .    fi(c  +  </)\/c? 

.*.  area  of  surface  CABP  =  ir  sm  -^- . 

2  2 

Prob.  5.  Three  straight  lines  mutually  at  right  angles 
and  meeting  in  a  points  constantly  pass  through  a  plane 
curve  of  the  second  order ;  to  find  the  locus  of  their  point 
of  intersection. 

Let   Aa^-\-Bf^C\^  .  ^       , 

>   be   equations  to    the   plane   curve, 

^,  i,  /  the  co-ordinates  of  the  point  of  intersection  of  the 
three  lines;  and  let  the  curve  be  referred  to  that  point  as 
origin,  and  to  the  three  straight  lines  as  axes ;  let  the  co- 
sines of  the  angles  formed  by  the  new  axes  of  w\  y\  %\ 
with  the  axis  of  a?,  be  denoted  by  m,  w,  r;  and  similarly 
for  the  axes  of  y  and  %;  therefore  by  the  formula  of  Art. 
90,  the  transformed  equations  to  the  curve  are 

A  (ma;'  +  ny'  +  rx  -{-hy-^  B  (ma/  +  n'y  +  rV  +  ky  =  C, 

In  order  that  the  axis  of  a/  may  meet  the  curve,  these 
two  equations  must  agree  in  giving  the  same  value  for  af\ 
when  y  and  z^  0; 

.-.  A(mw'^hy+B(m'w'-\-ky^C, 

m"cr'+Z  =  0,     or  a?'= j-,; 

m 

hence,  substituting  this  value  of  a?'  in  the  former  equation, 
and  proceeding  in  a  similar  manner  with  respect  to  the  axes 
of  y  and  z\   we  have 

A  (m!'h  'mTy+B(m"k^ miy  =  Cm!'\ 

A  (n''h  -  wZ)2  +  B  (nk  -  n'ly  =  Cn"S 

A(T"k  -  riy  +  B(T"k  -  r'ly  =  Ct''\ 
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Therefore,  adding  these  equations  together,  and  taking  ac- 
count of  the  equations  of  condition  to  which  the  quantities 
my  Tij  &c.   are  subject, 

the  equation  to  the  locus;  which  is  therefore  a  surface  of 
the  second  order  concentric  with  the  curve. 

CoR.  If  the  given  curve  be  an  ellipse,  this  equation 
becomes,  replacing  A,  Ar,  /  by  a?,  y,  ar, 

that  to  an  ellipsoid ;  if  a  hyperbola,  the  equation  to  the  sur- 
face is 

that  to  a  hyperboloid  of  one  or  two  sheets,  according  as 
the  transverse  axis  of  the  hyperbola  <  or  >  the  conjugate  axis. 

In  the  case  of  the  ellipse,  if  we  remove  the  origin  to 
the  extremity  of  the  major  axis,  by  writing  a?  -  a  for  ^,  the 
equaticms  become 

^      2cv      y' 
€?       a       \r 

Vc^^  c?f^  (a^-H  6*)i2f2=  2a62a?; 

y*^       .  Inow  let  6*=2ap-p%  p  being  the  distance  of  the  focus  of 
^^Mthe  ellipse  from  its  vertex,  and  make  a  infinite; 

.•.^2=4^^,     y^ -H  «f*  =  4j!>a? ; 

which  shew  that  when  the  curve  is  a  parabola,  the  locus 
required  is  the  paraboloid  which  it  would  generate  by  re- 
volving about  its  axis. 

Prob.  6.  Three  straight  lines  mutually  at  right  angles 
and    meeting   in    a   point   are   applied    to    a   ^urfiK^e   of  the 


second,  order ;  to  find  the  locus  of  their  point  of  intersection. 


Digitized  by 


Google 


89 

Let  the  equation  to  the  surface  be 

then  referring  it  to  the  three  straight  lines  as  axes  and 
to  their  point  of  intersection  as  origin,  the  transformed 
equation  is 

+  C(mV  +  wV  +  rV  +  lY  =  D. 

Now  making  successively  y\  »',  =  0,  a?',  «',  =  0,  x\  y\  =  0, 
in  order  to  determine  the  points  where  the  axes  of  .r,  y\  « 
meet  the  surface,  and  calling 

^A^+  Bk""  +Cl'-'D^G,  we  have 

.r  ^(m'^  +  m^'B  +  m"*C)  +  2x(mAh  +  m'Bk  +  m'Cl)  +  G  =  0, 

y  «(7^«^  +  n'^'B  +  w"'C)  +  2y'(n  Ah  +  n  5A;  +  n''Cl)  +  G  =  0, 

i^'*(r* ^  +  /*5  +  r"*C)  +  2z'(r  Ah  ^  r' Bk  +  /'CI)  +  G  =  0. 

But  since  the  axes  of  j?',  y,  x  touch  the  surface,  the  two 
points  in  which  any  axis  meets  it  coincide  in  one;  therefore 
the  roots  of  each  of  the  above  equations  are  equal,  and  the 
first  members  are  perfect  squares ; 

/.  (m«^  +  m^B  -{^m''C)G  =  (mAh+m'Bk  +  m''Cl)\ 

(n'A  +  W^B  +  n"*C)  G^(nAh+  n  Bk  +  n!'Cl)\ 

if  A  +  r''B+/''C)G^{rAh  +  rBk  +  r^'Ciy. 

Hence,  adding  together  these  equations,  and  taking  account 
of  the  equations  of  condition  to  which  the  quantities  in,  n,  &c, 
are  subject, 

(A  +  B+QG^  A'h'+  S'k^^  Of, 
or,  restoring  the  value  of  G,  and  reducing, 
A{B  +  C)A^+  5(^  +  C)A?'+  CiA  +  5)/^=  (^  +  5  +  C)  A 

the  equation  to  the  locus,  which  is  therefore  a  surface  of  the 
second  order  concentric  with  the  proposed  one, /«'»^^^**-^  ^^^ 
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Cor.     For  the  ellipsoid,   replacing  A,   A?,   /  by  a?,  y,  », 
this  equation  becomes 

(6V  c^)^+  (a'  +  c2)y'+  (a'+  6')i^^=  a«6^+  aV+  6V, 
^2      j/^       x' 

if  g',  g'',  g'"  denote  the  three  altitudes  of  the  triangle  formed 
by  joining  the  vertices  of  the  ellipsoid  (Cor.  Art.  82.). 

If  we  remove  the  origin   to   the  extremity  of  the  semi- 
axis  a,  and  then  make  a  infinite,  the  equations  become 

y*       %^ 

— +  — ,  -2a?  =  0,     y^-\'X^=  4(p+p')a?  +  4pp'; 

if  therefore  the  given  surface  be  a  paraboloid,  the  locus 
required  is  a  paraboloid  of  revolution. 

If   the   given   surface   be    a   hyperboloid    of  one    sheet, 
making  c*  negative,  the  equation  to  the  locus  is 

(y-c^)  0^+  (a*-  c")  f-\-  (a*  +  b^)s^^  a*6«  -  c"  (o^+  fc")  ; 

the  Ipcus, is  therefore  an  ellipsoid  when  c,  the  imaginary  semi- 

axis,  IS  'less  than       /  .,         ,  and  of   course  less   than  either 
Va'*+  b^ 

of    the    real    semiaxes;     a    point,     viz.     the    center,     when 

«^  .        .  . 

c=— y====j;  imaginary,  till  c=  6  the  less  of  the  real  semi- 
axes  ;  a  hyperboloid  of  two  sheets  till  c-  a,  when  it  becomes 
a  hyperbolic  cylinder;  and  a  hyperboloid  of  one  sheet  for 
all  future  values  of  c,  i.  e.  whenever  the  imaginary  axis  is 
greater  than  either  of  the  real  axes. 

If  the   given    surface  be   a  hyperboloid   of  two   sheets, 
making  b^  and  c^    both  negative,    the  equation  to  the   locus 

{b'+  c«)a?%  {c'^a')  y'+  (b' ^  a')  ^ ^  a' {b' +  c')  -  b^c\ 
which   is  imaginary,   as  long  as  a  the  real  semiaxis   is  less 
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be 
than    ~~7===^9   and   of  course   less    than  either  6   or  c;     a 
\/b  +(r 

he 
point,  when  a  =     /         ^;    afterwards  an  ellipsoid,  till  a  =  c 

the  less  of  the  imaginary  semiaxes,  when  it  becomes  an 
elliptic  cylinder ;  a  hyperboloid  of  one  sheet,  till  a  =  6  when 
it  becomes  a  hyperbolic  cylinder;  and  for  all  future  values 
of  ff,  a  hyperboloid  of  two  sheets,  i.  e,  whenever  the  real 
axis  exceeds  each  of  the  imaginary  axes. 

Also,  if  in  the  original  equation  we  put  D  =  0,  -4  =  — 2  > 

Cb 

j5  =  75 ,     C  =  -g ,     we   have    the    equation    to   a   conical   sur- 
0  c 

face  of  the  second  order,  and  the  equation  to  the  locus  be- 
comes 

(b'  +  c')a}'  +  (a'+c')y'  +  (a'  +  b')z'  =  0, 

which  is  also  the  equation  to  a  conical  surface  of  the  second 
order. 

Peob.   7.      To    find   the  equation   to  the  section   of   an    J 
oblique  cone  on  a  circular  base.        j^  ,^^^0^^  Ar*.^,-«^/-f»"^    / 

TLet  ^he  diameter  ofthe -base  on  which  a^erpendicular^^s^^'*, 
from  the  vertex    falls,    be   taken    for    the  axis  of  co.      Then^^" 
(Art.  49.)    making    6  =  0,    the    equation    to    the    surface    is, 
putting  a  -  2r  =  a', 

(?y^-  {ex  -  afs)  {2cr  +  a'%  -  cx\  ;      d*^^M, 

therefore,  the  equation  to  the  section  made  by  a  plane  through 
the  axis  of  y  inclined  at  an  iQ  to  the  plane  of  the  base,  is 

c^y'^  =  (c  cos  0  -  a  sin  0)  \9,era!  +  (a'  sin  0  -  c  co80)  {xl^\ . 

e  c 

As  long  as   tan  6  lies  between  -  and  — ,  or  0  between  SAB 

a  a 

and   SEB   (fig.  34.),    i,  e.   as   long   as  the   plane   cuts    both 

sheets  of  the  cone,  the  section  is  a  hyperbola. 
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When  tan  0  =  — ;    or   the  plane  is   parallel   to  ~ES,   the 

section  is  a  parabola.     In  other  cases  it  is  an  ellipse,  which 

becomes  a  circle  when 

c^  K  (c  cos  0  -  a  sin  6)  (c  cos  0  -  a*  sin  9), 

or,        c'+  c*  (tan 0)*  =  c* -  c  (a  +  a)  tan  0  +  aa  (tan 0)' ; 

^     c  (a  +  a') 

.-.  tan  0  =  0,    or  tan  0  =  -^ ^ . 

aa  -c 

The  first  value  of  0  gives  the  base  of  the  cone ;  the 
second  gives 

tan  0  =  tan  (SAB  +  SEB), 
or,  if  DAy  be  the  plane  of  the  circular  section, 

DAE  =  SAB  +  5'JS5,     . .  DAS  =  ^£.5; 
that   is,   the  cutting   plane   makes  the  same   angle  with  one 
side  of  the  principal  section  of  the  cone,  that  the  base  does 
with  the  other.      This  circular  section  is  called  the  subcon- 
trary  section. 

Peob.  8.  The  sum  of  the  squares  of  the  reciprocals 
of  any  three  semidiameters  of  an  ellipsoid  mutually  at  right 
jangles,  is  equal  to  the  sum  of  the  squares  of  the  reciprocals 
of  the  semiaxes. 


Let  a,  )8,  y  be  the  angles  which  any  semidiameter  r 
make  with  the  axes,  then  the  co-ordinates  of  its  extremity 
are  w  ^r  cos  a,  y  ^r  cos  j8,  ^  =  r  cos  'y ; 

1        /cosa\^        /cos)3\*       /cos'yN* 

■■■?-[-^)  "■  [-r-j  ^  [-r) -^ 

and   forming  similar   equations   for   /  and  r\    and   adding, 
since  the  semidiameters  are  mutually  at  right  angles,  we  find 

111111 

Pbob.  9.  The  area  of  a  section  of  an  ellipsoid  made 
by  a  plane  through  its  center,  such  that  a  perpendicular 
to  it  makes  angles  a,   j3,  7.  with   the  axes  of  the  ellipsoid, 

irdbc 
y/a^  (cosa)^  +  b^  (cos/3)^  +  (f  (cos^y)** 
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SECTION  IV. 


ON   TANGENT    PLANKS    AND    NORMALS    TO    CURVE    SURFACES, 
AND    THEIR    VOLUMES    AND    AREAS. 


107.  To  find  the  equation  to  the  plane  which  touches 
a  given  curve  surface  at  a  proposed  point. 

Let  J2f  =/(«?,  y)  he  the  equation  to  the  surface,  and 
w,  y,  z  the  co-ordinates  of  the  proposed  point  P  (fig.  35,)  ; 
then  the  equation  to  a  plane  passing  through   P  will  be 

ai\  y\  z'  denoting  the  co-ordinates  of  any  point  in  it. 

Through  P  draw  a  plane  parallel  to  zw^  cutting  the 
surface  in  the  curve  PC,  and  the  plane  in  the  line  PT\ 
then  these  must  touch  one  another  at  P,  in  order  that  the 
plane  may  be  the  tangent  plane  to  the  surface  at  that 
point.  Now,  for  every  point  in  the  line  PT,  y'=y»  and 
therefore  its  equation  deduced  from  the  equation  to  the 
plane  is 

z  -  z  s^  A{x  -  ic)\ 

also  the  equation  to  the  curve  PC  is  deduced  from  z  ^f{x^  y) 
by  making  y  constant  in  it;  and  in  order  that  PT  may 
touch  PCf  we  must  have  A  =  d^z^  y  being  supposed  con- 
stant in  the  differentiation.  Again,  through  P  draw  a  plane 
parallel    to   yz^   cutting   the   surface  in  the   curve    PD  and 
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the  plane  in  the  line  PR ;  then,  as  before,  the  equation  to 
PR  is 

and  the  equation  to  PD  is  obtained  from  ss  -f{a}y  y)  by 
regarding  w  as  constant;  and  in  order  that  PR  may  touch 
PD^  we  must  have  B  =  dyX^  x  being  supposed  constant  in 
the  diflFerentiation.  Hence,  substituting  for  A  and  B  these 
values,  the  equation  to  the  tangent  plane  at  a  point  a?,  y,  z^  is 

%  ^x  =  d^z  {w  -x)  •¥  dyZ  (y'-y) ; 

or,  as  it  is  usually   written, 

4{  z'-z^pix--  .v)  +  g(y-y); 

where  p  and  q  denote  the  partial  differential  coefficients  of 
z  derived  from  the  equation  to  the  surface,  and  the  co- 
ordinates may  be  either  rectangular  or  oblique. 

Cob.  The  plane  whose  position  is  thus  determined  by 
the  conditions  that  sections  of  it  and  the  surface,  made  by 
planes  parallel  to  two  of  the  co-ordinate  planes,  touch  oh^ 
another,  contains,  as  we  shall  hereafter  shew,  the  tangeiit 
lines  of  all  curves  that  can  be  drawn  on  the  surface 
through  the  point  in  question.  If  the  given  equation  to  the 
surface,  instead  of  having  the  aibove  explicit  form,  should 
he  u=^  F  («r,  y,  z)  =  0,  then  to  determine  p  and  q  we  have 

^^///        rf(.r)«*  +  rf(,)  w .  p  =  0,     d^^^u  +  d^^^u .  g  =  0, 

the  differential  coefficients  being  formed  as  if  ^,  y,  z  were 
independent;  hence,  substituting  for  p  and  g  their  values, 
the  equation  to  the  tangent  plane  under  its  most  general 
form  is 

108.  If  7  denote  the  angle '  of  inclination  of  the  tan- 
gent plane  to  that  of  wy^  then  (Art.  29-) 


COS'V  = 


^    ^i^(d,zy-^{dyzy' 
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and  similarly,  its  inclinations  to  the  other  co-ordinate  planes 
may  be  determined. 

109*  To  find  the  equations  to  the  normal  to  a  curve 
surface  at  a  proposed  point. 

The  normal  is  a  straight  line  drawn  through  the  point 
of  contact  perpendicular  to  the  tangent  plane;  and  will 
therefore  have  equations  of  the  form 

as  "X-m («' - ar),     y' -y-n {z'  - x)j 

d',  y,  %  being  the  co-ordinates  of  the   point  of  contact;  and 
since  it  is  perpendicular  to  the  plane  whose  equation  is        4 

z  -  %  ^  p{ai  -  w)  +  q{y  -  y), 

.-.  (Art.  25.)     fw  +  p  =  0,     n-^-q^O, 

Hence,    substituting    for   m   and   n   their   values,    the    equa- 
tions to  the  normal  at  a  point  ooyz^  are 

$\^        X  -  x-\-p(ss  -ss)  ^0^     y  -y  •{•  q(x  -  ;»)  =  0. 

CoE.  The  angles  a,  j8,  7  formed  by  the  normal  with 
the  axes  of  Xy  y,  z  produced  in  the  positive  directions,  will 
be  given   (Art.  28.)  by  the  formulae 


—  p         ♦  —q 

cos  a  =     y  ===  i     cos  p  = 


i\* 


Vl+p'  +  g^  Vl+p^+9' 

1 

COS  -v  =  — 7===; 

or,  if  the  equation  to  the  surface  be  given    under  the  form 
u  =  /'(a?,  y,   z)  =  0,   substituting   for  p   and   q   their    values ' 
(Cor.  Art.  107.),  we  shall  have 

di^M  ^     d,)U  du)U 

cosa  =  -^,     cosi3  =  -^-,     cos7  =  -^. 


where     R  =  Vid^s)'^f  +  {d^^uf  +  {d^.^uf 
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110.  To  find  the  length  of  the  portion  of  the  normal 
intercepted  between  the  surface  and  the  plane  of  a?y,  and  the 
co-ordinates  of  the  point  where  it  meets  that  plane. 

The  co-ordinates  of  any  point  in  the  normal  being  (Xi\  y\x\ 
and  ^9  y^  x  those  of  the  point  where  it  meets  the  surface, 
the  distance  of  these  points  is 

y/iw'  -  wy+  (y'  ^yY-^  (z'  •-  zy^  (z'  -  z)  y/lT^T^. 

But  at  the  point  where  the  normal  meets  the  plane  of  a?^, 
z'-O;    .'.  the  required  length  =  -z\/l  4-p*+  g^.        v 

Also  by  making  «'  =  0  in  the  equations  to  the  normal, 
we  find 

<r'  =  <r+/)a?,     y^'^y  +  qxj 

the  co-ordinates  of  the  point  where  it  meets  the  plane  of 
wy;  and  similarly  the  points  where  the  normal  meets  the 
other  co-ordinate  planes  may  be  determined. 

111.  The  equations  to  the  normal  may  also  be  found 
from  the  consideration  that  it  is  the  longest  or  shortest 
line  which  can  be  drawn  from  any  point  in  itself  to  the 
surface. 

Let  a?',  y\  z  be  co-ordinates  of  a  fixed  point  in  the 
normal,  and  a?,  y,  z  of  any  point  in  the  surface;  then  if 
^  :=  distance  of  these  points, 

a  function  of  two  variables  w  and  y,  for  z  is  given  in  terms 
of  w  and  y,  by  the  equation  to  the  surface.  Therefore,  in 
order  that  h*  may  be  a  maximum  or  minimum, 

w  -w  +  dgZ(z  -  «)  =  0,     y  -  y  -I-  dyZ(z'  --  z)  =  0. 

These  are  the  equations  which  determine  the  position  of  the 
longest  or  shortest  line  that  can  be  drawn  from  the  fixed  point 
wyzj  to  the  surface,  and  consequently  those  to  the  normal. 
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112.  To  find  the  differential  coefficient  of  the  volume 
of  a  solid  bounded  by  the  co-ordinate  planes  and  planes 
parallel  to  them,  and  by  a  given  curve  surface. 

Let  X  ^  f(/Cy  y)  be  the  equation  to  the  surface,  and 
«r,  y,  %  the  co-ordinates  of  any  point  M  (fig.  38.)  in  it. 
Through  M  draw  planes  parallel  to  the  co-ordinate  planes; 
then  the  volume  V  of  the  figure  NMEF  is  a  function  of 
X  and  y\  and  if  w  and  y  receive  increments  h  and  At,  the 
point  M  will  be  brought  to  C,  and  the  increment  of  the 
solid,  contained  by  the  planes  ME^  SD^  SB^  FMy  will  be 

d,Vh  +  dyVk  +  dJF  —  +  d.dyVhk  -h  dtr—  +  &c. 

^  1.2  ^  ^1.2 

But  if  we  had  made  x  alone  vary,  the  increment  would 
have  been 

MBRF  =  d,FA  +  d*F—  +  &c. ; 

similarly,  if  we  had  made  y  alone  vary,  the  increment  would 
have  been 

MDEQ  =  djk  -f  <F—  +  &c. ; 

therefore,  subtracting,  we  have 

vol.  MCRQ  =  d^dyVhk  +  &c., 

vol.  MCRCi      ^  ^  ,r     o 
or    — =  d^dyV+  &c. ; 

n/C 

hence,  taking  the  limit  of  both  sides  by  making  h  and  k 
vanish,  in  which  case  vol.  MCRQ^  becoming  ultimately  a 
prism  whose  base  is  QR  and  altitude  MP^  =  zhk^  and  all 
the  terms  in  the  second  member  after  the  first,  since  they 
involve  different  combinations  of  positive  powers  of  h  and  ^, 
disappear,  we  have 

113.  Again,  to  find  the  differential  coefficient  of  the 
surface,  if  .y  =  area  of  the  surface  JVJIf,  by  proceeding  as 
above  we  may  shew  that 

N 
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^r     ^  ^   Jfi^^J       surface  MC^d,dyShk  +  &c., 


and  therefore  limit  of  — ^-^ '=:  d^d^S. 


surf.  MC 
hk 


i\ 


But  surf.  JfC  is  ultimately  coincident  with  the  portion  of 
the  tangent  plane  at  M  intercepted  by  the  prism  erected 
on  the  base  QU,  and  therefore  ^hksecyy  if  7  denote  the 
inclination  of  the  tangent  plane  at  M  to  the  plane  of  wy; 

.-.  d^dyS  =  sec  7  =  \/l  +  {d^xf-^  (d^^Y-      (Art.  108.) 

114.  In  applying  these  results  to  find  volumes  and 
areas  of  curve  surfaces  by  double  integration,  considerable 
attention  is  necessary  in  taking  the  integral  between  the 
proper  limits.  This  will  be  best  seen  by  an  example. 
Suppose  it  were  required  to  find  the  volume  contained  by 
two  cylindrical  surfaces  (erected  on  given  bases  OJNT,  AN^ 
(fig.  37.)  in  the  plane  of  xy  whose  equations  are  ^  =  ^(y), 
w  =  >//(y)5)  and  the  curve  surface  BPP^  whose  equation  is 
«^f(wyy).  Integrating  first  with  respect  to  Wy  considering 
tj/  as  consent,  the  expression  dgdyV  ^z==  f{xy  y),  between 
the  limits 

w^GN^<j>(y),     a^^GN'^ylfiy), 

we  obtain  a  quantity,  a  function  of  y  only,  which  when 
multiplied  by  Sy  is  the  ultimate  value  of  the  slice  PP^M 
contained  between  two  planes  whose  distances  from  %w  are 
y  and  y  +  5y  respectively ;  and  if  this  be  now  integrated 
between  the  limits  y  =  6,  y  -h\  we  shall  have  the  volume 
contained  by  two  planes  parallel  to  zuo  at  distances  there- 
from respectively  equal  to  h  and  h\ 

Similarly,  for  the  area  of  the  surface,  by  integrating 
the  expression 

d.dyS  =  \/l  +  {d,9iY  +  {dyzy  =  F  (^,  y) 

with  respect  to  a?,  considering  y  as  constant,  between  the 
limits  X  «  GNy  w  «  GN\  we  obtain  a  quantity,  a  function 
of  y  only,  which  when  multiplied  by  5y  is  the  ultimate 
value  of  the  portion  of  the  surface  JPQ'  contained  between 
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two  planes  parallel  to  xof  at  a  distance  Sy  from  one  another; 
and  this  integrated  between  the  limits  ^  «» 6,  y  ^b\  gives 
us  the  area  of  the  surface  intercepted  by  any  two  planes 
parallel  to  xx, 

115.  To  find  the  differential  coefiicients  of  the  volume 
and  surface  of  a^  solid ,  bounded  by  two  of  the  co-ordinate 
planes  and  a  plane  parallel  to  the  third,  and  by  a  plane 
through  one  of  the  co-ordinate  axes  and  a  given  curve 
surface. 

Let  DMQ  (fig.  40.)  be  a  curve  surface,  QD  being  its 
trace  in  the  plane  of  zw.  Draw  planes  JfP,  Np  parallel 
to  yzy  and  MA^  NA  planes  passing  through  Ax.  Let 
^,  y,  X  be  co-ordinates  of  the  point  M  and  t  =  tan  z  HAP^ 
therefore  y  ^xt\  also  let  a?  +  A,  (/«?  +  A)(^  +  e)  be  co-ordi- 
nates of  the  point  JT.     Then   AAHP*=^w^ty  >  j,j 

and  aveaKH^  (w  +  A)*-  -  a^ J  =  heL  +  -\  ^iLi.^^4,^^  ^^A 

Now   the   volume  DMP  may  be  considered  as  .-a  .funcrioa  a2  P  A 

of  (D  and  t\    and,  as  before,  by  subtracting  the  increments  ^  r^r  ' 

arising  from  the  separate  variations  of  so  and  t  from   that 

arising  from  their  simultaneous  variations,  it  may  be  shewn 

that 

vol.  MKmk      ,  ,  ,,     „ 

=  d.dt F  +  &c. ; 

he 

hence,   taking   the  limit  of  both  sides,  by  making  h  and  e 
vanish,   in  which  case   vol.  MKmk^  becoming   ultimately   a 

prism  whose  base  is  HK  and  altitude  MH^  ■x«Ac|a?  +  -J, 
we  have  d^diV-  wx. 

116.     Again,   if   «y  =  area  of  the   surface   DJUQ9   by   a 
similar  process  we  may  shew  that 

surf.  JfJV      ,  ,  «     « 

=  d^diS  +  &c. ; 

he 
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and  taking  the  limit  of  both  sides,  in  which  case 

%\xtLMN  ^  HK  %eQy  =  he(w  +  -j  sec^, 

we  have  d^d^S  =  a?  sec  7  =  a?\/l  +  (d,^)*+  {dy%y.  i^ 

117*  In  applying  these  formulae  to  examples,  the  sub- 
stitution of  wt  for  y  gives 

d,dtF  =  ax  =  a?/(a?,  xf)^     d^d^S  =  a?F(a?,  wt)  ; 

integrating  with  respect  to  w^  considering  t  as  constant, 
between  the  limits  w^GN^(j)(t),  x=^G'N'^y\f{t)  (these 
values  being  obtained  jfreth  the  equations  to  the  bounding 
cylinders  AN^  A'N')  (fig.  4S.)  we  obtain  quantities,  functions 
of  t  only,  which  when  multiplied  by  5#  are  respectively  the 
ultimate  values  of  the  volume  and  surface  of  the  wedge 
PM' ;  and  these  integrated  between  the  limits  t  =  m^  ^  =  m\ 
will  give  the  volume  and  surface  contained  between  two 
planes  inclined  to  xw  si  angles  whose  tangents  are  respec- 
tively equal  to  m  and  m. 

118.  In  some  cases  it  is  convenient  to  express  the  dif- 
ferential coefficient  of  the  volume  of  a  solid  by  the  polar 
co-ordinates  explained  in  Art.  98. 

Let  ACP  (fig.  39.)  be  a  curve  surface  ;  JP,  A'Py  its 
intersections  with  two  conical  surfaces  described  about  OC 
with  semivertical  angles  Q  and  0  +  50;  CP^  CP^  its  inter- 
sections with  two  planes  through  CO  inclined  to  zx  at 
angles  0  and  0  +  ^0 ;  then  it  may  be  shewn  as  before,  if 
F=  vol.  ACPOy  that 

pyramid  OPP'       /  ,    „ 


therefore,  taking  the  limit  of  both  sides  by  making  5^,  Sd^ 
vanish,  in  which  case  we  may  consider  the  base  of  the 
pyramid  as  coincident  with  the  surface  of  a  sphere,  center  O 
and   radius   OP^    and    therefore   the   area   of    the    base  will 
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=  Pp .  fp  =  r  sin  OZ<f> .  r^6,   and    the   vol.    of   the    pyramid 
will  =  -.  r^  sin  0  ^0  56,     we  have 

ded^V  ^-r^  sin  0, 

119.  If  in  the  above  expression  we  substitute  for  r  its 
value  in  terms  of  <f>  and  d,  and  integrate  with  respect  to  d, 
considering  (f)  as  constant,  between  the  limits  0  =  COG  =  F{<pl)^ 
0  ts  COG'^  Fi((p)  (these  values  being  obtained 'from  the 
given  equations  to  the  bounding  conical  surfaces  BOD,  B^OD) 
we  shall  obtain  a  quantity,  a  function  of  cf>  only,  which 
when  multiplied  by  5^  is  the  ultimate  value  of  the  volume 
of  the  wedge  GOIT;  and  this,  integrated  between  any  two 
values  of  ^  will  give  the  volume  OBiy  contained  between 
two  planes  inclined  at  those  angles  to  zx,  and  between  the 
given  conical  surfaces  and  the  curve  surface.  If  instead  of 
the  vertex  O,  we  suppose  the  figure  to  be  bounded  by 
another  curve  surface  whose  equation  is  r'=/i(0,  0),  then 
the  equation  to  be  integrated  will  be 

ded^r^-(f-r'')sin0. 

o 

120.  The  following  Examples  will  illustrate  the  method 
of  drawing  tangent  planes  and  normals  to  curve  surfaces, 
and  finding  their  volumes  and  areas. 

Peob.  1.     To  find  the  equation  to  the  tangent  plane  to 

an    ellipsoid    at   a    prnpna^^    pnint 

The  equation  to  the  surface  is 

Hence,   substituting  for  d^x,  dyX,  their  values  in 
%  ^x^  d^x {a/ - 0?)  +  dyX (y  - y), 
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the  equation   to  the  plane,  which  touches  the  ellipsoid  at  the 
point  ocyx^  is  .     .    .        , 

^  -  ^  +  -  -  (^  -  ^)  +  T5  -  (y  -  y)  =  0, 

a^  X  b*x 

z%'      %^      WW       a^      yy       y^ 


or 


'^      r,*  ^2    "^     A2  A2  -   ^> 


xoc       yy'      %% 
a^         h^        & 

CoE.     To  find  where   the  tangent   plane  cuts    the  axes, 

making  y  ^z  ^  0,   we  have  a?'  =  — ,    the    distance    from    the 

center   at    which   it  cuts  the   axis  of   «r;    similarly,   the  dis- 
tances from  the  center  at  which  it  cuts  the  axes  of  y  and  « 

b'       ,   (^ 
are  —  and  — . 

y  « 

.         Prob.  2.      To  find  the  equations   to    the  normal    to   an 
"^j  ellipsoid  at  a  proposed  point. 

c^  w  (?  y 

Since  d,a?  =  — ^  -  ,     d^x  =  -  —  - ,  the  equations  are 


a"  X 


Wx' 


CoE.     By  making  x  =  0,  we  find  the  co-ordinates  of  the 
point  where  the  normal  meets  the  plane  of  wy, 

also,   the  length  of  the  normal,  intercepted  between  the  sur- 
face and   the  plane  of  my,  is 


a*  «"      b*  z' 
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PaoB.  3.       To    find    the    locus    of    the    extremity    of  the  I 
perpendicular   dropped    from    the    center     upon    the    tangent  I  ^ 
plane  to  an  ellipsoid.  | 

The  equations  to  a  perpendicular  from  the  center  on  the 
tangent  plane  are 


w 


ax  b    z 


which,    combined    with    the   equation  to   the   tangent   plane, 
give  by  eliminating  a?  and  y, 


€?%  a'x  Ify 

in  which  expressions  a?',  y',  ar'  are  the  co-ordinates  of  the 
point  of  intersection  of  the  tangent  plane  and  perpendicular, 
and  a?,  y,  x  the  co-ordinates  of  the  point  in  the  surface  to 
which  the  tangent  plane  is  applied. 

^         w^      y^      s^ 
a^      Ir      c 

.-.  {awj^  (hyj^  {czy^{a!'^y''^z'y, 
the  required  equation. 

Prob.  4.       If    three   tangent    planes    to   an    ellipsoid   are| 
mutually    at  right   angles^    their    point    of    intersection    willf  ^ 
trace  out  a  sphere  concentric  with  the  ellipsoid.  ) 

Let  d,  the  perpendicular  from  the  center  on  a  tangent 
plane,  make  angles  a,  )3,  7  with  the  axes  of  ^,  y,  z\  then 
the  equation  to  that  plane  is 

a?'cosa      v'cos/3      ^'cos'v 
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which  must  be  identical  with  the  equation  to  the  tangent 
plane  expressed  by  the  co-ordinates  of  the  point  of  con- 
tact,  viz. 

aooo       yy       «x 

wd  ^     yd  %d 

.-.  cosa  =  — •,     cos/3  =  --r>     cos7=:--. 

XT  .  ^'      y*  .  «* 

Hence  since    — .  +  7^  +  -ii*l> 

cP==  (^)'+  icv)    ^  (^)'=(acosa)V(6cos/3)2+(ccos7)S 

which  gives  the  length  of  the  perpendicular  in  terms  of  its 
inclinations  to  the  axes.  Now  let  there  be  two  other  per- 
pi^diculars  ef,  d'\  which  make  with  the  axes  the  angles 
a\  /y,  7';    a\  /3",  7";    respectively, 

^^       .-.  rf'*  =  (a  cosa')^+  (6  cos/3')*+  (c  cos7')^ 

d"^=  (o  cdso^f  +  (*  cds/3*'f  +  (c  co^Yt         *^  ' 

and  suppose  the  three  perpendiculars  to  be  mutually  at 
right  sftigles ;  then  since  a,  a',  a"  are  the  angles  which  a 
line  (viz.  the  axis  of  w)  makes  with  three  rectangular  axes^ 
viz.  the  three  perpendiculars,  if  we  take  account  of  the  con- 
dition to  which  they,  as  well  as  )3,  /3',  /3",  7,  7',  7",  are 
subject  (Art.  5),  and  add,  we  find 

but  the  first  member  is  equal  to  the  square  of  the  distance 
from  the  origin  of  the  point  of  intersection  of  the  three 
planes ;  this  point  therefore  describes  a  spherical  surface  con- 
centric with  the  ellipsoid  whose  radius  =  \/a^  +  6*  +  c^  * 

In^he  case  of  hyperboloids,  one  at  least  of  the  quan- 
tities o^,  6S  c^  is  negative,  and  hence  their  sum  may  be 
negative   or  nothing;    in  the  former  case    there  is  no   point 


Digitized  by 


Google 


105 

in  space  through  which  three  rectangular  planes  touching 
the  hyperboloid  can  be  drawn,  and  in  the  latter,  the  center 
is  the  only  point  which  has  that  property. 

Cor.  If  we  remove  the  origin  to  the  extremity  of  the 
semiaxis  a,  and  then  make  a  infinite  as  in  Art.  72,  the 
equation   to  the  ellipsoid  will  become 

and  the  equation  to  the^  sphere 

of^  -  2aw  +  y^  +  %^ ^  2ap  -  p^ -{-  Q.  ap  -  p^^ 

or,  making  a  infinite, 

-  a?  =  p  +  jp' ; 

therefore   the  locus,    in    the   case   of  paraboloids,  is  a  plane  | 
perpendicular  to  the  axis   of  the   surface,  and  at  a  distance  I  '^ 
=  -  (jp  +  p)  from   the  vertex. 

Peob.  5.  Three  planes  mutually  at  right  angles  con-i 
stantly  touch  the  perimeter  of  a  P^f^"^  curve  of  the  second 
order;    to  find  the  locus  of  their  point  of  intersection. 

Let  the  equation  to  the  curve,  and  to  one  of  theTrect- 
angular  planes^  be  respectively 

X  cos  a-\-  y  cos  (i  ■\-  %  cos  ^y  =  d ; 

then  making   %  =  0,    the  equation  to  the  trace  of  the  plane 
on  my  is 

of  cos  a      y  cos  fi 

which  must  be  identical  with  the  equation  to  the  tangent  of 
the  curve,  viz. 

mtB      yy 

o 
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wd  yd 

.*.  co8a  =  -^,     cos/3  =  ^; 
a  b 

...  cP=  f^y  +  ('?^y=  (a  cosa)'-f  (6co8/3)^ 

Similarly, 
cr«  =  (a  cos  af  +  (6  cos  ^)\     d"*  =  (a  cos  aj  +  (6  cos  /3")'- 

Hence,  adding,  c?+d'*+ d"*=  a*+ 6^  which  shews  that 
the  locus  is  a  sphere,  concentric  with  the  curve,  whose  ra^- 
dius  =  \/a^  +  y. 


Cor.  If  the  curve  be  a  hyperbola,  the  radius  =  v  a^—  6*; 
therefore  we  must  have  the  transverse  greater  than  the  con- 
jugate axis,  otherwise  the  problem  is  impossible ;  if  a  =  6, 
as  in  the  rectangular  hyperbola,  the  locus  is  a  point,  viz.  the 
center.  If  the  curve  be  a  parabola,  it  may  be  shewn,  as 
in  Prob.  4,  that  the  locus  is  a  plane  perpendicular  to  the 
plane  of  the  parabola  passing  through  its  directrix. 

Peob.  6.  If  two  concentric  surfaces  of  the  second  ord^ 
^  [have  the  same  foci  for  their  principal  sections,  they  wjll 
^  [cut  one  another  every  where  at  right  angles. 

a^      i^      z  af^       if      z" 

or      b       c  a^      b^      c^ 

be  the  equations  to  the  surfaces;    then  the  equations  to  the 
tangent  planes  are 


WW 


yy 


«z 


ww' 


w 


yy 


zz 


and  in   order  that  these   may  be   at  right  angles,   we  must 
have 

-'  f         z' 


a'a"'  "^  m'^  "*"  (^c* 


0; 


J         /.       (hence  one  of  the  surfaces  must  be  a  hyperboloid,  for  some' 
',     ''''  '        oi  the  quantities   a',  \?,   &c.   must  be  negative;)   and   this 


7 
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equation  gives  the  relation  among  the  co-ordinates  of  the 
points  in  which  the  surfaces  may  intersect  at  right  angles. 
But  by  subtracting  the  two  equations,  we  find 

for  the  relation  among  the  co-ordinates  of  the  actual  points 
of  intersection,  which  must  be  identical  with  the  former  if 
the  surfaces  intersect  every  where  at  right  angles.  Hence, 
equating  the  ratios  of  corresponding  coeflicients, 

or  a^-  6^=  o'«-  b\     o»-  c*=  a'«-  c'S     6«-  c««  6'*-  o'S 

which  three  equations  express  that  the  principal  sections  have 
the  same  foci. 

Cor.     In  like  manner,  if  the  surfaces  have  not  a  center, 
and  we  represent  their  equations  by 

by  eliminating  w  between  these  equations,  and  comparing  it 
with  the  equation  expressing  that  the  tangent  planes  are 
at  right  angles,  we  find  that  the  surfaces  will  intersect  every 
where  at  right  angles,  provided  •^.  /,    /y .    / 

a^-^_^a2z_l!        <^'-fc'      o^-6^     3(4i>  .^7>    .  >. 
2a  2a'     '  2a     ""      2a'     '        ^^         ,    ^^ 

that  is,  the  foci  of  the  principal  sections  must  be  co- 
incident. 

'  ■  .*  * 
Prob.  7.     If  the  equation  to  a  surface  be 

the  sum  of  the  pprtions  of  the  co-ordinate  axes,  intercepted 
between  the  origin  and  tangent  plane  at  any  point,  is  constant.  • 


(  A  ^t 
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121.     Application  of  the  formulae  for  the  volumes  and 
areas  of  surfaces  to  examples. 

I.     To    find   the  volume  and  area  of  the   surface  of  a 
sphere,  (fig.  41).      Here 

.-.  dyF«^^v^a»-s^-ar«+i(a^-yOsin-^--7^== 
and  integrating  between  the  limits  a?  =  0,  a? «  MQ  =  y/a^  -  f^y 

.*.  integrating  between  the  limits  y  =  0,  y  =  CM^ 
volume  AMBQ  =  -  {aJ'y  -  \  f), 

and,  making  y  ^  a^  vol.  ABCD  =  — .  —  = ; 

4     8  6 


.*.  vol.  of  whole  sphere  =  8  — --  = . 

^  6  3 


Again, 


d,dyS^\/l-^{d,zy  +  {d^'zy^  /y/l  +  ^  +  ^  = 


X 

.'.  dy*y=  flsin"^— r===^+ C; 
and  taking  the  integral  between  the  limits  a?  =  0,  a?=v  o*-y^, 

.'.  integrating  between  the  limits  y  =  0,  y  =  CiV, 

Tray 
area  of  surface  PBAQ^- 

and  making  y  =^  a^  area  of  surf.  DAB  = 


2 


.-.  area  of  surface  of  whole  sphere  =  8 =  47ra'^ 

^  2 
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II.  A  sphere  is  pierced  by  a  cylinder  the  diameter  of 
whosie  base  is  equal  to  the  radius  of  the  sphere,  and  their 
surfaces  are  in  contact;  to  find  the  volume  and  area  of 
the  surface  of  that  part  of  the  sphere  which  is  intercepted 
by  the  cylinder. 

Taking  the  center  of  the  sphere  for  origin,  and  planes 
drawn  through  the  axis  of  the  cylinder  and  perpendicular  to  it 
for  those  of  %a  and  xy^  and  using  the  formula  of  Art.  115,  we 
have 

d,dtF=  wz  =  w^/a^-a?-^  =  x\/a^-  (l  +0^5       -    * 

and  taking  the  integral  between  the  limits.  > 

a;  =  0,     cv  =  AN  =  a  cos^  MAN  = (fig.  44.), 

1  +  r 

g^f    1  t  t      \ 

"3\i+<«"(l+f)t+  (1  +0'/' 

.-.   F=  ~(tan-' t  +     ,- -\  ^     ^  ^  aK  C*, 

3  I  A/l+f      ^(1  +  0*1 

and  integrating  between  the  limits  ^  =  0,  ^  =  co  , 


~     -  6  9 

Now  vol.  ABCD  =  -^ ;    therefore   the   part  of  ABCD  not 
o 

comprized  in  the  cylinder  «  — .     Consequently,  if  the  sphere 

be  pierced  by  two  equal  cylinders,  the  part  not  comprized  in 

2 
them  =  -  (diameter)^. 
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Again, 


a  ax 


.-.  d,*S'=C--^\/o*-cT^(l+0; 


a 


and  taking  the  integral  between  the  limits  a?  =  0,  ,r  = 

•      d,S^a^[— ^j; 

.-.  ^  =  a^ftan-^/-H     /     -1  +  C, 

and  taking  the  integral  between  the  limits  f  =  0,  ^  =  oo  , 
area  of  surf.  BDP  =  o^f-  -  1 V 

Now  area  of  surf.  BCD  = ;   therefore  part  of  BCD  not 

intercepted  =  a^ ;  and  if  the  whole  sphere  be  penetrated  by 
two  equal  cylinders,  the  area  of  the  surface  not  comprized 
in  them  =  8o^  =  2  (diameter)^. 

III.  The  axes  of  two  equal  cylinders  intersect  at  right 
angles;  to  find  the  volume  and  superficial  area  of  the  por- 
tion which  is  common  to  both.  * 

Let  OC  (fig.  46.)  be  the  axis  of  one  cylinder,  OA  that 
of  the  other;  then  the  equation  to  AB^  or  to  the  cylinder 
whose  base  it  forms,  is  ar  =  \/a*  -  y* ; 


dyV^x^/c?^y'^C, 


and  integrating  between  the  limits  a?  =  0,  .r  =  OJV=  V'a*— y*, 
dyF«a«-j/^; 
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.'.  integrating  again  between  the  limits  y  =  0,  y  -  a^ 

3 
and  whole  volume  intercepted  = . 

Again,     d  «  =  —==«,    d,«  =  0; 
.-.  dgdyS  ^ 


aw 
.*.  dyS  =  —  i.  +  C  =  a, 

between  the  limits  a?  =  0,  a?  =  \/a*  -  y^ ; 

.-.  area  of  surf.  ADPB  =  a^=  area  of  CDPB; 
.\  area  of  whole  surface  =  l6a^. 

IV.  To  find  the  volume  of  the  figure  generated  by  a 
straight  line  which  moves  parallel  to  the  plane  of  yz^  and 
constantly   passes   through   the   axis   of  ai   and   through    the  0 
perimeter  of  a   circle   whose   plane  is  perpendicular   to  the 

axis  of  y,  and  center  in  that  axis. 

If  6  =  distance  of  center  of  the  circle  from  the  origin,  and 

a=its  radius, 

-                  ,      ira  b 
vol.  generated  = . 

V.  To  find  the  volume  of  a  spherical  sector  which  is 
inclosed  by  the  spherical  surface,  and  a  conical  surface  having 
the  center*  of  the  sphere  for  its  vertex  and  one  of  the  circles 
of  the  sphere  for  its  base. 

Let  a  be  the  radius  of  the  sphere,  and  a  the  semi- 
vertical  angle  of  the  cone;  then  employing  the  formula  of 
Art.  118, 


Digitized  by 


Google 


112 


a?  (^ 

.*.  dd>F  = cos  0  +  C  =  —  (1  -  cos  a) 

between  the  limits  d  =  0,   0  =  a ;   therefore  integrating  again 
between  tt^  limits  <j>  *^  Oj  0  =  27r, 

27ra' 
volume  of  sector  = (l  —  cos  a).  . 

3  ' 

VI.  To  find  the  volume  of  any  wedge  of  an  ellipsoid 
intercepted  between  two  planes  passing  through  an  axis, 
(fig.  41.)  

_...*r.c-J^{.-^(i4)}'. 

and  integratiog  between  the  limits  x  =  0, 

(^for  in  the  plane  of  cpy,    -  +  -  =  i;      .-.  _  +  _  =  _j, 
we  have 


o6c  ,  /oA 


o«"''6* 


abc  ((it\ 

.-.   F  = tan-i  (  — I  =  vol.  of  wedge  ABQC, 

and  making  t  infinite,  vol.  ABDC  = .  -  ; 

3       2 

. .  vol.  of  whole  ellipsoid  = . 
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VII.      To  find  the  area  of  the   surface  of  an   ellipsoid 
which  diflTers  little  from  a  sphere.     (Fig>  41.) 

Let  DR  be  a  section  parallel  to  the  plane  of  wy  at  a  distance 
=  c  cos  0  from  it,  and  BR  a  section  through  the  axis  of  x^  in- 

cUned  to  the  plane  of  zx  at  an    z  y\fy  and  let  tan  >//  =  -  tan  <f> ; 

and  let  ^Sssarea  of  surface  BDR;  then  *?  is*a  function 
of  0  and  0,  and  if  D'R'y  BR'  be  sections  corresponding 
to  the  angles  0  +  S6   and   0  +  ^0,   we  shall  have 

^  area  of  surf.  RR' 


Now  if    OR  =  p,    OV  =  /o  +  Spj    and    7  =  inclination  of  tan- 
gent plane  at   R   to  wy, 

area  RR! ^  (its  projection  on  xy)  sec  y  ^  php  ^y\r  sec  7, 
ultimately. 

But  the  equation  to  RD  is    —  +  tj  7=  (^^"  ^)^ 

•••.•{{^)^(^)V  <•»»«■ 

or,    (^-^)*  {1  +  (tan  0)*}  -  (sm0)', 

—  .    _  COS  (b  ,    ^  ^  cos  d)  ^  ^ 

.*.  p  =  a  sm  6 ^ ,      and  dp  =  a  cos  (7 7-d  C^ ; 

cos  v/  cos  >1/ 

\     also  d\^=-  I ^    00,    ultimately; 

^      a  \cos(j)J     ^ 

.-.  area  i?i?'  =  a6  sin  0  cos0  50  50  sec^  ; 


c       /       a^-c-  x"      h^-i?  it 
•*•  d^d^S^  ab  sin 0  cos 0  -  X/  1 ^ —  .  — zc — .  tj  > 

=  aft  sin  0\/l  -  [lui  (cos  (jf))^  +  v  (sin  0)*|  (sin  0)*, 

a«-y  ft'-c* 

makmg 5-  =  /u,         ,^     =  v, 

d  o 

«nd  observing  that  iP=ocos\|/aa  sin0cos<^,  andy=6  8in0sin0. 

P 
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Hence,  making  fi  (cos  <j>y  -f  v  (sin  (p)* »  u  (which  is  a  small 
quantity  in  the  case  proposed)  and  expanding, 

d^deS  =  a6  sin  0  ^1  -  ^  w(sin  9)* —  u"  (sin  ©)*-  &c.^ 

.-.  integrating  between  the  limits  0«O,  0*--,  (Int.Cal.  p.  Il6.) 

d^S=^ab  U-^u ^m'-  — tt'~&c.) 

and    integrating    again    between    the   limits    0  =  0,     0  =  — , 
we  find  the  area  of  the  surface  of  l-th  of  the  ellipsoid 

where  Pi^^{n-{-  v),     P^  =  m  — —  +  nv +  i;* . ; 

2.4  2.2  2.4 

&c.    and   in  general  P^    is  the  coefficient  of  «"  in   the    de- 
velopement  of  (l  -  /xi!f)"i.  (l  —  i;«f)"i. 

VIII.     To  find  the   area  of  the  surface  of  an  oblique 
cone  on  an  elliptic  base. 

Let  the  perpendicular  VM  (fig.  47.)  upon  the  base  from 
the  vertex  of  the  cone  fall  upon  CA  the  major  axis  of  the 
ellipse,   CM  =/,    VM  =  A ;    a?  =  a  sin  0,   ^  =  6  cos  0,    co-ordi^  ^*  /  j' '  ^ 
nates   of   P,    BP  =  s,    VPT   the  tangent  plane    along    FP, /i^  /  J 
cutting     FJfP'    in     VQ^    VH   a    perpendicular    upon    PTy      J^, 
S^aresi  of  surf.  JBFP,  then  ultimately 

d^^.5<^  =  surf.  FPP'=  triangle  FPQ^^PQ.  F^=  |F^.  5^f; 
.-.  d^S  «  ^VHd^a  =  ^Vh'  {a'  -  c'(sin  0)^}  +  b'(a  -/sin  <^)% 
as  will  be  found  upon  calculating  VH^  since  (Int.  Cal.  p.  159.) 
d^s  H*VV"-  <?'  (sin  0)% 
*  where  c^^a^-b^;  this  can  only  be  integrated  by  elliptic  func- 
tions, unless  A  and  /be  so  related  that  b^J^^c^(k^-\'b%  when 
the  quantity  under  the  vinculum  is  a  perfect  square,  and 

w^ole  surface  of  cone  = '-  , 
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(C  SECTION    V. 

ON    TANGENTS,    AND    NORMAL    AND     OSCULATING    PLANES     TO 
CURVES,    AND    THEIR    LENGTHS. 


122.     To   show-  how  a   curve   in   space   may  be   repre- 
sented by  equations. 

We  have  seen  (Art.  44.)  that  the  equation  F  (a?,  y,  %)  szQ 
represents  a  surface,  and  if  to  this  we  join  another  equation 
■'^i  (^5  y>  «r)  =  0  representing  a  second  surface,  and  suppose 
the  variables  to  receive  only  such  values  as  satisfy  both 
equations  at  the  same  time,  we  shall  determine  a  series  of 
I  points  situated  in  each  of  the  surfaces,  that  is,  in  the  curve 

of  their  intersection.     Conversely,  as  we  have  no  other  means 
of  determining  a  curve  in  space  than  by  assigning  two  sur- 
faces each    of   which  contains    it,    we    cannot    represent   it 
f  analytically    except    by    two    simultaneous  equations    among 

'  the   variables    a?,  y,  x.      Among  the  various  surfaces  which 

I  may  pass  through  a  curve  and  so  determine  it,  we  employ 

I  for  the  sake  of  simplicity  the  cylindrical  surfaces  which  are 

parallel  to  the  co-ordinate  axes,  as  their  equations  will  con- 
tain only  two  of  the  variables.  (Art.  43.) 

Let  QPR  (fig.  43.)  be  a  curve  in  space,  and  through 
all  its  points  draw  perpendiculars  Pp^  Rr,  &c.  to  the 
plane  of  ofy  (or,  if  the  axes  be  oblique,  parallel  to  Ax); 
the  assemblage  of  these  lines  will-  form  a  cylindrical  sur- 
face, called  a  projecting  cylinder  of  QR^  and  meeting  the 
plane  of  wy  in  the  curve  qpr,  which  is  called  the  pro- 
jection of  QR  on  wy.  Similarly,  if  we  drop  perpendiculars 
from  all  the  points  of  QR  on  yx  and  xx,  we  shall  have 
two  other  projecting  cylinders,  and  two  other  projections; 
and  the  curve  will  evidently  be  determined   if  v^any   two  of 
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its  projections  are  given,  for  in  that  case  two  cylindrical 
surfaces  will  be  given  of  which  it  is  the  intersection.  Now 
the  projections  qpr^  Q'P^R'  are  determined  by  equations  of 
the  form 

^i  (^»  y)  =  0     or  y^<f>  («r),     \|^i  («f,  ^)  =  0    or  «  =  >^  («r), 

the  complete  signification  of  which,  as  we  know,  is  the  cy- 
lindrical surface  erected  upon  each  as  its  base.  Therefore 
the  curve  QPR  will  be  determined  by  the  system  of  simul- 
taneous equations 

In  these,  only  one  of  the  variables,  w  tot  example,  is 
arbitrary ;  and  any  assumed  value  of  w  joined  to  the  cor- 
responding values  of  y  and  z  derived  from  them,  will  be- 
long to  a  point  in  the  curve.  The  equation  to  the  pro- 
jection o{'QPR  on  the  plane  of  yx,  is  deduced  from  the 
other  two  by   eliminating  w. 

Hence  it  appears  that  every  curve  in  space  may  be 
considered  as  formed  by  the  intersection  of  two  cylindrical 
surfaces  erected  on  its  projections  as  their  bases,  perpen- 
dicular to  the  co-ordinate  planes. 

123.     To  find  the  equations  to  the  line  which    touches 


Iizo.      ±o  nng  ine  equations  x 
a  given  curve  at  a  proposed  point 


Let  PT  (fig.  43.)  be  a  tangent  to  the  curve  QPR  at  a 
point  P;  also  let  qpr  be  the  projection  of  the  curve  on 
the  plane  of  a?y,  and  pt  a,  tangent  to  the  projection  at  p ; 
we  must  first  prove  that  pt  is  the  projection  of  PT.  Let  if 
be  a  point  in  the  curve  near  to  P,  r  its  projection  ;  draw 
the  lines  PR^  pr;  then  pr  is  the  projection  of  Pfl,  and 
continues  so,  however  near  R  approaches  to  P,  and  conse- 
quently r  (which  is  always  in  a  line  through  R  parallel  to 
Pp)  to  p.  Therefore  in  the  ultimate  positions  of  the 
lines,  when  J?  coincides  with  P  and  r  with  p,  and  they 
become  tangents  at  P  and  p,  pt  is  the  projection  of  PT; 
that  is,  the  projection  of  the  tangent  at  any  point  coincides 
with   the  line  touching    the   projection  of  the   curve  at   the 
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corresponding  point.  The  same  is  of  course  true  relative 
to  the  other  co-ordinate  planes;  if  therefore  y«=0(^)j 
x=  yj/  (/v)  be  the  equations  to  the  projectiofts  qr,  Q'R'j  the 
equations  to  the  lines  pt,  P^T*^  or  to  the  line  PT  of  which 
they   are  the  projections,  will  be 

y  —y  ^  d,y  \x  —  a?),     ar'  —  «f  =  dgZ  {w*  —  ai)  ; 

*,  y,  z  being  the  co-ordinate$  of  the  point  of  contact,  and 
^\  tfi  ^  those  of  any  point  in  the  tangent,  and  the  co- 
ordinates being  either  rectangular  or  oblique. 

Cor.  If  the  equations  to  the  curve,  instead  of  having 
the  above  explicit  forms,  should   be 

u^F{af^  y,  %)  =0,     t^i  =  jP,  (cT,  y,  «)  =  0, 

then  considering  y  and  x  each  as  a  function  of  *t,  we  have 

^(x)^  +  d(y)«^  d^y  +  d^^)U  d^z  =  0, 

d(^)Ui  +  d^)Ui  d^y  +  d^.^u^  d,«f  =  0 ; 

from  which  d^y^  dgZ  may  be  obtained  and  substituted  in 
the  above  equations. 

124.     Hence  we  can  shew  that  the  tangent  lines  of  aH-j 
curvesdrawn  on  a  surface  through   any   given   point   in  it,JT^ 
lie  in  ^the  tangent  plane  at   that   point.  I 

Let  %-f{po^  y)  be  the  equation  to  the  surface,  and 
p,  g,  the  partial  differential  coefficients  of  »;  also  let 
y  =  0  (a?)  be  the  equation  to  the  projection  of  any  curve  drawn 
upon  it,  then  z  =  f  {oc^  (f>  {ai)\  is  the  other  equation  to  the 
curve;  hence  considering  ^,  y^  z  as  co-ordinates  of  a  point 
in  the  curve,  we  have 

d^z  =  d(,)/(<r,   y)  +  rf(y)/(a?,  y)  d^y  ^  p  ^  qd^y ; 

/.  the  equations  to  the  line  touching  the  curve  at  the  point 
nByz^  are 

y-y^d,y(x'-x) 

V  -  ;?f  =  (p  4-  qd;,y)  {(v  -  0?)  ; 
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and  these  equations  shew  that,  whatever  be  d,y,  the  Ime 
coincides  with  the  tangent  plane  to  the  surface  at  the  point 
wyz,   whose  equation  is 

z  ^  z  ^ p  {x* -  x)  -{'  q{y  " y). 

The  only  case  in  which  this  theorem  fails  is  at  singular 
points  when  the  partial  diflTerential   coefficients  p   and  q   as- 

0 
sume    the  form   -;   as  at  the  vertex  of  a  cone,  or  of  a  sur- 
face of  revolution  whose  generating  curve  does  not  cut  the 
axis  at  right   angles. 

Cor.  Hence  it  follows  that  if  a  plane  pass  through  a 
generating  line  of  a  cylinder  or  cone,  and  through  a  tan- 
gent to  the  base,  it  will  be  the  tangent  plane  to  the  sur- 
face at  every  point  in  the  generating  line;  for  it  will 
contain  the  tangents  to  all  the  curves  traced  on  the  surface 
through   the  various  points  of  the  generating  line. 

125.  If  the  tangent  to  a  curve  makes  angles  a,  )8,  7 
with  the  axes  of  a?,  y,  «r,  since  its  equations,  taking  the 
projections  on   the  planes  of  zco  and  yz^  are 

dgZ                                   dgZ 
1 d^ 

dgZ 

126.  To  find  the  equation  to  the  normal  plane  to  a 
curve^  at  a  proposed  point. 

A  curve  can  have  only  one  tangent  at  a  proposed  point, 
but  it  may  have  an  infinite  number  of  normals,  that  is,  of 
lines  perpendicular  to  the  tangent  through  the  point  of  con- 
tact ;  these  all  lie  in  one  plane  called  the  normal  plane. 
Let  07,  y,  «f  be   the  co-ordinates   of  the  proposed    point   of 
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the  curve,   then  since  the  normal  plane  passes  through  that 
point,  its  equation  will  be 

sf'  -  «  =  ^  (a?'  -  a?)  +  JB  (y'  -  y)  ; 

and  since   it   is    perpendicular   to  the  tangent   whose    equa- 
tions are 

XlgX  (tgZ 

dgX  dj.z 

hence,    substituting  for  A  and  B  these  values,   the  equation 
to  the  normal  plane  at  a  point  oc  y  %^  is 

«r'  -  0?  +  (y'  -  y)  d^y  +  (x  ^  «)  dj,%  =  0. 

127.     To  find   the   equation  to  the  osculating  plane  to 
a  curve  at  a  proposed  point. 


The  osculatin 


igplane  at  any  point  is   that  which  has  a    ^ 
^tn^curve  than. any _other  plane  passing    i'* 


gloser  contact  wit 
through  the  same  point. 

Let  d?,  y^  z  be  the  co-ordinates  of  the  point  of  the 
curve;  then  the  equation  to  a  plane  passing  through  it 
will  be 

x--x^A{w'-w)+B  (y'-y) ; 

let  5  be  the  length  of  a  perpendicular  let  fall  on  this  plane 
from  a  contiguous  point  in  the  curve  whose  co-ordinates  are 

^  +  h,  y  +  ky  X  +  1; 

...  g  _  ^  +  ^ "  ^ (^  +  ^)  "  ^(y  +  A;)  -  jg  -f  ^cr  +  JBy  ^^ 

_  hd,z  +  ^  A^<jg  -f  &c.  --Ah-  B{hd,y  +  ^h'^dly  +  &c.) 

^iTaFTb' 
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if  we  suppose  the  points  consecutive,  and  substitute  for 
k  and  /  their  developements  in  series  ascending  by  powers 
of  A.  Now  if  we  determine  the  constants  A  and  B  so  that 
the  coefficients  of  h  and  h^  trbj  vanish  in  the  numerator 
of  5,  the  portion  of  the  curve  immediately  contiguous  to 
the  point  wy%  will  coincide  more  nearly  with  the  plane  so 
determined  than  tvith  any  other  plane  that  can  be  drawn 
through  that  point. 

Let  .-.  d^z  -A"  Bd,y  =  0,     dl«  -  JBd^y  =  0 ; 
D     ^*^        A     ^         ^l^^        dly  d^z  -  dlx  d^y 


the  equation  to  the  osculating  plane  at  a  point  xyz. 

128.  In  order  that  the  contact  may  be  of  the  third 
order,  the  coefficient  of  h^  in  the  numerator  of  S  must  also 
vanish,  or  dlz  -  Bdly  =  0 ; 

.-.  (f^zdlydlydlz^O, 

the  condition  which  must  be  satisfied  at  any  point  of  the 
curve  where  the  contact  is  of  the  third  order.  When  the 
contact  is  of  the  second  order, 

a  quantity  which  changes  its  sign  at  the  same  time  that  A 
does;  consequently  the  curve  generally  cuts  its  osculating 
plane.  On  the  contrary,  when  the  contact  is  of  the  third 
order,  the  sign  of  9  does  not  change  with  that  of  h ;  and 
the  curve  is  said  in  such  cases  to  have  a  point  of  inflexion. 
The  condition  then  of  there  being  such  a  point  is 

^j  dlzdly^dlydlz^O, 
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129.  When  a  curve  in  space  is  a  plane  curve,  if 
^>  y>  X  be  the  co-ordinates  of  any  point  in  it,  they  will 
always  satisfy  the  equation  to  a  plane 

z  =  Ja/+By-\-c...{l)y     so  that  x^Aw  +  By  +  c; 

therefore  the  differential  coefficients  of  «  and  y  will  be  such 
as  to  satisfy  the  equations 

dgZ  -  A  -\-  Bdgy^     dlz  =  Sc^y, 

A  and  B  denoting  constant  quantities; 

•••  d.(l^)  =  0,     ov(dly  dlz  -  <»  <y  =  0,) 

which  must  be  rendered  identically  true  by  the  equations 
y  =  0(a?),  «f  =  \|^(a?),  when  they  represent  a  plane  curve  J 
otherwise,  the  curve  is  of  double  curvature.  This  condition! 
being  satisfied,  if  we  substitute  for  Ay  JB,  c  their  values' 
in  (1),  we  find  the  equation  to  the  plane  in  which  the 
curve  is  situated  the  same  as  that  to  the  osculating  plane, 
as  might  have  been  foreseen;  for  when  a  curve  in  space 
is  a  plane  curve,  the  plane  in  which  it  is  situated  is  the 
osculating  plane  at  every  point.  Hence  when  the  above 
condition  is  satisfied,  the  equation  to  the  plane  in  which 
the  curve  is  situated  may  be  obtained  by  writing  for  the 
diflFerential  coefficients  their  values  in  the  equation  to  the 
osculating  plane. 

130.  The  osculating  plane  at  any  point  of  a  curve  in 
space  is  perpendicular  to  the  line  of  intersection  of  con- 
secutive normal  planes  at   that  point. 

The  equation  to  the  normal  plane  at  a  point  wyz  is 

af'-w  +  (y'''y)d,y-\-  (z'- z)d:,%^0; 

and  at  the  contiguous  point  a?+A,  y+ Ad,y+&c.,  «+Ad,^-f-  &c. 
it  is 

d?'-a7  -  A  +  (y'-  y  -  hd^y  -  &c.)(d;y  +  hdly  +  &c.) 

+  (a?'  -  »  -  hdsZ  -  &c.)  {d^z  +  hdlz  +  &c.)  =  0 ; 

or,  combining  it  with  the  former  and  dividing  by  A,  it  is 

•H(2^'.y)d^y-(d,y)2+(»'-;^)d>-(d,i^y+terms  in  A,  h\  &c.=0. 
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Therefore,  making  A  =  o,  the  equations  to  the  line  of  inter- 
section of  consecutive  normal  planes  are 

(y -»)djy  +  (^'-  »)d>-  (d,yy-  (d^^y-  1=0; 

and  if  we  deduce  the  equations  to  the  projections  of  this 
line  on  the  planes  of  yx  and  zwy  it  will  -be  seen  that  the 
conditions  of  being  perpendicular  to  the  osculating  plane 
(Art.  25.)  are  fulfilled. 

131.  To  find  the  differential  coefficient  of  the  length 
of  the  arc  of  a  curve  in  space. 

Let  y-<p(af)y   z^\f/{w)  be  the  equations  to  the  curve, 

Wy  yy  %  the  co-ordinates  of  any  point  P  in  it  (fig.  43.), 

07  +  A,  y  -{-ky  z  +  ly  the  co-ordinates  of  a  contiguous  point  i2, 

8  =  length  of  arc  QPy  Q  being  a  given  fixed  point  in  the  curve, 

and  22  =  chord  PR; 
then  RJ^^h^'+h^+P 

=  A*  +  (hd^y  -f  -  djy  +  &c.)*  +  (hd^z  +  -  (^s?  +  &c.)* 

=  A'{l  +  (d,y)*+  (d,«)*}  +  Ah'+  &c. ; 

.'.  d^s  =  limit  of  ^  =  y/l  +  (d,y)^+  (d,»)*. 

Cor.  Hence  the  formulae  for  the  angles  a,  /3,  7,  which 
a  tangent  at  the  point  wyz  forms  with  the  axes  of  <Vy  yy  Zy 
may  be  written 

1  ^     d„y  d,z 

cos  a  =  3—,     cosrfisi^y     cos'ys-r— ; 

»*«  d,8  '      d,« 

or,  supposing  s  to  be  the  independent  variable, 
cos  a  -  d^Xy     cos  j3  =  rf,y,     cos  y  ^  d,z. 
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132.  The  following  are  examples  of  finding  the  equa- 
tions to  curves  in  space,  and  drawing  tangents,  normal 
planes,  &c. 

J.  A  sphere  is  pierced  by  a  cylinder  the  diameter  of 
whose  base  is  equal  to  the  radius  of  the  sphere,  and  their 
surfaces  are  in  contact;  to  find  the  nature  of  the  curve 
formed  by  their  intersection.  Take  the  center  of  the  sphere 
for  the  origin,  and  planes  drawn  through  the  axis  of  the 
cylinder  and  perpendicular  to  it,  for  those  of  %x  and  xy 
respectively ;  and  let  AN  =  a?,  NM  =  y,  MP  =  %  (fig.  44.) 
be  the  co-ordinates  of  a  point  P  in  the  curve,  and  ABt^^a. 
Then  because  P  is  in  the  spherical  surface,  ^+ J^+ i«?^=  4  a*, 
and  because  3f  is  a  point  in  the  semicircle  ^^+y*=2a^p; 
therefore  the  equations  to  the  projections  on  wy  and  zw^ 
or  the  equations  to  the  curve,  are 

the  latter  representing  a  parabola  BD^  vertex  jB,  and  axis 
AB%  if  we  eliminate  a?,  we  find  4o^y*=  4a^i?f^-»*  for  the 
equation  to  the  third  projection  on  y^. 

Differentiating  equations  (l),  we  find 

o  -  a?  ,2  aJ^ 

4af  =  -  -  ,  »«^  =  -  3  • 

z  sr 

Hence  the  equations  to  the  tangent  PT  at  a  point  wyx^  are 

,            a-Wf  ,  a     f 

y'  ^  y  Si {x  —  x)^     %'  "  z  =  —  (X  —  X); 

and  the  co-ordinates  of  its  trace  T  on  the  plane  of  xy^  making 
«'=0,  are 

The  equation  to  the  normal  plane  is 

,  a  ^  X      ,  ^  r  t         \ 

.p  -  .T?  -h (y  -  y)  --(«-»)  =  0  ; 
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and  the  equation  to  the  osculating  plane 

Also  if  «  =  length  of  arc  DP, 

i fa    2  a -k- Of 

let  0?  =  2a(cos0)*; 
..  de8=  -2a>\/2\/l  -^(sin^)*; 

therefore,    integrating   between   the   limits  0  =  — ,   a  =  0, 
arc  DPS  =  elliptic  quadrant  semiaxes  2a  v  2,  and  2a. 
2.     To  find  the  equations  to  the  Helix, 

Whilst  the  rectangle  ABCM  (fig.  45.)  revolves  uniformly 
about  its  side  AB,  the  point  P  moves  uniformly  along  the 
parallel  side  MC^  and  generates  a  curve  called  a  helix. 

When  the  rectangle  is  in  the  plane  of  ssoo^  let  P  be  at 
My  and  let  the  velocity  of  P  =  w  times  the  velocity  of  JIf , 
.-.  PM^n.axcDM;  also  let  AN^w,  NM^y,  MP^z 
be  co-ordinates  of  P,  and  AM  =  o, 

.*.  sf  =  nacos~^-,     and  y  =  \/a^ -  «r* ; 
a 

which  are  the  required  equations;    the  former  may  also  be 

y 

written  %  -na  sin"^  -  . 
a 

CoK.  Since  the  corresponding  increments  of  DM  and 
PM  are  always  in  a  given  ratio,  the  curve  DP  always  cuts 
tlie  generating  line  CM  of  the  cylinder  on  which  it  is 
traced  at  the  same  angle;  and  the  line  touching  DP  is 
always  inclined  to  the  pldUe  of  a?  y  at  a  constant  angle  a 
whose  tangent  =  n ;  therefore  also  the  length  of  the  helix 

DP  =  sec  a  .  arc  DM  =  a  sec  o  cos"^  — . 

a 
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3.  Let  A  (fig.  ^^,)  be  the  pole  of  the  great  circle  coBy 
of  a  sphere  whose  center  is  C;  and  as  the  quadrant  AB 
revolves  uniformly  about  AC^  let  the  point  P  move  uniformly 
along  it;  to  find  the  equations  to  the  locus  of  P. 

When  the  plane  ACB  coincides  with  %ijd^  let   P  be  at 

i,  and  let  P's  velocity  =  -  of  that  of  the  point  -S, 

.*.  arc  JB.J?  =  » .  arc  ^P ; 

also  let  CN^Xy  NM  =  y,  MP  =  %,  be  co-ordinates  of  the 
point  P,  and  AC  ^  a^  ''  '     '       *    ' 

/.  tan"^— =  wcos"^-,     and  <»®+y^+^=a*; 
a;  a 

which  are  the  required  equations.     If  w  =  1,  these  equations 
may  be  transformed  into 

CoE.  To  find  the  area  of  the  spherical  surface  included 
between  the  co-ordinate  planes  and  the  path  of  P. 

Let  AB'  be  a  position  of  the  quadrant  very  near  to  AB^ 
meeting  the  curve  in  P',  and  a  section  of  the  surface  through 
P  perpendicular  to  AC  in  p;  then  if  ACP  =  0,  ACP"  =  0  +  50, 
we  have  the  increment  of  the  area  AxBP  =  PP^BB'^  PpB'B 
ultimately;    hence  (Int.  Cal.  p.  156.) 

SS  =  BB' . PM ^n.P'p,  PM ^n,alQ ,aco^Q,  ultimately, 

or  d^S  ^  nc?  cos  Q, 

Therefore  area  of  surface  AwBP ^na^sinO. 

This  result  may  of  course  be  obtained  by  means  of  the 
formula  of  Art.  Il6. 

Also  if  V  be  the  volume  contained  between  the  co- 
ordinate planes  and  a  conical  surface  whose  directrix  is  the 
path  of  P,  we  have,  making    z  BCw  =  0, 
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d^V^C-— cose  =^-cos^,  from  0=JCP=^,  to  0=90°; 
'  3  3        n  n 

.'.   V  =  —  sin  -^ ,    from  (jf)  =  0  to  0  =  BCw^ 


or  volume  PBxAC- sinfl. 

3 

4.  To  determine  the  curve  to  be  traced  on  the  sur- 
face of  a  sphere  so  that  its  length  shall  always  be  equal 
to  n  times  the  ordinate  z  of  the  describing  point. 

Let  ^,  y,  %  be  the  rectangular  co-ordinates  of  the  de- 
scribing point,  and  r,  ^,  Q  the  polar  co-ordinates,  then 
(Art.  98.)  i!f  =  r  cos  0,  y  =  r  sin  0  sin  0,  a?  =  r  sin  0  cos  0 ;  and 
we  are  required  to  assign  a  relation  between  <f>  and  0 
which  will  give  «  =  nrcos0,  or  (d0«)*=  »*r*(sin0)^  since  r 
is  constant; 

.-.  {dQwf  +  {d^yf  +  (d0i?f)« = nV(8in  ey, 

or  {cos0cos0-sin0sin^de0}*+  {cos0sin0+sin0cos^de^P 
+  (sine)«=n'(sin0)S 

or  1  +  (sin  Of  {dQ<t>f  =  w^  (sin  0)^ ; 

.-.  de0  =  -T-^ \/nHsin  0)' -  1 ; 
^      sm0 

therefore,  integrating  (Integ.  Cal.  p.  109.), 

^  ,  ncosd        .     ,     cot0 

0+  C  =  ncos-^     y  H-sm"^     /  ^       > 

.     1       y  ^  ,       n^  .     ,  5f 

or  sm~  — /  -hC=ncos"' — .  -fsm^^- 


/  -ri^=ygi>uo      y.  -rout  y— 5 y— 

the  equation  to  the  projection  on  the  plane  of  yx\  the 
constant  C  may  be  determined  if  any  point  be  given  through 
which  the  curve  is  to  pass. 
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5.  To  find  the  line  of  greatest  inclination  at  any 
point  of  a  curve  surface;  that  is,  among  all  the  straight 
lines  which  touch  the  surface,  to  determine  that  whose  in- 
clination to  the  plane  of  wy  is  the  greatest. 

As  all  these  lines  must  lie  in  the  tangent  plane  at  the 
proposed  point  (Art.  124.),  the  line  required  is  obviously 
that  which  is  perpendicular  to  the  trace  of  the  tangent  plane 
on  xy.     Now  the  equation  to  that  trace  is 

.-.!/-;,  =  ?(,•-.) 

is  the  equation  to  a  line  perpendicular  to  it,  passing 
through  the  point  (^,  y),  and  is  therefore  the  equation  to 
the  projection  on  the  plane  of  a?y  of  the  line  required ; 
the  other  equation 

is  obtained  by  combining  the  former  with  the  equation  to 
the  tangent  plane  (in  which  the  line  in  question  lies)  so  as 
to  eliminate  y'  -  y. 

6.  Hence  we  can  determine  the  curve  of  greatest  in- 
clination on  any  surface,  that  is,  one  whose  tangent  is 
always  inclined   at  the  greatest  angle  to  the  plane  of  ooy. 

Suppose  y  =  0  (a?)  the  equation  to  the  projection  of  the 
curve,  then  y  -  y  ^d^y  {a/  -  x)  is  the  equation  to  the  line 
touching  the  projection  at  a  point  (a?,  y),  which  must  be 
identical  with  the  equation  to  the  projection  of  the  line  of 
greatest  inclination, 

.-.  d,y  =  ?. 
P 

If)  therefore,  we  determine  p  and  q  from  th^  equation  to 
the  surface,  independent  of  z^   and    substitute   them   in    the 
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above  equation  and  integrate,  the  result  will  represent  a 
curve  on  which  if  a  cylinder  be  erected,  it  will  intersect 
the  surface  in  a  curve  having  the  property  that  its  tan- 
gent is  always  inclined  at  the  greatest  angle  to  the  plane 
of  00  y. 

Ex.  Let  the  surface  be  of  the  second  order  repre- 
sented by  the  equation 

.-.  d^y  -  —  ;     or,  integrating,    y^  =  C/a?^. 

AX 

Hence,  the  curves  of  greatest  inclination  are  of  double  cur- 
vature, and  are  projected  horizontally  into  parabolic  curves 
if  A  and  B  have  the  same  sign ;  if,  however,  the  point  of 
departure,  which  determines  the  constant  C',  be  in  a  prin- 
cipal plane,  zx  for  instance,  we  have  y=0  when  w  ^  a}\ 
and  therefore  C/  =  0 ;  hence  the  curve  of  greatest  inclina- 
tion is  the  principal  section  in  %w^  since  its  equation  is 
reduced  to  y  =  0. 

7.  On  a  given  surface  to  determine  the  curve  of  con- 
stant inclination,  that  is,  one  whose  tangent  is  always  in- 
clined at  a  constant  angle  to  the  plane  of  wy. 

Let  %=f{xy  y)  be  the  equation  to  the  surface,  p  and  q 
the  partial  differential  coefficients  of  z ;  also  suppose  y  =  0  (a?) 
to  be  the  equation  to  the  projection  of  the  curve  of  con- 
stant inclination,  and  y  the  angle  at  which  the  tangent 
at  a  point  <r^^  is  inclined  to  the  axis  of  x;  then  (Art.  131.) 

cos  y  =  dgZ  =  ——  , 

d;cS 


\2 

9 


.-.  (d,8y«  {1  +  (tsxi  yf]  (d,zy 

or,  l  +  (d,y)«=(tan7)«(d,i^)^ 

but,  ^,  y,  z  being  co-ordinates  of  a  point  in  the  curve,  we 
have  «r=/(a?,  y)  with  the  condition  y^(f>ix); 
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^*«  =  ^w/(^>  y)  +  rf(y)/(^>  y)  d,y  «  p  +  9d,y, 

.-.  tan  7  (p  +  gd,y)  =  y^i  +  (d^yy ; 

and  it  remains  to  substitute  for  p  and  q  their  values  in  terms 
of  (c  and  y,  and  to  integrate  this  equation*  We  shall  then 
have  the  required  relation  y=(j>  (ai), 

8.  When  the  given  surface  is  one  of  revolution,  the 
equation  to  the  projection  of  the  curve  of  constant  incli- 
nation on  a  plane  perpendicular  to  the  axis,  may  be  con- 
veniently expressed  by  polar  co-ordinates  09 /09  so  that 

w  =  p  cos  (bf     y  ^  p  sin  d>. 
As  above,  we  have 

l  +  (d,y)*  =  (tan7)«(d,i5f)S 
.-.  {d^wf  +  (d,y)«'=  (tan  7)*  (d^z)\ 
or  1  +  p^  {d,<f>y  =  (tan  7)^ .  {d,zf ; 

which  may  also  be  put  under  the  form 

(d^xy^(cotyy.^^ 


p  being  the  perpendicular  from  the  origin  upon  the  tan- 
gent to  the  required  projection.  Now  from  the  equation  to 
the  generating  curve  x^f(p)j  we  can  find  dpZ  in  terms 
of  |0,  and  hence  obtain  the  differential  equation  to  the  re-* 
quired  projection. 

Ex.  Let  the  surface  be  a  paraboloid,  and  the  origin 
in  the  center  of  its  base,  c  its  altitude,,  a  its  semi-latus 
rectum ; 

8  2 

.:  (c-x)Za  =  ff,     dpZ^-^,     .-.  ^  =  (cot 7)* . -^£— , 

or,  p^  -  p^  =  (a  cot  7)^, 
the  equation  to  the  involute  of  a  circle  whose  radius  =  a  cot  7. 

If  the  surface  be  a  right  cone,  the  projection  is  an 
equiangular  spiral. 

R 
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9.  To  determine  a  curve  traced  on  a  surface  of  revolu- 
tion, which  always  cuts  the  generating  curve  at  the  same 
angle. 

Let  DP  (fig.  48.)  be  the  curve,  EN  its  projection  on 
k  plane  perpendicular  to  the  axis  of  the  surface;  CPG 
a  section  of  the  surface  through  its  axis  meeting  the  curve 
in  P,  PN^Xj  DP  ^8,  ON^p,  AAON^<p,  and  a  the 
constant  angle  CPD  at  which  the  curve  cuts  the  meridian ; . 
Also  let  CQP'j  a  meridian  plane  very  near  to  CPG  and 
inclined  to  xoe  at  an  angle  (j)  4*  ^09  cut  the  curve  in  P', 
and  a  section  of  the  surface  through  P  perpendicular  to  its 
axis  in  Q;    then 

sin  CP'D  « ;^  =  ^  ultimately ; 
or,  taking  the  limit, 

sina  =  ^,     .-.  (d0«)*  =  p*+/o'(cota)S 

or  (d4.^)»+(d4>y)»+(d4,«)«-/5^+(d^|a)^+(d4,»)'-p«+pHcota)«; 

••  (d4.py{l  +  K^y}  =  />ncot«)% 

tan  cL    /• 
or  df,(j>  = V 1  +  (dpxYj 

by  integrating  which  (since  «=/(/o)  by  the  equation  to  the 
generating  curve),  we  obtain  the  equation  to  the  projection. 

Ex.     Let  the  surface  be  an  oblate  spheroid; 


.-.  5r=-x/a«-p%     rfp«=-. 


cp 


-v^      r>     ^p.«      aV^i^' 


tan  a  ^ /a*- 6* p*         ,  .     a^-c^ 

...  d  0  = V  — 7i — \r}     where  c'= — ,— ; 

to  integrate  this,  make  ^  =t?*,  and  the  result  is 

Or  —  p 

*-^-*""h(^)-"»«.(:i-:)}- 
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If  the  surface  be  a  right  cone,  the  projection  of  the 
curve  is  an  equiangular  spiral;  if  a  sphere  radius  a,  the 
equation  between  the  radius  vector  and  perpendicular  on 
the  tangent  to  the  projection,  is 

1        /cosecaX*       /cotaN' 

10.  To  determine  the  shortest  line  that  can  be  drawn 
between  two  given  points  on  a  surface  of  revolution. 

Let  OC  (fig.  48.)  be  the  axis  of  the  surface  which  take 
for  the  axis  of  «^  and  a  plane  AOB  perpendicular  to  it  for 
that  of  «ry;  DP  a  portion  of  the  shortest  line  »: «,  w^  y,  x 
the  co-ordinates  of  P,  ON  ^  pj  /.A0N~(f>9 

then  (d,sy^(d^wy^(d^yy+(d^xy^i^p'(d,<i>y+  {f(p)V^ 

if  %^f(p)   be    the   equation   to   the  generating  curve,   and 

putting  p^Wy  (p^yy  dp(p^pj  in  order  to  adapt  the  ex- 
pression to  the  usual  formulae  of  the  Calculus  of  Variations. 
Hence 

but  JV-d,P+ &c.  =  0,  for  a  maximum  or  minimum;  there- 
fore in  this  case  P  =  a  constant, 

or        J  ^  ,  ,    =  P  -T^^^-* 

^/l  +  ^l)«+{/(^)p      ^  d^8 

.-.  -^  =  -,    or  sinCPZ>oc-— , 
d^8     p  ON 

as  shewn  in  Prob.  9- 

Hence  the  shortest  line  always  cuts  the  meridian  at  an 
angle  whose  sine  varies  inversely  as  the  distance  of  the 
point  of    intersection  from   the   axis;    and   the   equation   to 
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its  projection   on  a  plane  perpendicular  to  the  axi&  of  the 
surface  is 

P*(d,<i>y=c''id,sy^^{i+p\d,<py+(d^zy}, 


c  being   the  distance  from   the  axis   at  which  the    shortest 
line  cuts  the  meridian  perpendicularly.     Also  for  the  length 

8 

of  the  shortest  line  we  have  dp«=  —  d^0- 


Ex.  1.   Let  the  surface  be  a  right  cone,  and  mx^py/l  -m^ 
the  equation  to  the  generating  line,  then 


c  1 


••.  ^  +  a  =  —  sec"*  ^ ,     or  p  s  c  sec  w  (0  H-  o), 


m 


the  equation  to  the  projection,    which  is  therefore  an  ellip-^ 
tic  spiral. 

Ex.*  2.      Let  the  surface  be   a    sphere,    and   let  DP  be 
the  arc  of  a  great  circle,  then 

.    _      8inC2>   .    _ 

sm  P  =  —. — — -  sm  D ; 
sm  CP 


if  now  the  meridian  revolve  round  Od 


sin  P  ex:  -: — —-.q^--^. 
sm  CP      ON 

hence  an  arc  of  a  great  circle  is  the  shortest  line  that 
can  connect  two  points  on  the  surface  of  a  sphere;  this 
result  may  be  obtained  from  the  formula. 

Ex.  3.     To  determine   the  shortest  line    on  the  surface 
of  ATI  oblate  spheroid. 
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Let  CEB  (fig*  490  ^  the  plane  of  the  equator,  PE,  PN 
two  meridians,  AB  a  portion  of  the  shortest  line  cutting  PE 
perpendicularly  at  A.  Let  the  point  M  be  determined  by 
the  angle  0,  so  that  CT  «£;  p  =  a  sin  0,  TM  =  6  cos  0 ;  and 
let  A  be  similarly  determined  by  the  angle  a,  so  that 
its  distance  from  the  axis  -  a  sin  a ; 

then  dp8^p\/ g/.  \^, 

Now,    since    a   is   the   least  value    that    6   can    assume,    let 
cos  0  =  cos  a  cos  yj/^ 

»»[,«  =• ; — r  V  0  +  (a^  -  tr)  (cos  o  cos  \^)  y 

^  ot\art  Sin  "kf*  '^  * 


cos  a  sin  \^     ^       cos  a  sin  \^ 

or  d^«  =  \/(a  cos  of  +  (6  sin  of  -  (a*  -  6*)  (cosa)^  (sinx/^)* 

=  a  vl  -  c^  (sin  >|/)% 

/.  8  =  arc  of  an  ellipse,  amplitude  y^,  whose  semiaxes  are 
a  =  y/ia  cos  a)*  +  (6  sino)*,  6^  and  eccentricity  =  c.  At  the  point 
Bj  6  =  90%  .-.  \^  =  90°,  and  AB  =  a  quadrant  of  the  ellipse ;  also 

sm  PMA  = =  sm  a 

P 
at  the  point  J5,     .-.    z  JS£  =  90°  -  a. 

For  the  projection  on   the  plane  of  the  equator, 

2j  j^  'J  »    J  sina      - 

smce  p*df,(p^  a  sin  a  dpSy     .-.  ^^0  =     /  »    m*   '^^^ 

J    ,  a       \/l  -c*(sin\^)*        ,  ,        ,, 

or,    d^<h  =  — ; —  Ji ^  .     ,  ; /  ,  where  n  =  (cot  o)', 

^^      a  sm  a     1  +  w  (sm  y\ff  v         /  ' 

c-      c^ 
1+ h+n  (sin  ^I^)*} 


asm  a 


{l  +  w  (sin  y^y }  \/l  -c'(sin>|r)* 
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emplojring   the   notation   of   elliptic   functions    (Integ.  Calc. 
p.  182.) 

Cob,  If  the  eccentricity  of  the  generating  ellipse  be  very 
small,  let  — -^ —  =  c,     and  (cos  a  cos  >^)'  «  m ; 

d  8ina\/y  H-  (g'  -  b^)  (co8aco8>f.)»  ^  ring       /l+^ 

sina  /        1-w         (l-i»)  (S  +  m)    .     ^     \ 
J -w  V  2  8  / 

sina  sina  ,         Sc*      6^(cosa)%        ,  x,    o     > 

-  — —- }€ (cos^r-&c.}  ; 

l-(cosacos>/.)*         2^4  8        "^       ^^  ^ 

,/tan>^\       ,  sinaf       3e*l 

+  —  (>/^  +  ^  sin  2yp)  sin  a  (cos  a)*  +  &c. 

The  indefinite  continuation  of  the  curve  will  manifestly 
produce  an  infinite  number  of  spires  similar  and  equal, 
and  contained  between  two  parallels  each  at  a  distance 
=!  6  cos  a  from  the  equator. 
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SECTION    V* 


ON    THE    DISCUSSION    OF    THE    GENEBAL    EaUATION    OF    THE 
SECOND    OBDEB. 


133.     To  find  the  position  of  the  center  of  any  surface. 

The  center  of  a  surface  is  a  point  O  (fig.  22.)  such 
that  any  chord  of  the  surface  PP',  drawn  through  it,  is  bi- 
sected in  it.  (It  must  be  observed,  however,  that  if  PP^ 
cut  the  surface  in  more  points  than  two,  it  would  be  sufii- 
cient  that  these  points  combined  in  a  certain  order  should 
be,  two  and  two,  equally  distant  from  O).  If  the  surface 
be  referred  to  any  three  axes  originating  in  0,  and  PM, 
P^M*  be  the  ordinates  parallel  to  Oj??  of  the  extremities  of 
a  chord,  we  see  from  the  equal  triangles  POMy  P^OM^ 
that  these  ordinates  are  equal  and  of  contrary  signs;  the 
same  thing  would  be  true  for  the  other  co-ordinates  of  P 
and  P',  as  well  as  for  every  other  chord  passing  through  O. 
If  therefore  /  (a?,  y,  «)  =  0  be  the  equation  to  the  surface, 
and  if  it  be  satisfied  by  ^  =  a,  y  =  6,  i^  =  c,  it  must  also 
be  satisfied  by  d?=-a,  y=—  6,  %^  ~c;  that  is,  it  must 
be  such  as  not  to  alter  when  the  signs  of  the  three  variables 
are  changed;  and,  conversely,  if  it  have  this  property,  the 
origin  is  the  center  of  the  surface.  When  /(<»,  y,  «)  =  0  is 
algebraic,  it  cannot  have  the  above  property  unless  the  di- 
mension of  every  term  be  even  in  an  equation  of  an  even 
degree,  and  odd  in  an  equation  of  an  odd  degree ;  for  in  the 
former  case  the  equation  is  not  at  all  altered  by  replacing 
a?,  y,  %  by  -  0?,  —  y,  —  5f ;  and  in  the  latter  (in  which  the 
equation  cannot  have  a  constant  term)  the  sign  of  every 
term  will  be  altered,  and  therefore  the  whole  equation  un- 
altered.      Hence,  to  find  whether  a  proposed  surface  admits 
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of  a  center,  we  must  refer  it  to  parallel  axes,  through  a 
new  origin  having  co-ordinates  A,  A;,  /,  by  putting 

a?  «  J?'  +  A,    y  =  y'  +  Ar,     x  -  z'  -{-ly 

and  equate  to  nothing  the  coefficients  of  all  the  terms 
which  are  of  a  dimension  different  (as  far  as  regards  odd 
and  even)  from  the  degree  of  the  equation ;  if  these  condi- 
tions can  all  be  satisfied  by  real  and  finite  values  of 
A,  kf  I,  the  surface  has  a  center,  and  A,  Ar,  I  are  its  co-ordi- 
nates; in  the  contrary  case  the  surface  has  no  center. 

134.  To  find  the  co-ordinates  of  the  center  of  a  sur- 
face of  the  second  order  represented  by  the  general  equation 
of  the  second  degree. 

The  general  equation  of  the  second  degree  is 

/(j?,  y,  x)  ^  aoj^  -{-by^  '\-cz^  -{-^ayz  +  ^b'zaf  +  ^cofy 
+  2a"  0?  +  26"y  +  2c' «  +  d  =  0. 

Here  we  must  make  '  a?  =  a?'  +  A,  y  =  y'  +  A?,  %  =  «'  -i-l, 
and  equate  to  nothing  the  coefficients  of  terms  of  odd  di- 
mensions, that  is»  those  involving  af\  y^  «\  The  result  of 
these  substitutions  is 

/(^'  +  A,  y  +A;,  «  +0^ 
which  when  expanded  will  consist  of  three  parts,    (l)  terms 
of   two  dimensions  which    must    be  the   same    as    those    of 
/(a?',  y%  %')    which    are  of   two    dimensions;     (2)   terms   of 
one  dimension  which  are  *s^  - 

^'dj,f{h,  *,  l)^y%f(h,  k,  l)'i'z'd,f(h.  A,  l)y 

each  of  which  must  disappear;  and  (3)  a  constant  term 
/(A,  ky  I);  therefore  the  result  will  be 

ax^  +  by^  +  cz^  +  2ay'z  +  26'^'a?'  +  2c'^'y  +/(A,  ky  I)  =  0, 

with  the  conditions   dj^fQi^  A;,  I)  =  0,  &c.,  or 

ah  +  67  H-  ck  +  a"  =  Oj 

6Ar+a7  +  cAH-6"«ol,     (l), 

c/  +  a'Ar  +  6'A  +  c"  =  o) 
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for  determining  A,  ft,  /.  Multij^lying  the  two  latter  equations 
respectively  by  indeterminate  coefficients  t^  u^  and  adding 
them  to  the  former,  we  have 

(a  +  tc  +  ub')  h  +  a"  +  tb"  +  «c '  =  0, 
provided      c  +  ^6  +  ua  =0,      b'  +  ta'  +  uc  ^  0; 

these  two  latter  equations  give  t  and  Uj  and  then  substitut- 

JV 
ing  in  the  first  we  find  A  « — ,  where 

D^aa!^-^  bb'^  +  cc*^  -  abc  -  2a'6V, 

iV=  a"  (ac -  a'^)  +  6"  (a' 6'  -  cc')  +  c"  (aV  -  66')  ; 

similarly,  ^  =  "^  ^     ^^15  ' 

Hence,  provided  Z>  is  not  =  0,  these  values  of  A,  ft,  /, 
which  are  always  real,  are  finite;  and  the  surface  will 
have  a  single  center  of  which  they  are  the  co-ordinates, 
and  its  equation  reckoned  from  the  center  as  origin  will  be, 
suppressing  accents, 

aa?  -f  6y*+  c«*  +  ^ayz  +  2b' xai  +  2c  wy  +  a'h  +  6"ft 

+  c"Z  +  d-0; 

for,  multiplying  equations  (1)  respectively  by  ft,  ft,  /,  and 
adding,  we  have 

/(A,  ft,  /)  =  a"A  +  6"ft  +  e"Z  +  d. 

135.  If  the  coefficients  of  the  given  equation  be  such 
that  D  a  0,  and  the  three  numerators  are  not  all « 0,  at 
the  sam^  time,  then  one  at  least  of  the  co-ordinates  of  the 
center  will  be  infinite,  which  signifies  that  the  surface  has 
no  center.  If  at  the  same  time  that  2>  =  0  the  three 
numerators  vanish,  then  the  surface  admits  of  an  infinite 
Bumber  of  centers;  for  in  that  case  the  three  equations  (l) 
are  reduced  to  one,  or  to  two  really  distinct  equations,  and 
tnay  therefore  be  satisfied  by  an  infinite  number  of  values 
of  a?,  y,  X,     If  they  are  reduced   to   two,    that  is,   if  the 
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values  of  h  and  k  deduced  from  the  two  first  for  instance, 
satisfy  the  third  whatever  I  be,  then  there  will  be  an  in- 
finite number  of  centers  situated  in  a  straight  line  which 
is  the  locus  of  the  two  independent  equations;  the  surface 
will  therefore  be  a  cylinder  on  an  elliptic  or  hyperbolic 
base.  If  the  three  equations  (l)  are  reduced  to  a  single 
equation,  that  is,  if  the  value  of  h  deduced  from  the  first, 
for  instance,  satisfies  the  other  two  whatever  k  and  I  be, 
there  will  be  an  infinite  number  of  centers  situated  in  a 
plane  which  is  the  locus  of  the  single  independent  equa- 
tion, and  the  proposed  surface  will  be  a  system  of  two 
planes  parallel  and  equidistant  from  that  plane.  In  this 
latter  case  the  proposed  equation  must  be  capable  of  being 
resolved  into  two  rational  factors  of  the  first  degree. 

136.  The  locus  of  the  middle  points  of  a  system  of 
parallel  chords  of  any  proposed  surface  is  called  its  dia-^ 
metraL  surface.  This  surface  will  have  several  sheets,  if 
each  of  the  chords  has  mo^e  than  two  points  in  common 
with  the  proposed  surface ;  if,  for  instance,  the  proposed 
surface  be  of  the  w*^  order,  the  points  of  intersiection  with 
its  chords,  real  or  imaginary,  will  be  in  number  w,  and 
their  combination  on  the  same  indefinite  line-  will  form 
^w(n-l)  diflFerent  chords,  and  as  many  middle  points; 
and  therefore  the  diametral  surface,  since  if  may  be  met 
by  an  indefinite  line  in  ^n(w  - 1)  points,  will  have  an 
equation  of  the  degree  ^w(w  - 1).  For  surfaces  of  the 
second  order  where  w  =  2,  the  diametral  surfaces  can  only 
be  planes. 

When  any  surface  admits  of  a  diametral  plane,  if  we 
make  it  the  plane  of  xy^  and  take  the  axis  of  %  paralliel 
to  the  chords  which  it  bisects,  the  equation  to  the  surface, 
for  every  pair  of  values  a?  =  a,  y  =  6,  must  furnish  for  ss 
values  which,  taken  two  and  two,  are  equal  and  of  contrary 
signs;  and  therefore  the  equation,  supposed  algebraic,  can 
only  involve  even  powers  of  % ;  and,  conversely,  whenever 
an  equation  contains  only  even  powers  of  one  of  the  variables, 
z  for  instance,  the  plane  of  my  is  a  diametral  plane,  and 
is   said   to  be   conjtigate  to   the  chords  parallel  to  the  axis 
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of  X.  Also  if  a  diametral  plane  be  perpendicular  to  the 
chords  which  it  bisects,  it  is  called  a  principal  plane,  and  the 
chords  principal  chords.  Moreover  the  intersection  of  any 
two  diametral  planes  is  called  a  diameter  of  the  surface.  ., 

137.  To  find  the  equation  to  a  diametral  plane  of  a 
surface  of  the  second  order. 

Let  a?  =  ?w^,  y^nzj  be  the  given  equations  to  a  line 
through  the  origin  to  which  the  proposed  system  of  chords 
is  parallel,  and  /(ti?,  y,  %)  =  0,  the  general  equation  of  the 
second  degree,  the  equation  to  the  surface.  Let  A,  A?,  Z,  be 
the  co-ordinates  of  the  middle  point  of  any  chord,  and  let 
the  surface  be  referred  to  axes  parallel  to  the  former  passing 
through  it ;  then  the  equation  will  become 

f(jJo'-¥h,  y+k,  ijf'+Z)  =  0, 

and  the  equations  to  the  chord  itself  will  be  os^m%\ 
y=n%';  therefore  the  values  of  z'  belonging  to  the  point 
of  the  surface  where  the  chord  meets  it,  are  given  by  the 
equation 

f(mz'+h^  n%-\-k^  iif'  +  Z)  =  0. (1), 

which  is  of  the  form 

and  since  the  values  of  z*  are  equal  and  of  opposite  signs, 
iS'=0.     But  S  is  the  coeflBcient  of  s^  in  equation  (l); 

•••  wi^a/C^j  a?,  I)  +  ndjJQtj  k,  I)  +  dif{h^  Ac,  I)  =  0, 

or  m{ah  +  67  +  c'Ar  +  a")  +  n(6Ar  +  a7  +  c'h  +  6") 

+  c/  +  dk  +  h'h  +  c"=  0 (2), 

or  {am  +  c'n  -\-  b')h  +  (bn  +  c'm  -i-  a') A;  +  (c  +  6'm  +  a'n)l  , 

+  a"m  +  6"w  +  c"=0, 

the  relation  among  the  co-ordinates  of  the.  middle  point  of 
any  chord,  or  the  equation  to  a  diametral  plane. 

Cor.  As  the  coeflBcients  of  A,  A;,  I  are  possible,  there 
will  be  a  diametral  plane  for  all  values  of  the  constants  m 
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and  n,  unless  the  three  coefficients  should  all  become  nothing 
at  the  same  time,  when  it  will  be  situated  at  an  infinite 
distance.     But  the  equations 

am  +  c'»  -f  6' «  0,     few  +  cm  +  a'  =  0,     c  +  b'm  +  a'n  =  0, 

containing  only  two  unknown  quantities,  have  an  equation 
of  condition  which  is  the  same  &8  D^O  (Art.  134.);  in  this 
case  therefore  the  surface  has  not  a  center.  When  the  sur- 
face has  a  center,  every  diametral  plane  passes  through  it, 
or  through  the  locus  of  the  centers;  for  equation  (2)  is 
visibly  satisfied  by  the  co-ordinates  of  the  center  furnished 
by  equations  (l),  (Art.  134).  This  also  follows  from  the 
definition. 

138.  Any  diametral  plane  of  a  surface  having  a  center 
is  parallel  to  the  tangent  plane  applied  at  the  extremity  of 
the  diameter  to  which  it  is  conjugate. 

Taking  the  center  for  origin,  the  equation  to  the  sur- 
face will  be 

aa^-^-  bj^+cx^+2a'yx  +  2b^%w  +2c'wy  +  d^0; 

therefore  the  equation  to  the  tangent  plane  at  a  point  xyx  is 
(Cor.  Art.  107), 

(aof  +  b'x  4-  c'y)  (x'  -  a?)  +  (by  +  a'x  +  c'ai)  (y'-  y) 

+  (ex  +  a'y  +  b'x)  (x^-x)  ^  0, 

or  (aw  4-  b'x  +  c'y)  a/+  (by  +  a'x  +  c'w)  if-^  (ex  +  a'y  4-  b'w)x' 

H-d-O; 

and  if  it  be  applied  at  the  extremity  of  the  diameter  whose 
equations  are  «  «  m«,  y  »  n«,  the  equation  becomes 

(afii4-c'n4-6^»'+(frn+cm  +  a")  y'-^-  (e+b'm  +  an)  x'  +  -  =  0, 

X 

and  therefore  (Art.  18.)  represents  a  plane  parallel  to  the 
diametral  plane  which  is  conjugate  to  the  diameter  x^mx^ 
y^nxy  the  equation  to  which  is  (putting  a"^b"^e"^0, 
in  the  equation  Art.  1370 

(am  +  CH  +  60*'+  (*»  -»■  ^'^  +  «)»' +  (^  "»■  *'*»  +  «»)»'=  «• 
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This  result  might  have  been  foreseen,  since  the  Hnes  in 
which  a  diametral  plane  and  a  tangent  plane  at  the  extre- 
mity of  the  conjugate  diameter,  are  cut  by  any  plane  through 
that  diameter  must,  by  the  nature  of  lines  of  the  second  order^ 
be  parallel  to  one  another. 

139.  We  shall  now  proceed  to  the  reduction  of  the 
general  equation  of  the  second  degree 

where  we  suppose  the  co-ordinates  rectangular;  for  if  they 
were  oblique,  by  transforming  them  to  rectangular  co-ordi- 
nates we  should  obtain  an  equation  of  the  same  degree  as 
the  above  (Art.  96.),  and  which  could  not  therefore  be  more 
general  than  the  one  which  we  have  assumed.  We  shall 
prove,  as  affirmed  at  Art,  53,  that  this  equation,  after  being 
simplified  as  much  as  possible,  will  always  assume  one  or 
other  of  the  forms 

B^ArCx^^%A(JO, 

the  co-ordinates  being  rectangular ;  and  therefore  can  never 
represent  any  other  surface  than  one  of  those  discussed  in 
Section  2. 

140.  Every  surface  of  the  second  order  has  at  least 
one  diametral  plane  which  is  perpendicular  to  the  chords 
bisected  by  it. 

Let   the  equation  to  the  surface  be 

aa?*+6j^+c2^-f2ay^+26'5fa?+2ca?y-l-2o"a?H-26"y+2c"^+d=0, 

and  w^mz^  y  ^  n%y  the  equations  to  the  line  to  which  a 
system  of  chords  is  parallel ;  then  the  equation  to  the  plane 
which  bisects  the  chords  is  (Art.  137.) 

(am  +  en  -f  6') a?  +  ipn  +  cm  +  o') y  +  (c  +  h'm  +  a[n) x 

+  a'm  +  6"w  +  c '  =  0, 
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and  our  object  is  to  shew  that  real  values  can  be  assigned* 
to  m  and'  n,.  such  that  this  plane  shall  be  perpaidicular  to 
the  chords.     The  conditions  for  this  are  (Art.  25.)  . 

am  +  c*n  -h  6'              6»  +  c'm  +  a! 
m fi^ 

c  +  hm  +  an  c  H-  hm  +  an 

from  which,  by  eliminating  one  of  the  unknown  quantities 
m  or  n,  we  shall  obtain  a  cubic  which  will  always  give  a 
real  value  for  the  other;  and  the  direction  of  the  system 
of  principal  chords  will  be  determined.  But  we  shall  ob- 
tain a  more  symmetrical  result  by  assuming  for  the  unknown 
quantity 


c  +  h'm  '\r  an  =  «,  or  «  —  c  =  b'm  +  a'w, 

then    am  +  en  +  6'  =  ms,   or  w («  -  o)  =  en  +  6' 
hn  +  cm  +  o'  =  ns^,  or  w («  —  6) ,=  c f»  +  a 


•O)- 


Hence,  determining  m  and  »  from  the  two  latter  equations, 
m{(«  -a)(8-b)- c'^}  =  6'(«  -  6)  +  a'c\ 


m{{8  -a)(s-b)-  c*\  =  b'{s  -  6)  +  ac  1 
«  {(«  -  6)  («  -  a)  -  c'«}  =  a'  («  -  a)  +  6'cT 


.(2). 


And  substituting  for  m  and  7i  in  the  former,  we  have 

(«-a)(«-6)(«-c)  -  a  ^(«-a)  -  6'2(«-6)  -c'^(«-c)  -^aVc^O, 

or    «^-  (a  +  6  +  c)  «*+  (aft  +  ac  H-  6c  -^'^-6'*  -  c'^)« 

-  (aftc  -  aa^^hh'^'-cc''^  ^ah'c)  =  0. 

This  equation,  being  of  an  odd  degree,  will  always  have 
one  real  root  which  substituted  in  (2)  will  give  real  values 
for  m  and  n ;  and  therefore  in  every  surface  of  the  second 
order  there  is  at  least  one  principal  plane,  or,  which  is  the 
same  thing,  one  system  of  principal  chords.  Also  there  can- 
not be  more  than  three,  unless  the  particular  form  :  of  the 
equation  should  render  any  two  of  the  equations  (l)  iden- 
tical, in  which  case  m  and  n  would  be  indeterminate,  and 
the  number  would  be  infinite. 
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Cor.  That  the  •  cubic  has  all  its  roots  real,  may  be 
shewn  by  putting  it  under  the  form 

v(«-.c){(«-o)(*-6)-c^}-{a2(«-a)+6'2(«-6)+2a6V}=0, 

and  substituting  for  «,  a  and  j3  the  roots  of  («-o)(«-6)-c'^=iO. 
The  results  of  these  substitutions,  since  (a  -  a)(a -fc)  =  c'S 
(a-/3)(6-)3)=cS  are 

-{aV^^i^V^^}'   and   •{•  {ay/a  -  (i^b'^/b  ^  fiY, 

for  a  is  greater  than  both  a  and  6,  and  fi  less.  Therefore 
there  is  one  root  greater  than  a,  another  between  a  and  )3, 
and  a  third  less  than  /3. 

141.  Every  variety  of  surfaces  of  the  second  order  re- 
ferred to  rectangular  co-ordinates  is  comprehended,  without 
exception,  in  the  equation 

^^+ Bj^+  C«*+  2'^'^  H-  2BV  +  2C"^  +  2>  =  0. 

Let  the  surface  be  represented  by  the  general  equ9.tiQn 
of  the  second  degree  /(<r,  y,  x)  =  0,  and  let  it  be  referred 
to  three  new  rectangular  axes  0<r',  Oy\  Oz\  by  the  sub- 
stitutions of  Art.  90,  and  let  the  transformed  equation  be 

J  j?'^  +  B  j/2  +  C^'"  +  2  jy^'  +.  2  5Va?'  +  2  C"a?y  +  2  J  V 

also  let  the  equations  to  a  line  parallel  to  a  system  of 
principal  chords  (the  existence  of  which  in  every  case  is  cer- 
tain) referred  to  the  new  axes,  be  af^=:mz\  y*^nz\  then  m 
and  n  satisfy  the  conditions 

Am  +  Cn  +  S'=  w  (C  +  B!m  +  In) 

Bn^Cm^  J'=  7i  (C  +  B'wi  +  J'^i). 

Suppose  now  one  of  the  new  axes,  that  of  z  for  instance, 
to  be  parallel,  to  the  direction  of  the  principal  chords ;  there- 
fore m=  0,  n^0\  consequently  we  must  have  -4'=0,  JB'=0. 
Consequently,  whenever  one  of  the  rectangular  axes  is  pa- 
rallel to  the  direction  of  a    system  of  principal  chords,    the 
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general  equation  is  freed  from  two  of  the  rectangles,  and 
takes  the  form 

This  equation  comprehends  all  surfaces  of  the  second  order 
without  exception,  and  it  may  be  still  further  reduced  if, 
without  altering  the  axis  of  x',  we  turn  the  axes  of  a  and  y 
in  their  own  plane  through  an  angle  0,  so  as  to  make  the 
term  involving  a?'y'  disappear,  by  the  substitutions  (Art.  9*.) 

a  «  a?i  cos  ^  -  yi  sin  0, 

y^  B  Of  I  sin  <p  +  yi  cos  (j> ; 

this  gives  2  cos  0  sin  0  (^  -  fi)  -#•  2  C'  |  (cos  0)*-  (sin  (j>y]  =  0, 

or    tan  2d)  =  — - — —, 

which  value,  being  real  and  always  admissible  even  when 
A^  B,  shews  that  equation  (2)  may  be  reduced  to  the 
form  (suppressing  accents) 

Aa^+B^+Cx^+  2A'x  +  2  JB'y  +  2C'z  +  D^0; 

which  (the  co-ordinates  being  rectangular)  comprehends  all 
surfaces  of  the  second  order. 

142.  It  is  at  this  point  of  the  reduction  of  the  general 
equation  of  the  second  order,  that  the  separation  of  the  sur- 
faces represented  by  it  into  two  classes  takes  place. 

1.  If  none  of  the  squares  of  the  variables  are  wanting 
in  the  equation 

Aa!^+  5y*+  tV+  2^'a?  +  25'y  +  2C"»  +  2>  =  0, 

i.  e.  iS  A,  Bi  C  are  all  different  from  zero,  by  writing 
^  +  A)  y  -^kf  x  +  l  for  ^,  y,  «  and  determining  &,  k,  I  by 
the  conditions 
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(which  will  give  finite  values  for  A,  ft,  /)  the  origin  will  be 
changed,  but  the  directions  of  the  axes  unaltered,  and  the 
equation  will  be  reduced  to  the  form 

which  represents  the  first  class  of  surfaces  of  the  second  order. 

2.  If  one  only  of  the  squares  is  wanting,  A  for  in- 
stance, and  the  corresponding  coefiicient  A'  is  difiFerent  from 
zero,  then  the  term  involving  w  cannot  be  made  to  disappear, 
for  that  would  give  k  infinite ;  but  instead  of  that  we  may 
determine  h  so  as  to  exterminate  the  constant  term,  and  the 
equation  will  be  reduced  to  the  form 

which  represents  the  second  class  of  surfaces  of  the  second 
order.  The  figures  and  properties  of  these  two  classes  of 
surfaces  have  already  been  discussed,  (Art.  53.). 

143.  There  are  still  two  particular  cases  to  be  examined, 
belonging,  as  we  shall  see,  to  the  two  sorts  of  cylindrical 
surfaces  of  the  second  order.  First,  suppose  that  the  co- 
efficient of  one  of  the  squares,  A  for  instance,  vanishes,  and 
at  the  same  time  the  corresponding  coefficient  A'  =  0,  without 
either  of  the  other  squares  disappearing,  the  equation  is  then 

Bf-^  Ci?f*+  25V  +  2C'ir  +  X>  =  0, 

which,  containing  only  two  of  the  variables,  represents  a 
cylinder  perpendicular  to  the  plane  of  y%  on  an  elliptic 
or  hyperbolic  base ;  and  if  the  center  of  this  curve  be  taken 
for  the  origin,  the  equation  will  be  reduced  to  the  form 

which  is  deducible  from  equation  (l)  by  making  -4  =  0, 

Secondly,  suppose  only  one  of  the  squares  to  remain 
in  the  equation,  s?  for  instance ;  then  writing  z  -^-l  and 
d?  -H  A  for  »  and  <r,  and  determining  h  and  /  so  as  to  ex- 
terminate the  term  containing  Zy  and  the  constant  term,  the 
equation  becomes 

C«^+2-4'a7H-2j5'y«^> 
T 
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now,  without  altering  z^  turn  the  axes  of  w  and  y  in  their 
own  plane  through  an  angle  0,  such  that  A'  sin  ^  =:  ^  cos  <^ 
then  the  equation  will  be  reduced  to  the  form 

which  is  deducible  from  equation  (2)  by  putting  5  =  0, 

It  is  unnecessary  to  examine  the  case  where  the  three 
squares  disappear,  as  no  equation  of  the  second  order  could 
ever  by  transformation  of  co-ordinates  be  reduced  to  that 
form. 

144.  Hence,  we  conclude,  that  all  surfaces  of  the  se- 
cond order  with  all  their  varieties,  are  comprised  in  the  two 
classes  represented  by  the  equations 

By^+Cx'^^A'w, 

the  co-ordinates  being  rectangular.  In  the  first  class,  each 
of  the  co-ordinate  planes  is  a  principal  plane ;  therefore  there 
are  three  systems  of  principal  chords,  and  consequently  the 
three  roots  of  the  cubic  in  (Art.  140.)  are  all  real.  In  the 
second  class,  only  the  planes  of  zw  and  wy  are  principal 
planes ;  therefore  there  are  at  least  two  systems  of  principal 
chords;  the  third  system,  determined  with  the  others  by  the 
cubic  equation  just  referred  to,  must  therefore  be  also  real, 
but  the  corresponding  principal  plane  is  situated  at  an  in- 
finite distance.  Hence  it  results  from  this  discussion,  as 
well  as  from  the  form  of  the  equation  (as  proved  in  Cor. 
Art.  140.),  that  the  three  roots  of  the  cubic  equation  which 
determines  the  positions  of  the  principal  chords  are  always 
real. 

145.  By  means  of  the  preceding  results,  we  are  able 
to  determine  the  species  and  form  of  the  surface  represented 
by  any  proposed  equation  of  the  second  order,  without  re- 
curring to  the  laborious  process  of  transformation  of  co-ordi- 
nates. We  must  first  ascertain  whether  the  surface  has  a 
center  by  the  method  of  Art.  134,  and  if  it  has,  find  thd 
co-ordinates  of  the  center  h,  k,  I  from  the  equations  which 
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result,  by  equating  to  nothing  the  three  derived  equati<Mis 
of  the  first  order,  a?,  y,  x  being  replaced  by  h^  k^  I;  then 
taking  that  point  as  origin,  the  equation  is  reduced  to 

from  which  the  species  of  the  surface  and  the  values  of  the 
real  or  imaginary  axes  can  be  readily  determined,  as  will  be 
seen  in  the  next  Art.  In  the  succeeding  Articles,  the  cha- 
racteristics of  the  different  sorts  of  surfaces  that  have  not  a 
center  will  be  deduced. 

Ex.     To  find  the  center  of  the  surface  represented  by 
the  equation 

2ti^+  5f^ '\-  Ss?  +  2y%  •-  ^%x  -  2wy  +  2a?  +  8y-6«f  +  8  =  0. 

Forming  the  three  derived  equations,  and  replacing  a?,  y^  % 
by  A,  ft,  /,  we  have 


4A-4/-2A?  +  2  =  0 

10A?  +  2/  -2A  +  8  =  0 

6/  +  2A?-4A-6  =  0 


which  give 


A=  1, 
ft=-l, 
/  =      2. 


Hence,  the  equation  referred  to  the  center  becomes 

2a^+5j^+3ii^+2y%  ^  4f%w  -  2a?y  =  -14-4  +  6-8  =  11. 

146.     The  equation 

aw^+  6y*  +  Ci5*+  2ayz  +  2b'«w  +  2c  wy  =  d, 

(d  being  a  positive  quantity)  belongs  to  an  ellipsoid,  hy- 
perboloid  of  one  sheet,  or  hyperboloid  of  two  sheets,  accord- 
ing as  the  cubic  equation 

(s-^a)  («-6)  («-c)-a'2(«-a)-6''^(«-6)-c*(«-c)-2a'fcV=0, 
gives  for  8  three  positive  values,  two,  or  one. 

Let  Of  =  ms^f  y  =  nxy  be  the  equations  to  a  line  through 
the  origin,  which  will  be  a  diameter  of  the  surface,  since 
the  origin  is  the  center,  and  let  the  length  of  the  diameter 
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be  denoted  by  2r;   then  the  chords  parallel  to  it  will  be 
bisected  by  a  plane,  of  which  the  equation  is 

(am  +  c'n  +  6')  a?  +  (bn  +  cm  +  a)  y  +  (c  +  b'm  +  an)  ««0 ; 

and  if  this  plane  be  perpendicular  to  the  chords,  or  if  2  r 
be  a  principal  diameter, 

making  c  +  b'm  +  a'n  =  «, 

we  must  have    am  +  en  +  6'  =  ms 
bn 


•f  c'w  +  6'  =  wi«  ] 
+  cm  +  o  =  nsy) 


from  which  eliminating  m  and  n,  as  in  Art.  140,  we  find 

(s^a)  («-6)  («-c)  - a'«  («-o)  -6'*(«-6)  -c*  («-c)  -2a 6V=0; 

also  multiplying  the  two  latter  equations  by  m  and  7^  re- 
spectively, and  adding  them  to  the  former,  we  find 

^  (l  +  m^+n^)  =  am*+  bn^+  c  +  2a'w  +  26'w  +  2c'mw. 

But  if  <r,  y,  j^  be  the  co-ordinates  of  the  extremity  of  the 
diameter, 

also  since  <r,  y,  x  are  co-ordinates  of  a  point  in  the  surface, 

^(aw^+  bn^+  c  +  2a'w  +  26'm  +  2c'mn)  =  d ; 

^  ^    d  d 

«  ^    «r  ,      s 

Now  d  is  a  positive  quantity,  therefore  according  as  s  has 
three  positive  values,  two,  or  one,  r  has  three  real  values, 
two  or  one,  or  the  surface  has  three  real  principal  diame- 
ters, two,  or  one,  and  is  therefore  an  ellipsoid,  hjrperboloid 
of  one  sheet,  or  hyperboloid  of  two  sheets. 

147.  Hence,  when  we  have  an  equation  of  the  second 
order  reckoned  from  the  center,  and  the  constant  term  forms 
one  member  of  the  equation  and  is  positive,  if  with  the 
numerical  coefficients  we  form  the  above  cubic,  and  observe 
the   signs  of  its   terms,    we   shall    determine   the  nature  ot 
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the  surface  represented  by  the  proposed  equation.  For  since 
all  the  roots  of  the  cubic  are  real,  there  will  be  three  posi- 
tive roots,  two,  or  one,  according  as  there  are  in  it  supposed 
♦complete,  three  changes  of  signs,  two,  or  one.  If  the  cubic 
oflRsrs  no  change  of  signs,  but  only  continuations,  its  three 
roots  are  all  negative,  and  the  three  axes  of  the  surface  are 
imaginary,  and  consequently  the  surface  itself  imaginary. 
Also,  if  upon  referring  the  equation  to  the  center  as  origin 
the  constant  term  d  disappears,  the  surface  represented  is  a 
cone,  since  if  we  combine  its  equation  with  the  equation  to 
a  plane  through  the  origin  z  =  A,v  +  By,  the  result  will  be 
of  the  form  y  ^s^wi^p  ^^/q),  indicating  two  straight  lines 
through  the  origin,  unless  the  radical  be  impossible  for  all 
values  of  A  and  5,  in  which  case  the  proposed  equation 
represents  a  point. 

CoE.  If  we  solve  the  cubic,  we  may  then  easily  cal- 
culate the  lengths  of  the  axes,  and  fix  the  position  of  each 
by  means  of  the  values  of  m  and  n,  corresponding  to  each 
value  of  8j  given  by  equations  (1). 

Ex.     2a?*+  5y^+S^+2y«f  -^zoo  -^wy  =  11- 

The  cubic  is  «^-  10«^+  7«  +  38  =  0,  which  has  two  posi- 
tive roots  and  one  negative  root ;  therefore  the  surface  is  a 
hyperboloid  of  two  sheets. 

148.     When  the  proposed  equation 

is  such  that 

ahc  -  oa  2  -  66'»  -  cc^  +  2a'6'c'  =  0, 

the  surface  represented  either  has  not  a  center,  or  it  has  a 
central  line  or  plane.  Art.  (135.),  and  admits  of  four  varieties, 
viz.,  paraboloids,  parabolic  cylinders,  elliptic  or  hyperbolic 
cylinders,  and  a  system  of  two  parallel  planes ;  for  each  one 
of  which,  certain  conditions  must  be  satisfied  which  are  not 
all  true  for  the  others.  Hence  we  can  determine  the  dis- 
tinctive characteristics  of  each  of  these  surfaces. 
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1.  For  paraboloids,  since  the  co-ordinate  planes  cannot 
be  all  parallel  to  the  axis  of  the  surface,  and  since  it  is 
only  such  planes  which  intersect  the  surface  in  a  parabola, 
(Art.  103.)  one  of  the  quantities 

a'*  -  6c,       6'*  -  acj       c  *  -  aft,       (l) 

must  be  different  from  zero,  and  negative  in  the  case  of  the 
elliptic,  and  positive  in  that  of  the  hyperbolic  paraboloid; 
also  one  at  least  of  the  co-ordinates  of  the  center  will  be  in- 
finite, and  therefore  one  of  the  equations  for  determining  those 
co-ordinates  imaginary. 

2.  For  parabolic  cylinders,  since  all  sections  are  either 
straight  lines  or  parabolas,  each  of  the  quantities  (l)  vanishes, 
and  one  of  the  equations  for  determining  the  co-ordinates  of 
the  center  will  be  imaginary. 

3.  For  elliptic  or  hyperbolic  cylinders,  the  equations  for 
determining  the  co-ordinates  of  the  center  are  reduced  to  two 
distinct  equations,  and  one  at  least  of  the  quantities  (l)  is 
different  from  zero,  and  is  negative  in  the  former,  and  positive 
in  the  latter,  case.  Also,  by  taking  sections  parallel  to  the 
co-ordinate  planes,  it  will  be  necessary  further  to  examine 
whether  the  cylinder  is  wholly  imaginary,  or  reduced  to  a  line, 
or  to  a  system  of  two  planes  not  parallel. 

4.  For  a  system  of  two  parallel  planes,  the  equations  for 
determining  the  co-ordinates  of  the  center  must  be  reduced  to 
a  single  distinct  equation,  and  the  three  quantities  (l)  must 
each  vanish.  It  will  be  further  necessary,  by  taking  sections, 
to  examine  whether  the  two  planes  are  confounded  in  one,  or 
are  imaginary. 

Ex.     a?^  -  2^*  -  3y%  +  3x,v  +  .ry  +  4^  =  0. 

The  equations  for  determining  the  coordinates  of  the 
center  are 

-  4y  -  32r  +  tT  =  0, 

-  Sy  +  So?  H-  4  =  0 ; 
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and  since  the  last  subtracted  from  the  sum  of  the  two  former  gives 
4  =  0,  this  impossible  equation  shews  that  the  surface  has  not 
a  center.  Also,  c^  -ah^  (i)*+  2  which  is  different  from  zero 
and  positive ;  therefore  the  surface  is  a  hjrperbolic  paraboloid. 

149.  To  find  the  relations  among  the  coefficients  of  the 
general  equation  of  the  second  order  when  it  represents  sur- 
faces of  revolution. 

In  a  surface  of  revolution  if  we  take  any  number  of  sections 
perpendicular  to  the  axis,  (which  will  be  circles)  and  in  each 
draw  any  number  of  chords  all  parallel  to  the  same  straight 
line,  then  this  system  of  chords  of  the  surface  will  all  have 
their  middle  points  in  a  plane  through  the  axis  at  right  angles 
to  them.  Hence,  in  every  surface  of  revolution,  there  exists 
an  infinite  number  of  principal  chords  all  parallel  to  the  same 
plane,  and  if  we  express  this  property  analytically  we  shall 
find  the  required  relations. 

Let  the  surface,  referred  to  rectangular  co-ordinates,  be 
represented  by  the  general  equation  of  the  second  degree 

and  let  x  =  m%^  y  =:nw  be  the  equations  to  a  principal  chord 
through  the  origin ;  then  m  and  n  will  be  determined  by  any 
two  of  the  equations  (Art.  140.) 

am  -h  c^n  +6'     =  w«, 

bn  +  c'w  +  a'    =  w«, 

c  +  b'm  +  an  =  «, 

8  being  a  root  of  the  cubic,  found  by  eliminating  m  and  n ; 

or  since  tii=  — ,  7i=  — ,  ^,  y,  z  being  co-ordinates  of  any  point 

in  the  principal  chord  through  the  origin,  that  line  may  be 
represented  by  any  two  of  the  equations 

(a  -  «)  J?  +  c'y  +  b'x  =  0, 

{b-s)y  +  coo  4-  «';??  =  0,  ^     (1.) 

(c  -  «)  ;?f  +  \>  3D  +  ay  =  0. 
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But  if  the  surface  be  one  of  revolution,  one  value  at  least 
of  8  must  be  such  as  to  reduce  these  three  equations  to  a  single 
distinct  equation  which  will  represent  a  plane,  all  chords  parallel 
to  which  will  be  principal  chords. 

Let  8  denote  this  value,  then,  equating  the  ratios  of 
corresponding  coefficients,  we  have 

c      'b^8'"a'' 
a  — 8       c'  h' 

O  a         0-8 

from  which  result  two  equations  of  condition,  and  the  value 
of  ^', 

a  0  c 

Cob.  Introducing  these  relations  into  equations  (l),  they 
are  reduced  to  the  single  equation 

h^cw  +  ac'y  +  ah'ss  =  0,      (2.) 

which  represents  a  plane,  all  chords  parallel  to  which  are 
principal  chords.  Also  if  we  substitute  for  a,  6,  c  the  values 
furnished  by  these  equations  in  the  cubic  (Art.  140.),  it  will 
take  the  form 

Hence,  when  the  above  conditions  are  satisfied,  the  cubic 
for  determining  the  directions  of  the  principal  chords  has  two 
roots  equal  to  8^  so  that  of  the  three  systems  of  principal 
chords  two  may  be  drawn  in  any  manner  parallel  to  the  plane 
represented  by  equation  (2). 

150.     To  find  the  equations  to  the  axis  of  revolution. 

The  equation  to  a  principal  plane  corresponding  to  the 
root  «=«',  is  (Art.  140.) 

m  {sw  +  a)  +  n  («'y  +  h")  +  s'x  +  c"  =  0, 
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where  m  and  n,  instead  of  being  determinable  from  s'  by  means 
of  two  equations,  are  now  only  subject  to  one  equation,  viz. 

m      n       I 
a       b       c 
therefore  eliminating  n^ 

m{is'a>  +  o")  -  ^  («'y  +  b")}  -  ^  («'y  +  b")  -  («'»  +  c"), 

where  m  remains  arbitrary.  Therefore  to  determine  a  line 
which  shall  be  common  to  all  these  planes,  we  must  equate 
each  of  the  members  to  zero,  which  gives 

a'  (s'w  +  a")  =  b'  {sy  +  6")  =  c'  {sz  +  c"). 

These  consequently  are  the  equations  to  the  line  in  which 
all  the  diametral  planes  intersect,  or  to  the  axis  of  revolution 
of  the  surface ;  they  may,  by  dividing  by  8  and  substituting 
for  it  the  values  given  in  Art.  (149.),  be  put  under  the  form 

Cob.  In  order  that  the  axis  may  be  at  a  finite  distance, 
the  value  of  s  must  be  different  from  zero,  a  condition  to 
be  added  to  those  of  the  preceding  Art.  Although  these 
results  may  be  so  modified  as  to  embrace  all  particular  cases, 
yet  when  a  proposed  equation  wants  several  terms,  it  will 
generally  be  better  to  apply  the  direct  investigation,  to  dis- 
cover whether  or  no  it  represents  a  surface  of  revolution. 

151.  Three  diametral  planes  are  said  to  be  conjugate 
to  one  another,  when  each  bisects  the  chords  which  are 
parallel  to  the  intersection  of  the  two  others;  and  the  in- 
tersections in  that  case  are  called  conjugate  diameters. 
When  a  surface  admits  of  three  planes  of  this  sort  and 
they  are  taken  for  the  co-ordinate  planes,  its  equation  sup- 
posed algebraic,  can  only  contain  even  powers  of  the  three 
variables  w,  y,  %,  Hence  the  principal  planes  of  a  surface 
of  the  second  order  having  <>  a  center,  are  conjugate  to  one 
another,  for  the  equation  referred  to  them  is 
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and  this,  as  we  have  seen,  is  the  only  rectangular  system 
of  co-ordinates  which  can  give  the  equation  of  this  form,  or 
which  can  be  conjugate  to  one  another. 

162.  We  shall  now  shew  that  there  is  an  infinite 
number  of  systems  of  diametral  planes  oblique  to  one 
another  which,  taken  for  the  co-ordinate  planes,  will  give 
the  equation  of  the  above  form,  that  is,  free  from  the  terms 
involving  xw^  wy^  y%^  and  which  are  therefore  conjugate  to 
one  another. 

Let  X  =  mzy  y-nz  be  the  equations  to  any  diameter 
Oss  (fig.  50.),  then  the  equation  to  the  diametral  plane 
a/Oy  conjugate  to  0%\  is  (Art.  137), 

^dj{w,  y,  z)  +  ndyf(w,  y,  %)  +  d,/(a?,  y,  %)  =  0, 

or,  mAx  +  nBy+Cz^^O. 

Since  the  chords  which  w'Oy  bisects  are  parallel  to  Oz',  the 
planes  which  are  conjugate  to  a^'Oy^,  must  according  to 
the  definition  pass  through  Oz\  and  they  will  cut  the 
plane  w'Oy  in  two  lines  Oo?',  Oy\  such  that  if  together 
with  Oz'  they  be  taken  for  a  system  of  oblique  axes,  the 
equation  to  the  surface  will  only  contain  even  powers  of 
the  three  variables,  and  therefore  be  of  the  form 

A,a;''+B,y''+CiZ^^D,. 

But  if  we  make  i8r'=0,  the  result  -4ia?'^4--Biy'^=  2>i  is  the 
equation  to  the  section  iJo'Oy\  and  by  its  form  shews  that 
the  axes  Ow\  Oy  are  conjugate  diameters  of  that  section; 
hence  it  follows,  that  any  diameter  O^'/ being  proposed,  if 
in  the  section  made  by  the  diametral  plane  which  is  con- 
jugate to  it  we  draw  any  two  conjugate  diameters  Otr',  Oy\ 
at  pleasure,  we  shall  determine  three  planes  z'Ow\  afOy\  y'Oz' 
which  are  conjugate  to  one  another ;  the  number  of  such 
systems  is  therefore  unlimited;  and  the  equation  to  the  sur- 
face when  referred  to  a  system  of  conjugate  diameters  as 
axes,  may  be  put  under  the  form 

a^      if^      s? 
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a',  6',  c  being  the  distances,  real  or  imaginary,  from  the 
center  at  which  the  surface  cuts  them. 

CoE.  If  Osf'  be  in  a  principal  plane,  the  diametral 
plane  conjugate  to  0%  will  be  perpendicular  to  that  plane. 
Also  if  Ox\  Oy\  be  axes  of  the  section  xOy\  they  will 
be  at  right  angles  to  one  another,  or  if  0%  coincide  with 
an  axis  of  the  surface,  it  will  be  perpendicular  both  to 
Ox  and  Oy';  but  in  no  case  will  three  conjugate  diameters 
be  mutually  at  right  angles,  unless  they  coincide  with  the 
axes  of  the  surface. 

163.  We  have  seen  (Art.  138.)  that  any  diametral 
plane  is  parallel  to  the  tangent  plane,  applied  at  the  ex- 
tremity of  the  diameter  to  which  it  is  conjugate.  Hence, 
in  a  system  of  conjugate  diameters,  the  tangent  plane  at 
the  extremity  of  each  is  parallel  to  the  plane  of  the  two 
others.  Also,  if  through  the  extremities  of  each  of  a  sys- 
tem of  conjugate  diameters  we  draw  planes  parallel  to  the 
plane  of  the  two  others,  we  shall  form  a  parallelopiped, 
which  is  said  to  be  constructed  upon  the  diameters,  and 
which  in  the  case  of  the  ellipsoid  will  be  circumscribed 
about  the  surface.  We  shall  now  shew  that  the  known 
properties  of  conjugate  diameters  of  curves  of  the  second 
order  may  be  extended  to  surfaces  of  the  second  order. 

164.  In  a  surface  of  the  second  order,  that  has  a 
center,  the  sum  of  the  squares  of  any  system  of  conjugate 
diameters  is  equal  to  the  sum  of  the  squares  of  the  axes ; 
also  the  volume,  and  the  sum  of  the  squares  of  the  faces, 
of  the  parallelopiped  constructed  on  any  system  of  conju- 
gate diameters,  are  respectively  equal  to  the  volume,  and 
the  sum  of  the  squares  of  the  faces,  of  the  rectangular 
parallelopiped  constructed  on  the  axes. 

Let  -?2  +  772  +  "7i=l    ^®  ^^   equation  to  ^    surface   of 

the  second  order,  referred  to  a  system  of  conjugate  diame- 
ters, the  inclinations  of  which  are  Ly%^\^  Lzuo^^^  /.xy=v\ 
and  let  oo^m%y  y^nz^  be  the  equations  to  any  diameter; 
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then  the  equaticm  to  the  diametral  plane  conjugate  to  this 
diameter  is 

mw      ny       z 

:^  +  6^  +  ^  =  ^' 

and  if  it  be  perpendicular  to  the  diameter,  we  have  (Art*  %6.) 
f»c*(l  +^cos/u  +  »cosX)  =  a'^(w  +  nGosi^  +  co8/i), 
nc^{l  + 1»  cos/ix  +  w  cosX)  =  b'^{n  +  m  cos v  +  cosX). 
Let  r*=  c'*(l  +  m  cos/ui  4-  n  cosX) ; 

.-.  mr^  =  a^ {m-^n cos v  +  cos /ix), 
wr^=  y^(n  +  m  cos  1;  +  cosX) ; 

•'•  ^("75  +  "?i  +  7^]=l+w*+w^+2wwcosi'+2wco8yu+2»cosX; 

.-.  (as  in  Art.  146.)  r  is  the  length  of  the  semidiameter  whose 
equations  are  w=^mz,  y^nz.  Also  if  we  determine  m  and 
n  from  the  two  latter  equations,  and  substitute  them  in  the 
former,  the  result  is 

(r2-a'«)(r«-6'«)(r^-c'«)-o'«6'«(r2-c'«)(cosi.y-a'V^(f*-6'«)(cosM)' 

-  V^c^  (f"  a  2)(cosX)'  -  2 a'^ft'^c  *  cos  /^t  cos  1;  cos  X  =  0, 

or  r«-7^(a'«+6'*+c«)  +  r*{(a'6'  smyy+  (aV8in/i)«+(6VsinX)^} 

"{ah'cy  1 1  +  2  cosX  cosyu  cosi; — (cosX)^-(cos/ui)*— (cosi;)*}  =0. 

But  if  a,  6,  c  be  the  three  semiaxes  of  the  siu-face,  then 
a',  6*,  e*  are  the  values  of  r*  in  the  above  equation;  there- 
fore, by  the  theory  of  equations,  we  have 

(aVsinK/+(aVsinM)V(6VsinX)'=(a6)'+(oc)V(6c)^....(2), 

(jJVcTf  {1+2  cos  X  cos  /I  cos  v 

-  (cosX)'-  (cosm)'-  (cosi;/}  =  {ahcf (3), 

which  are  the  three  required  results,  the  first  member  of 
the  third  being  the  well-known  expression  for  the  square  of 
the  volume  of  a  parallelopiped  in  terms  of  its  three  edges, 
and  their  inclinations  to  one  another. 
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Cob.  When  one  or  two  of  the  axes  are  imaginary, 
there  will  b^  an  equal  number  of  the  conjugate  diameters 
imaginary;  and  it  will  be  necessary  to  change  the  signs  of 
the  squares  of  these  axes  and  these  diameters  in  the  above 
equations. 

155.  The  preceding  results  may  also  readily  be  arrived 
at  by  the  following  method. 

Let  Oxy  Oyy  Ox  (fig.  29.)  be  the  semiaxes  oi  the  sur- 
face Oy  by  c;  Ox\  Oy\  0%  any  system  of  semiconjugate 
diameters  a',  b\  e  \  let  the  plane  of  wy  intersect  that  of 
wy  in  the  -^  diameter  O^i  =  ai ;  also  let  Oy^  =  b^  be  the 
semidiameter  of  the  curve  XiWj  which  is  conjugate  to  O^i; 

.-.  af  +  6^  =  a'^+6^ 

Let  the  plane  xOy^  intersect  coy  in  the  semidiameter 
Oy\—biy  then  this  plane  must  contain  0%\  for  being  con- 
jugate to  Owi  in  a  principal  plane,  it  must  be  perpendicular 
to  that  plane;  hence  Owiy  Oyu  0%  form  a  system  of  semi- 
conjugate  diameters,  and  any  two  are  semiconjugate  diameters 
of  the  plane  section  in  which  they  are  situated ; 

...  ij  +  c««6|  +  c% 

a«+i8=aj  +  6j; 

therefore,  adding  these  equations  to  the  former. 

Again,  employing  the  same  auxiliary  systems  of  diameters 
as  above,  and  denoting  each  parallelepiped  by  its  three  edges, 
we  have 

vol.  (a,  b\  c)=vol.  (ai,  62,  (/), 

for  these  figures  have  the  same  altitude,  viz.  the  perpendi- 
cular from  x'  on  the  plane  of  afy\  and  equal  bases,  viz. 
the  parallelograms  constructed  on  the  two  systems  of  -^  con- 
jugate diameters  a\  6',  aj,  635  belonging  to  the  same  curve 
in  the  plane  of  (jo'y\     Similarly, 
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vol.  (aj,  62,  c')  =  vol.  (aj,  61,  c) 
vol.  (aj,  61,  c)  =  vol.  (a,  6,  c)  ; 
.-.  vol.  {a\   6',   c')  =  vol.  (a,  6,  c). 

CoE.  If  the  conjugate  diameters  2  a',  26',  2  c'  are  each 
equal  to  2i?,  then  SiZ^=  a^+6^+ c*;  also  since  there  are 
only  two  equations,  viz.  (2)  and  (s)  Art.  154,  to  determine 
the  angles  of  inclination  X,  /m,  v  of  the  conjugate  diameters, 
there  may  be  an  infinite  number  of  systems  of  equal  con- 
jugate diameters,  their  extremities  all  lying  in  the  intersection 
of  the  surface  and  a  concentric  sphere  radius  =  R,  And  of 
all  systems  of  conjugate  diameters  of  an  ellipsoid  the  prin- 
cipal diameters  have  their  sum  a  minimum  and  the  equal 
diameters  their  sum  a  maximum.  For  in  any  proposed 
system,  if  there  were  two  not  perpendicular  to  one  another, 
by  substituting  for  them  the  axes  of  the  section  of  which 
they  are  diameters,  we  should  obtain  a  system  whose  sum 
is  less  than  that  of  the  proposed  system.  Again,  if  there 
were  two  not  equal  to  one  another,  by  substituting  for 
them  the  equal  diameters  of  the  section  to  which  they 
belong,  we  should  determine  a  system  whose  sum  is  greater 
than  that  of  the  proposed  one.  And  in  this  manner  we 
could  shew  that*  no  oblique  system  could  have  their  sum  a 
minimum,  and  no  unequal  system  their  sum  a  maximum. 

166.     In  surfaces  of  the  second  order  not  having  a  center, 
represented  by  the  equation  to  rectangular  co-ordinates 

the  planes  of  ssoo  and  wy  only  are  diametral  and  principal, 
each  bisecting  perpendicularly  the  chords  parallel  to  the 
intersection  of  the  other  with  the  plane  of  yar,  which  is 
the  tangent  plane  at  the  vertex.  In  this  case  no  three 
diametral  planes  can  be  conjugate  to  one  another;  for, 
taking  a  system  of  chords  parallel  to  a  line  whose  equations 
are  w » m%^  y  =^nz,  the  equation  to  the  diametral  plane 
conjugate  to  them  is 

Bny  +  Cx^  Am (l). 
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Therefore  all  the  diametral  planes  are  parallel  to  the  axis 
of  a?,  and  consequently  their  intersections,  which  are  the 
diameters  of  the  surface,  are  parallel  to  that  axis,  and  cannot 
therefore  form  a  system  of  co-ordinate  axes. 

157.  But  we  can  find  an  infinite  number  of  oblique 
co-ordinate  planes  related  to  one  another  in  the  same  mapner 
as  the  three  rectangular  planes  mentioned  above  are,  viz.  so 
that  two,  zaf  and  afy\  shall  be  diametral  planes,  and  each 
of  them  conjugate  to  the  chords  parallel  to  the  intersection 
of  the  other  with  y'ij?';  the  latter  being  a  tangent  plane  to 
the  surface  at  the  extremity  of  the  diameter  in  which  %x 
and  wy  intersect;  and  the  equation  to  the  surface  when 
referred  to  them  will  therefore  preserve  the  same  form. 

For  let  x'O'y  (fig.  51.)  be  the  diametral  plane  repre- 
sented by  equation  (l),  and  which,  being  parallel  to  the 
axis  of  the  surface,  cuts  it  in  a  parabola  AffB,  In  AffB 
take  any  point  O',  and  draw  O'ss'  parallel  to  the  chords  to 
which  the  diametral  plane  is  conjugate.  Then  the  two  co- 
ordinate planes  which  are  to  go  along  with  this  diametral 
plane  will  pass  through  (y%\  and  cut  the  diametral  plane 
in  two  lines  0'w\  0'y\  such  that  being  taken  for  the  co- 
ordinate axes  they  shall  give  the  equation  to  the  surface 
under  the  form 

Therefore,  making  %=%  the  equation  to  AOFB  is 

B,y'^^%A(af, 

which  by  its  form  shews  that  it  is  referred  to  a  diameter 
of  the  parabola  and  a  tangent  to  the  parabola  at  the  ex- 
tremity of  that  diameter.  Hence  the  position  of  the  second 
diametral  plane  %0'afj  and  also  of  the  third  co-ordinate 
plane  zffy,  is  determined,  which  latter,  since  it  passes 
through  two  tangent  lines  to  the  surface  Oy  and  OV,  is 
a  tangent  plane  to  the  surface  at  O';  and  as  not  only  the 
plane  AO^B  is  arbitrary,  but  also  the  position  of  the  point 
O',  the  number  of  systems  of  oblique  co-ordinate  planes 
similar  to  the  above  is  unlimited. 
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168.  The  following  problems  will  illustrate  the  prin- 
ciples laid  down  in  this  section. 

Peob.  1.  If  a  surface  of  the  second  order,  having  a 
center,  be  cut  by  a  plane  which  always  passes  through  a 
fixed  point,  to  find  the  locus  of  the  centers  of  all  the 
plane  sections. 

Let  Aw^-\-  By^-\-  Cx^—  D  be  the  equation  to  the  surface, 
«  -  c  =  -4'(^  -  «)  +  JS'Cy  -  6)  the  equation  to  a  cutting  plane, 

a,  6,  c  being  the  co-ordinates  of  the  point  through  which 
it  always  passes;  therefore,  eliminating  y,  the  equation  to 
the  projection  of  the  section  on  the  plane  of  ^  a?  is 

Aa^+  Ci^+  ^  {^  -  c  -  A'(a^  -  a)  -h  S'*}*=  D (l). 

Let  A,  A?,  I  be  the  co-ordinates  of  the  center  of  the 
section,  then  h  and  /  are  the  co-ordinates  of  the  center  of 
the  projection;  if  therefore  in  equation  (l)  we  substitute 
iv' -\- h  for  ^17,  and  x'-^l  for  «r,  the  projection  will  be  referred 
to  its  center  as  origin,  and  therefore  the  coefficients  of  a/ 
and  %'  must  each  vanish; 

••  ^*  +  ;^  {(*  -  «)^"-  (^6  +  Z  -  c)A'}  =  0, 

Multiply  the  latter  of  these  equations  by  A'  and  add  it 
to  the  former,  * 

.-.   Ah^CA'l^O^    or  J'=-— -;    similarly,    *'= . 

CI  ^  CI 

But  since  A,  A?,  I  must  satisfy  the  equation  to  the  cutting 
plane. 
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or  Ah(h-a)  +  Bk(k-b)  +  C/(/-c)  =  0, 

the  required  equation,  which  represents  a  surface  of  the  second 
order  similar  to  the  proposed  one,  the  co-ordinates  of  its  center 
being  ^a,  ^b,  ^c. 

It  is  manifest  that  the  two  surfaces  intersect  in  a  plane 
of  which  the  equation  is  Jaa?  +  Bby  +  Ccsi  =  2>. 

Prob.  2,  To  find  the  locus  of  the  middle  points  of  chords 
of  a  surface  of  the  second  order  that  has  a  center,  all  passing 
through  a  given  fixed  point. 

Take  the  given  point  for  the  origin,  and  two  conjugate 
diametral  planes  which  pass  through  it  for  the  planes  of  zw 
and  ivy^  and  a  plane  parallel  to  the  third  conjugate  plane 
for  that  of  ysr;  then  the  equation  to  the  surface  will  be  of 
the  form 

a.7^  +  bp^  +  cz^  +  2o",j7  +  (f  =  0, 

Let  it?  =  mx,  y  =  n%^  be  the  equations  to  any  chord ;  then 
combining  these  equations  with  the  former,  we  have 

(am*  +  bn^  +  c)  sf^  +  2  a'^mz  +  <f  =  0, 

in  which  equation  the  values  of  %  are  the  co-ordinates  of  the 

extremities  of  the  chord ;  therefore  the  co-ordinate  of  its  middle 

point 

// 
,  «  m 


anr  +  bn^  -\-  c^ 
and  the  other  two  co-ordinates  of  the  middle  point  are 
cr'=  ma/,       y=^nz'^ 

Hence,  eliminating  m  and  w,  the  required  equation  to  the 
locus  is 

ax*'  -h  by'  H-  car'"  +  a\v:=^  0 ; 
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which  represents  a  surface  of  the  second  order,  similar  to  the 
proposed  one,  and  similarly  situated  and  passing  through  its 
center  and  through  the  origin. 

Pros.  3.  The  curve  of  contact  of  a  surface  of  the  second 
order,  and  of  a  cone  the  vertex  of  which  is  given,  is  a  plan6 
curve. 

Let       ajE^  +  6y*  +  c«*  +  2a  .i?  +  26'y  +  2c'i8f  +  d  =  0, 

be  the  equation  to  the  surface  which  may  represent  all  surfaces 
of  the  second  order.  Then  the  equation  to  the  tangent  plane 
at  a  point  wyx,  is 

(aof -\- a) Of' -\-  (by  +  b')y'  +  (c%  +  c)%'  +  a,v  +  6'y  +  c's?  +  d  =  0. 

Now  because  the  cone  and  surface  touch  one  another,  at 
the  points  of  contact  their  tangent  planes  coincide ;  and  since 
the  tangent  plane  of  a  conical  surface  always  passes  through 
its  vertex,  if  ^,  A;,  /  be  the  co-ordinates  of  the  vertex  they 
must  satisfy  the  above  equation; 

.-.    (aof+a^) h  +  {hy-irl)) k  +  (cx-\-c) I  +  aw  +  h'y  +  c'i^  +  d  =  0, 

which  gives  the  relation  among  the  co-ordinates  ^,  y,  %  of  the 
points  of  contact,  and  shews  that  they  all  lie  in  the  same  plane. 
The  curve  of  contact  is  therefore  a  plane  curve  resulting  from 
the  intersection  of  the  plane  whose  equation  we  have  just  found 
with  the  given  surface. 

Cor.  If  the  surface  have  a  center,  the  line  joining  that 
point  and  the  vertex  of  the  enveloping  cone,  passes  through 
the  center  of  the  curve  of  contact. 

Let  C  (fig.  52.)  be  the  center  of  the  surface,  A  the  vertex 
of  the  enveloping  cone,  QRS  the  plane  of  the  curve  of  contact ; 
and  let  any  plane  drawn  through  A  and  C  cut  the  surface  in 
the  line  of  the  second  order  PQG,  and  the  cone  in  the  straight 
lines  AQ^  AS;  then  C  is  the  center  of  the  section  PQG^  and 
AQ,  AS  are  tangents  to  it.  Also,  by  a  property  of  lines  of 
the  second  order,  QS,  a  line  joining  the  points  of  contact, 
is  an  ordinate  to  the  diameter  PG  which  passes  through  the 
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intersection  of  the  tangents;  therefore  QS  is  parallel  to  the 
tangent  at  P,  and  is  bisected  in  F,  and  CV.CA^CP^. 
Since  therefore  every  chord  of  the  curve  of  contact  drawn 
through  the  point  where  a  line  joining  the  vertex  of  the  cone 
and  the  center  of  the  surface  meets  the  plane  of  contact,  is 
bisected  in  it,  that  point  is  the  center  of  the  curve  of  contact ; 
also  the  plane  of  contact  is  parallel  to  the  plane  touching  the 
surface  at  the  point  where  the  same  line  meets  the  surface, 
and  its  distance  from  C  is  determined  by  the  equation 

Similarly  it  may  be  shewn,  that  if  a  cone  envelope  an 
elliptic  paraboloid,  the  line  drawn  through  the  vertex  parallel 
to  the  axis  of  the  surface  passes  through  the  center  of  the  curve 
of  contact ;  and  the  portion  of  it  between  that  point  and  the 
vertex  is  bisected  by  the  surface. 

Pbob.  4.  If  the  plane  of  contact  of  the  enveloping 
cone  of  a  surface  of  the  second  order  always  pass  through  a 
fixed  point  or  a  fixed  line,  the  locus  of  the  vertex  of  the 
cone  will  be  respectively  a  plane  or  a  straight  line. 

Let  «r',  y\  %'  be  the  co-ordinates  of  the  fixed  point 
through  which  the  plane  of  contact  always  passes;  then 
they  must  satisfy  its  equation, 

/.  (aa?'+a)A+(6y+6')*  +  (<^^'+0^  +  «^'+%'+^'^'+^  =  ^> 

which  gives  the  relation  among  the  co-ordinates  A,  A,  /  of 
the  vertex  of  the  cone,  and  shews  that  the  locus  of  the 
vertex  is  a  plane;  and  that  that  plane  is  the  plane  of 
contact  with  the  given  surface  of  a  cone  whose  vertex  is 
in  the  given  fixed  point,  for  the  equation  may  be  put 
under  the  form 

{ah  +  a) af  +  {hk  +  6') y  +  {cl  +  c) z -\-  clh  +  Ilk  +  c7  +  d  =  0. 

,  Again,  let  ao^mx^f^  y  =  ^^+g'>  he  the  equations  to 
the  line  through  which  the  plane  of  contact  always  passes. 
Then,  in  order  that  the  plane  may  contain  the  line,  we 
must  have  (Art.  23,) 
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(ah  +  a')  m  +  (bk  +  b')n  +  (di  +  c')  «  0, 

(a A  +  a')/+  (bk  +  6')^  +  a!h  +  b'k  +  c'i  +  d  «  0, 

which   are  the  equations   to    the  straight  line   in  which  the 
vertex  moves,  its  co-ordinates  being  A,  A;,  L 

Peob.  5.  If  the  plane  of  contact  of  the  enveloping 
cone  of  a  surface  of  the  second  order  always  touch  a  sur- 
face of  the  second  order,  the  locus  of  the  vertex  will  be 
another  surface  of  the  second  order. 

Let  the  plane  of  contact  always  touch  a  surface  of 
which  the  equation  is 

(/^,J     fna^  +  nf^+  rsi^-\-2m'x  +  2n'y  +  2t^«  +  «  =  0 (l) ; 

then  the   equation  to  a   plane    touching    this    surface    at    a 
point  wyz  is 

which  must  be  identical  with  the  equation   to  the  plane  of 
contact,  namely, 

(ah  +  a')  .a?'+  (bk  +  6')y'+  (cl  +  c)^'+  a  A  +  b'k  +  c  /  +  d  =  0; 


a; 


mw  -\-m  ^ah-\-  a         ny-^n       bk-^b'     »j4.* 
rz  -^-r'        cl-k-c  ^      T%  +  r'       cl-^-c  ^ 

vnluo  +  riy  +  /«?  +  «      (ih  -v  b'k  +  e'Z  +  d       >ji 

rz-^-r'  ""  eZ  +  c' 


and    it    remains  to  eliminate    ^,  y,  z   between  these   equa- 
*nK    tions  and  equation   (l).     The  result  wiH  be  found  to  be 

]  5  .   {  — (oA  +  a')  +  -(&;fe  +  6')  +  -(c/+c)-(aA  +  &'ife  +  c7+d)i 

.^11=  (-  +  -+--.)  U(aA+aT+  -  (bk^bj^  \{cIUY\  . 
A,^^^J        \m       n        r        I  \m  '      n  r  } 

'ix^sS  which  represents  a  surface  of  the  second  order. 
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Cor.     If  the  surfaces  are  concentric^   and 

aai^  +  bi^  +  c%^  =  1,      mw^+ny^  +  rsi^-  1, 
their  equations,   the  above  result  is  reduced  to 

a^         b^         & 
m         n         T 

Prob.  6.  If  two  surfaces  of  the  second  order  have  a 
common  plane'  section,  their  other  curve  of  intersection  if 
it  exist,  will  also  be  a  plane  curve. 

Let   the  equations  to  the  two  surfaces  be 

+  2C"i?f +  Z>  =  o, 

aa^-\-bf^+  c«^-f  2ayx  +  ^b'zw  +  ^cwy  +  ^a'w  +  26"y 

+  2cV  +  d  =  0, 

and  suppose  them  to  have  a  common  section  in  the  plane 
of  xy ;  then  making  s?  =  0,  the  curves  represented  by  the 
equations 

^cr*+  Sy*+  2C'a?y  +  9,A"w  +  2S'V  +  J5  =  0, 

aa^+  6y*+  2c'a?y  +  2a'w  +  2i"y  +  d  =  0, 

are  identical ;   if  therefore  m  be  a  constant  multiplier, 

A^ma,     B^mb,     C^mc\     A"=ma\     J?"=m6",     D^md. 

But  in  order  to  determine  the  complete  intersection  of  the 
surfaces,  we  must  combine  their  equations.  Therefore  mul- 
tiplying the  latter  by  w,  and  subtracting  it  from  the 
former,  having  regard  to  the  above  relations  among  the 
coefficients,  we  find 

(C-mc)st!^+2(A'--ma')y«  +  2(B'-mb')%w  +  2(C'-m(/)%=^0y 

the  equation  to  a  surface  which  contains  all  the  points  com- 
mon to  the  two  proposed  surfaces.  But  it  may  be  decbm^ 
posed   into  ' 

«=0,     (C-mc)»+2(-4'-ma')y+2  {ff-^mb')  ^+2(C'-i»c')=0; 
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the  first  represents  the  assumed  curve  of  intersection  in  the 
plane  of  ofy;  the  second  is  the  equation  to  a  plane,  and 
cannot  therefore,  when  combined  with  either  surface,  give 
any  thing  except  a  plane  curve  of  the  second  order  for 
the  other  curve  of  intersection. 

Pros.  7.  If  two  surfaces  of  the  second  order  have 
each  a  principal  section  in  the  same  plane,  the  projection 
of  their  curve  of  intersection  on  that  plane  is  a  curve  of 
the  second  order. 

Suppose  the  plane  of  wy  to  contain  a  principal  section 
of  each  surface,  then  no  odd  power  of  %  can  enter  into 
their  equations,  which  will  be  therefore  of  the  form 

Aa!^+  Bf  +  Cz^-^  2C(cy  +  ^A"w  +  ^ff'y  +  J5  =  0, 

aa^-t-  iy*+  c«*+  ^c'wy  +  2a"a?  +  26"y  +  d  =  0, 

and  if  we  multiply  these  equations  respectively  by  c  and  C 
and  subtract,  we  shall  find  the  equation  to  the  projection 
of  the  curve  of  intersection  of  the  surfaces  on  the  plane  of 
j?y,  to  be  of  the  second  degree  in  w  and  y. 

Hence,  if  the  axes  of  two  surfaces  of  revolution  inter- 
sect, since  the  plane  containing  the  axes  will  be  a  principal 
plane  of  each  surface,  the  projection  of  the  curve  of  in- 
tersection on  that  plane,  will  be  a  curve  of  the  second 
order. 

Prob.  8.  Any  two  circular  sections  of  a  surface  of 
the  second  order,  provided  they  be  not  parallel  to  one 
another,  are  situated  on  the  same  sphere. 

Since  all  circular  sections  are  perpendicular  to  the  same 
principal  plane,  (Cor.  Art.  103.)  let  fig,  53.  represent  that 
principal  plane,  and  let  EA^  HB'  be  the  projections  of 
any  two  circular  sections  not  parallel  to  one  another,  and 
also  their  diameters.  Bisect  EA  at  right  angles  by  /C, 
and  let  C  be  equidistant  from  E  and  £';  therefore  C  is 
the  center   of  a  sphere  intersecting  the  proposed  surface  in 
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the  circle  EA  and  passing  through  £',  and  therefore 
(Prob.  6.)  intersecting  the  surface  in  a  plane  curve,  that 
is,  in  a  second  circle  passing  through  £' ;  this  circle  must 
be  either  E'ff,  or  E'A'  parallel  to  EA ;  but  it  cannot  be 
E'A\  because  two  parallel  circles  on  the  same  sphere  have 
their  centers  in  a  diameter  perpendicular  to  their  planes, 
and  here  70/  being  conjugate  to  the  chords  EA^  E'A' 
cannot  cut  them  at  right  angles,  unless  the  surface  be  one 
of  revolution,  in  which  case  A'E'  and  JS'jB'  become  coin- 
cident;  therefore  the  sphere   will  contain  E'ff. 
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SECTION    VI. 

ON     CYLINDEICAL,     CONICAL,     AND     CONOIDAL     SURFACES, 
AND    ON    SURFACES    OF    REVOLUTION. 


169.  In  the  preceding  sections  we  have  considered 
several  instances  of  surfaces  generated  by  a  line,  straight 
or  curved,  which  so  moves  and  changes  its  position  or 
form,  as  constantly  to  pass  through  one  or  more  fixed 
curves,  or  directrices.  We  shall  now  extend  the  same  con- 
siderations to  the  general  case  of  a  generating  curve  repre- 
sented by  the  equations 

/(^j  y^  ^9  a,  jS)  =0,     /j(a?,  y^  %,  a,  /3)  =0 (l), 

containing  two  variable  parameters,  a,  j3,  and  subject  to 
pass  through  one  fixed  curve,  or  directrix.  The  species 
of  the  generating  curve  is  determined,  because  the  func- 
tions /,  /j,  are  supposed  to  be  known,  but  its  position 
and  dimensions  will  change  corresponding  to  the  different 
values  of  a  and  /3 ;  and  it  will  generate  a  solid  if  the 
parameters  a  and  /3  vary  independently  of  one  another. 
Thus  the  circle  represented  by 

gives,  by   the  elimination  of  a,    the  equation 

which  represents  a  sphere,  radius  c,  and  center  in  the  axis 
of  y;  and  if  /3  receive  all  values  from  0  to  ±  oo,  the 
equation  will  belong  to  all  the  points  of  a  solid  cylinder, 
radius  c,  and  axis  coinciding  with  the  axis  of  y.  But  if  we 
suppose  the  generating  line  (l)   in  every  position  to  have  a 
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point  in  common  with  a  fixed  curve  or  directrix  repre- 
sented by  the  equations 

then  the  equations  to  the  generating  line  and  directrix  must 
be  simultaneously  satisfied  by  the  same  system  of  values 
for  d?,  y,  %  belonging  to  that  common  point;  if  there- 
fore we  eliminate  a?,  y,  z  between  them,  we  shall  have 
/3  =  jF  (a),  the  relation  between  the  parameters,  in  order 
that  the  generating  line  may  meet  the  directrix.  Hence, 
the  generating  line  in  any  position  will  be  represented  by 
the  system  of  equations 

/(^>  y,  ^,  a,  /3)  =  0,    /i(e»,  y,  %,  a,  /3)  =  0,     /3  =  F {a). 

If  therefore  we  eliminate  a  and  /3  between  them,  that 
is,  if  we  determinine  a  and  /3  from  the  two  former  in 
terms  of  w^  y^  Zj  so  that  j3  =  t^,  a  =  v,  and  substitute  in 
the  latter,  we  shall  have  u—  F (v)  for  the  equation  to 
the  surface;  and  we  observe  that  u  and  v,  do  not  change 
for  surfaces  of  the  same  family,  that  is,  for  those  which 
admit  the  same  generating  line,  but  that  jF,  which  depends 
upon  <p  and  y^^  changes  for  each  individual  surface  of  the 
family. 

These  considerations  we  shall  now  apply  to  several  of 
the  more  common  cases,  where  the  generating  line  is  a 
straight  line,  or  a  circle. 

160.  To  find  the  general  equation  to  cylindrical  sur- 
faces. 

A  cylindrical  surface  is  generated  by  a  straight  line 
which  moves  parallel  to  itself,  and  always  passes  through 
a  given  curve. 

Let  the  equations  to  the  generating  line  in  any  posi- 
tion be  idmz-\-a9  y-nz-\'(ij  a  and  /3  being  variable 
quantities  depending  upon  that  position,  and  971  and  n  con- 
stant quantities,  since  the  line  is  always  parallel  to  itself. 
Also  let  y  "=*  (^{pB)'i   x-yjr  («r),   be  the  equations  to   the  di- 
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rectrix,  or  curve  through  which  the  generating  line  always 
passes,  and  a?',  y\  z  the  co-ordinates  of  the  point  in  which 
they  meet;  then  w\  y\  z  must  satisfy  both  the  equations 
to  the  directrix,  and  generating  line; 

now  by  means  of  these  four  equations,  we  may  eliminate 
^\  y'j  ^9  and  there  will  remain  /3  =  F(a) ;  but  (i^y  —  nZf 
a  «a7  —  m«; 

.'•    y  —nz  ^  F(jv  '-mz)y 

a  relation  among  the  co-ordinates  of  any  point  in  the  gene- 
rating line,  and  therefore  the  equation  to  the  surface  which  it 
describes.  In  this  case  the  quantities  u  and  v  are  y  —  nz,  and 
Of  -  mz,  which  remain  the  same  for  all  cylinders,  whilst  the 
function  F  will  alter  with  the  different  directrices  employed. 

^  t, '  Cor.     If  for   the  purpose   of  eliminating    the   arbitrary 

A^    function,  we  differentiate  the  equation  y  —  nz  -  F{x —  mz)^ 
f   //successively  with  respect  to  w  and  y,  we  find 

.  c\       -np^  F'  {w-mz){l-mp)^     1  -nq  =  F'  (af-mz)(- mq); 

j^        therefore,  dividing  one  result  by  the  other, 

np         1  -  mp 

i — L.  J       or  md^z  +  ndyZ  =  1, 

1  —nq         mq 

which  is  the  differential  equation  to  cylindrical  surfaces;  we 
may  however  obtain  it  more  easily  by  the  consideration  of  the 
tangent  plane,  as  follows. 

161.  To  find  the  differential  equation  to  cylindrical  sur- 
faces. 

One  of  the  distinguishing  properties  of  cylindrical  surfaces 
is,  that  the  tangent  plane,  since  it  always  contains  a  generating 
line,  (Cor.  Art.  124.)  is  always  parallel  to  a  fixed  straight  line. 

Let  ^'=  mz\  y'^nz^  be  the  equations  to  a  line  through 
the  origin,  to  which  the  generating  line  is  always  parallel ;  then 
this  line  is  parallel  to  the  tangent  plane,  whose  equation  is 

^'- ijf  =  p  (a?'- a?)  +  9  (y- 3^)  ; 

.'.  (Art.  23.)  mp  -f  wg  =  1,    or  md,^z  +  ndyZ  =  1,  as  before. 
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Cor.     This  equation  may  be  employed  to  discover  whether 
the  surface  represented  by  a  proposed  equation  w  =  0,  is  cylin- 
drical or  not.     For,  obtaining  the  values  of  p  and  9,  as  in  Cor.  /^'9^ 
Art.  107,  and  substituting,  we  have 

which  must  be  satisfied  for  all  points  of  the  surface,  that  is,  for 
all  values  of  a?,  y,  j^,  if  the  surface  be  cylindrical;  hence  we 
must  equate  to  zero  the  coefficients  of  the  diffisrent  powers  of 
the  co-ordinates  in  it,  and  examine  whether  the  resulting  con- 
ditions can  be  satisfied  by  real  values  of  m  and  n, 

162.  Given  the  direction  of  the  generating  line,  to  find 
the  equation  to  the  cylindrical  surface  which  envelopes  a  given 
curve  surface. 

We  have  seen  that  whatever  be  the  nature  of  the  directrix, 
the  equation  md^% -vndyX^X^  must  subsist  between  the  dif- 
ferential coefficients  d^ar,  dyZ^  derived  from  the  equation  to 
a  cylindrical  surface.  But  at  the  points  where  the  cylinder 
touches  the  surface,  the  values  of  d^z^  dyZ^  are  the  same  for 
both ;  therefore  at  those  points  the  above  relation  subsists 
between  the  diflFerential  coefficients  derived  from  the  equation 
to  the  surface;  that  is,  the  co-ordinates  of  the  points  of  con- 
tact are  such  that  the  equation  vndgZ '{- ndy%  m  1^  is  satisfied. 
Hence  if  we  diflPerentiate  w  =  0  the  giv6fn  equation  to  the 
surface,  and  write  the  values  thence  obtained  of  d,^,  dy%  in 
the  above  equation,  the  result  together  with  the  equation  to 
the  surface,  will  be  the  equations  to  the  directrix;  and  we 
know  the  direction  of  the  generating  line,  and  therefore  can 
find  the  equation  to  the  required  surface  by  Art.  16O. 

163.  To  find  the  general  equation  to  conical  surfaces.  J 

j^  conical  surface  is  generated  by  a  straight  line  which  passes  m^^'^'^ 
through  a  given  point,  and  always  meets  a  given  curve. 

Let  the  co-ordinates  of  the  given  point  or  vertex  be 
a,  6,  c ; 
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.-.  w  -a^aijs  -c),       y  -  fe  =  )3  (i^r  -  c), 

are  the  equations  to  the  generating  line  in  any  position,  a  and 
/3  being  variable  quantities  depending  upon  that  position. 
Also  let  y  =  0(.2?)j  i^  =  ^(^)j  be  the  equations  to. the  directrix 
or  curve  through  which  the  generating  line  always  passes, 
and  w\  y\  z\  the  co-ordinates  of  the  point  in  which  they 
meet;  then  a?',  y',  z'  must  satisfy  both  the  equations  to  the 
generating  line  and  directrix ; 

Now,  by  means  of  these  four  equations,  we  may  eliminate 
0?',  y,  z\  and  there  will  remain  /3  =  F(a) ; 


but^  =  ^-*, 

z  -c 

w  -a 

a  — 

z  -c 

.  ^      _  in 

(a>-a\ 

a  relation  among  the  co-ordinates  of  any  point  in  the  generating 
line,  and  therefore  the  equation  to  the  surface  which  it  de- 
scribes.     When    the  vertex    is    situated  in   the  origin,    the 

equation  is  reduced  to  -  =  Z'  (- J  ,   which  expresses  that  the 

equation  is  homogeneous  in  <r,  y^  z. 

Cob.  If  from  the  above  equation  we  eliminate  the 
arbitrary  function  by  diflFerentiation,  as  in  Cor.  Art.  l60, 
we  find 

z  -  c  =  dgz{a)  -  a)  +  dyZ{y  -  6), 

which  is  the  differential  equation  to  conical  surfaces;  but 
which  may  be  obtained  more  easily  by  the  consideration  of 
the  tangent  plane,  as  in  the  following  Article. 

164.  To  find  the  differential  equation  to  conical  surfaces. 
The  distinguishing  property  of  conical  surfaces  is,  that  the 
tangent  plane,  since  it  always  contains  one  of  the  generating 
lines  (Cor.  Art.  124.),  always  passes  through  the  vertex. 
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Let  a,  6,  c  denote  the  co-ordinates  of  the  vertex,  then 
they  must  satisfy  the  equation  to  the  tangent  plane  at  any 
point  wyz;  that  is,  x' —  z '=p(w' —  a^)  +  q{y  -  y)  must  be 
satisfied  by  a?'  =  a,  y=^b,  ss'  =i  c;  therefore,  whatever  be  the 
nature  of  the  directrix,  the  differential  coefficients  d^z^  dy^, 
derived  from  the  equation  to  the  surface,  must  be  such  as 
to  satisfy  the  equation 

^11  X  -  c  ^ p(a^  -  a)  +  q(y  -  b), 

whiph  is  the  differential  equation  to  conical  surfaces. 

Cob.  As  in  cylindrical  surfaces  (Art.  l6l.),  this  equa- 
tion, when  put  under  the  form 

(a?  -  a) d^^)U  +  (y  -  6)  d^^^u  +  («?  -  c)d^^)U  =  0, 

may  be  employed  to  discover  whether  a  proposed  equation 
u^O  represents  a  conical  surface  or  not ;  a,  6,  e  being 
the  unknown  quantities  to  which  must  be  applied  what  was 
there  said  relative  to  m  and  n, 

165.  Given  the  position  of  the  vertex,  to  find  the 
equation  to  the  conical  surface  which  envelopes  a  given 
curve  surface. 

Whatever  be  the  nature  of  the  directrix,  we  have  seen 
that  the  differential  coefficients  derived  from  the  equation 
to  a  conical  surface  must  satisfy  the  equation 

^  —  c  =  dg%{a}  —  a)  +  dy%{y  —  6)  ; 

but  at  the  points  where  the  cone  touches  the  surface,  the 
values  of  d^x,  dyX,  are  the  same  for  both;  therefore  at 
those  points  the  above  relation  subsists  between  the  differen- 
tial coefficients  derived  from  the  equation  to  the  surface, 
that  is,  the  co-ordinates  of  the  points  of  contact  are  such, 
that  the  above  equation  is  satisfied.  Hence  if  we  obtain 
values  of  d^^,  dyX^  from  the  given  equation  ^  to  the  sur- 
face, and  substitute  them  in  the  above  equation,  the  result, 
together  with  the  equation  to  the  surface,  will  be  the 
equations  to  the   curve    of  contact  of  the    two   surfaces,  or 
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to  the  directrix;  and  we  know  the  co-ordinates  of  the 
vertex,  and  can  therefore  find  the  equation  to  the  required 
conical  surface  by  Art.  l6S.  If  the  vertex  of  the  cone  be 
considered  as  a  luminous  point,  the  curve  of  contact  whose 
equations  we  have  just  found,  is  that  which  on  the  surface 
separates  the  iUumined  and  obscure  parts;  if  it  be  con- 
sidered as  the  place  of  the  eye,  the  curve  of  contact  is  the 
line  of  the  apparent  contour  of  the  surface. 

166.     To  find  the  general  equation  to  conoidal  surfaces. 

A  conoidal  surface  is  generated  by  a  straight  line  which 
moves  parallel  to  a  given  plane,  and  always  meets  a  given 
fixed  straight  line,  and  a  given  curve. 

Let  the  given  plane,  called  the  directing  plane,  be  taken 
for  that  of  wy^  and  the  point  in  which  the  straight  direc- 
trix OA  (fig.  54.)  meets  it,  for  the  origin ;  then  the  equations 
to  OA  will  be  x^mz^  y  —  nz.  Also  let  the  equations  to 
the  curvilinear  directrix  BC  be  y  =  0(a?),  ijf  =  \|/ (d?) ;  and 
let  z^fi,  y  =  aa}-\-y  be  the  equations  to  the  generating 
line  DC  in  any  position,  since  it  is  always  parallel  to  the 
plane  of  ooy\  then  since  the  generating  line  always  meets 
OA^  we  must  have 

n(i-  am(i  +  7; 

therefore,  eliminating  7,  the  equations  to  the  generating  line 
become 

«  =  )3,     y-n(i=  a(.r-m/3); 

we  must  next  express  that  it  meets  the  curve  BC,  whose 
equations  are  y  ^  (f>{(xi),  i^  =  \|/(^);  therefore,  eliminating 
^j  Vj  ^9  we  have  )3  =  /'(a) ;  hence  the  generating  line  in 
any  position  will  be  represented  by  the  system  of  equations 

therefore,  eliminating  a  and  j3,  the  equation  to  the  surface 
generated  is 


\w  -  mz) 
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Cosb  1.  This  surface  is  twisted,  that  is,  no  two  con- 
secutive generating  lines  are  in  the  same  plane;  for  the 
line  DC  in  passing  to  the  consecutive  position  D'C  may 
be  supposed  to  glide  along  the  tangent  CT\  therefore,  in 
order  that  DC  and  D'C  may  be  in  the  same  plane,  OA 
and  CT  must  be  in  the  same  plane,  which  cannot  happen, 
at  least  for  all  the  tangents,  unless  the  curve  BC  is  en- 
tirely in  the  same  plane  with  AO,  in  which  case  the  surface 
generated  will  be  a  plane. 

If  the  straight  directrix  be  perpendicular  to  the  directing 
plane,  w  =  0,  w  =  0,  and  the  equation  to  the  surface,  which 

is  then  called  a  right  conoid,  becomes  z^Fi  —  j;  at  which 

we  may  readily  arrive  by  a  direct  investigation,  as  the 
equations  to  the  generating  line  will  be  %  =  fiy  y  ^  aw. 
Also  it  is  manifest  that  the  equation  to  the  oblique  conoid 

will  assume  the  form  ar  =  jP|  — j,   if  we  refer  it  to  a  system 

of  oblique  co-ordinate  axes,  of  which-  OA  is  one,  and  any 
two  lines  drawn  through  O  in  the  directing  plane  are  the 
others. 

Cob.  2.     If  from  the  equation  %  =  F[ I  we  elimi- 

Xw  —  mxj 

nate  the  arbitrary  function  by  differentiation,  as  in  the 
former  cases,  we  find 

p{a}  -  m%)  +  q(y  -  n%)  =  0, 

the  differential  equation  to  conoidal  surfaces;  at  which  we 
may  arrive  more  easily  as  follows. 

I67.  To  find  the  differential  equation  to  conoidal  sur- 
faces. 

Their  characteristic  property  is  that  the  tangent  plane 
at  any  point  contains  the  generating  line  which  passes  through 
that  point,  (for  it  contains  the  tangent  lines  to  all  curves 
traced  on  the  surface  through  that  point,  and  a  straight 
line  is  its  own  tangent,)  that  is,  a  line  parallel  to  the  plane 
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of  xyj  and  intersecting  another  line  whose  equations  are 
w^  m%\  y'=  n%\  Now  the  equation  to  the  tangent  plane  at 
a  point  ofyz  is 

ar'-«=p(a?'-^)+g(y'-y), 

and  if  we  intersect  it  by  a  plane  parallel  to  wy  at  a  dis- 
tance z  from  it,  their  line  of  intersection  will  have  for  its 
equations 

«'=«,    pU'-^)+g(»'-y)  =  o, 

and  since  this  is  coincident  with  the  generating  line,  it  will 
intersect  the  rectilinear  directrix  of  which  the  equations  are 

.•.  pipo  -  mz)  H-  q(y  -  nz)  =  0, 

which  is  the  relation  that  must  be  satisfied  by  the  co-ordinates 
of  every  point  in  the  surface. 

For  a  right  conoid,  or  for  an  oblique  conoid  referred 
to  the  rectilinear  directrix  as  one  of  the  axes,  the  differen- 
tial equation  is 

i^\  paf-{-qy=zO. 

168.  Having  given  the  rectilinear  directrix,  to  find  the 
equation  to  the  conoidal  surface  which  envelopes  a  given 
curve  surface. 

As  in  the  former  cases,  if  t^  =  0  be  the  equation  to  the 
given  surface,  the  curve  of  contact  which  forms  the  curvi- 
linear directrix,  will  be  given  by  the  equations 

w  =  0,     (a?  -  mz)d^s)U  +  (y  -  nz)d^y^u  =  0, 

which  must  be  employed  instead  of  the  equations  y  '^  (f>  (a?), 
i8f  =  \|/(t»);  the  remainder  of  the  process  will  be  the  same 
as  that  explained  in  Art.  l66. 

169.  To  find  the  general  equation  to  surfaces  of  re- 
volution. 

A  surface  of  revolution  is  generated  by  a  curve  revolving 
about  a  fixed  axis;    if  the  curve  be   situated   entirely   in  a 
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plane  passing  through  the  axis,  then  every  section  of  the 
surface  through  the  axis,  which  is  called  a  meridian^  will 
reproduce  the  generating  curve;  otherwise,  the  section  will 
be  different  from  the  generating  curve.  Also  every  section 
perpendicular  to  the  axis,  which  is  called  a  parallel  of  the 
surface,  will  be  a  circle  whose  center  is  in  the  axis  and 
plane  perpendicular  to  it,  and  whose  perimeter  passes  through 
the  generating  curve;  hence  a  surface  of  revolution  may  be 
supposed  to  be  generated  by  a  circle  whose  center  moves 
along  a  fixed  straight  line  to  which  its  plane  is  perpendicular, 
and  whose  perimeter  always  passes  through  a  given  curve. 
The  advantages  of  the  second  mode  of  generation  are,  that 
the  moveable  circle  is  a  generating  curve  of  an  invariable 
nature  and  common  to  all  surfaces  of  the  class,  whilst  the 
curve  through  which  it  always  passes  is  a  variable  direc- 
trix which  changes  for  each  particular  surface,  agreeably 
to  the  mode  of  generation  occurring  in  every  instance  in 
this  section. 

Let  07  -  a  =  m(%  -  c),  y  -b  =  n{%  -  c),  be  the  equations 
to  the  axis  or  fixed  straight  line  along  which  the  center  of 
the  generating  circle  moves,  and  which  we  suppose  to  be 
drawn  through  a  given  point  (a,  6,  c)  in  a  known  direction. 
Then  every  one  of  the  parallels  of  the  surface  may  be  re- 
garded as  the  intersection  of  a  plane  perpendicular  to  this 
axis,  with  a  sphere  whose  center  is  any  fixed  point  in  the 
axis,  the  point  (a,  6,  c),  for  instance,  and  whose  radius 
varies  so  as  to  give  the  section  of  the  proper  magnitude; 
consequently  the  equations  to  the  generating  circle  wiU  be 

x  +  mw-^-ny^  )8,1 

Let  ysz(p(ai)j  »  =  >|/(^),  be  the  equations  to  the  direc- 
trix or  curve  which  the  perimeter  of  the  generating  circle 
always  meets;  then  these  four  equations  will  be  satisfied 
by  the  same  system  of  values  of  ^,  y,  Zj  which  are  the 
co-ordinates  of  the  point  of  intersection;  hence,  eliminating 
0?,  y,  z  from  them,  we  find  /3  =  F(a)  the  condition  to  be 
joined   to  the   equations   (l)  in  order  that   the  circle  which 
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they  represent  may  really  be  a  parallel  of  the  surface; 
hence,  elinunating  a  and  /3  from  the  equations  to  the  parallel, 
we  find 

a  relation  among  the  co-ordinates  of  the  generating  circle  in 
any  position,  and  therefore  the  equation  to  the  surface  which 
it  describes. 

Cob.  1.  If  the  axis  of  revolution  coincide  with  the  axis 
of  «,  and  we  take  the  center  of  the  sphere  for  origin,  we 
have 

m^nsO,     o«=6  =  c  =  0,     and     %  =  F{a^  +  y*  +  »*), 

or     sf=/(a?2  +  j^), 

as  we  have  already  seen.  Art.  52.  In  this  case  it  is  more 
convenient  to  regard  each  parallel  as  the  intersection  of  a 
right  cylinder  with  a  plane  perpendicular  to  it,  that  is, 
instead  of  equations  (l),  to  use 

which  joined  to  the  usual  relation  /3  =  Fio),  give  imme- 
mediately 

z^Fia^^-y"). 

Cob.  2.  If  we  differentiate  the  above  equation  with 
respect  to  o)  and  y,  and  divide  one  result  by  the  other, 
so  as  to  eliminate  the  arbitrary  function,  we  find 

n  +  q      y  -b  +  (z  •'c)q^ 

the  differential  equation  to  surfaces  of  revolution,  at  which 
we  may  also  arrive  as  follows. 

170.  To  find  the  differential  equation  to  surfaces  of 
revolution. 

Their  distinguishing  property  is,  that  the  normal  always 
meets  the  axis  of  revolution.     This  will  be  readily  seen  if 
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we  consider  that  the  tangent  plane  at  any  point  necessarily 
contains  the  line  touching  the  parallel  at  that  point,  and  is 
therefore  perpendicular  to  the  meridian  plane  passing  through 
that  point ;  consequently  the  normal  will  lie  in  the  meridian 
plane,  and  therefore  meet  the  axis. 

The  equations  to  the  normal  at  a  point  wyx  are 

of  -a!-\-p{z  -%)^0^     y  -y  +q(%'-  %)  =  0; 

let,  as  above,  the  equations  to  the  axis  be 

Of'  -a-  m(ss'^c)  =  0,     y'-  6  -  ti (j5f' -  c)  =  0, 

then  if  these  two  lines  intersect,  their  equations  must  be 
satisfied  by  the  same  values  of  w',  y\  »',  which  will  be 
the  co-ordinates  of  their  point  of  intersection.  Hence  if  we 
eliminate  a?',  y\  x\  the  result  will  be  the  differential  equa- 
tion to  the  surface.     Subtracting,  we  find 

m  (ja'-^c)  +p(z'—%)  — ^  +  a  =  0,     n  (»'-c)  +  ^(^'-«)  -y  +  6  =  0, 

or,  (m+p)  (jir'-i^)-fm(^-c)-^  +  a  =  0, 

(n  +  q)  {%-z)  +  »(^-c)-y  +  6  =  0; 

.'.  eliminating   z'  -  Xy     we  find  as  before 

(m-^-p)  {n{z-c)-y  +  b}  =  (n  +  q)  {m{z-c)-w  +  a\....(l)y 

which  expresses  that  a  surface  is  one  of  revolution  about 
an  axis  passing  through  a  point  a,  6,  o,  and  having  a  di- 
rection determined  by  the  quantities  m  and  n. 

If  the  axis  of  revolution  coincide  with  the  axis  of  «r, 
the  equation  becomes 

py-qoD-O.  \  3k 

Cob.  The  above  equation  will  enable  us  to  ascertain 
whether  a  proposed  equation  w  =  0,  represents  a  surface 
of  revolution ;  for,  deducing  the  values  of  p  and  g,  and 
substituting  them  in  (l),  the  result  ought  to  be  true  for 
all  values  of  a?,  y,  %.  Hence  we  must  equate  to  zero  the 
coefiicients  of  the  different  powers  of  the  co-ordinates,  and 
we  shall  obtain  among  the  unknown  quantities  a,  6,  c,  m,  n 
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a  certain  number  of  equations,  which  must  be  consistent 
with  one  another,  in  order  that  the  surface  may  be  one 
of  revolution.  The  process  applied  to  the  general  equar- 
tion  of  the  second  order  will  furnish  the  conditions  al- 
ready obtained,   (Art.  149.),  by   ^  different  method. 

171.  Having  given  the  position  of  the  axis,  to  find 
the  equation  to  the  surface  of  revolution  which  shall  en- 
velope a  given  curve  surface. 

As  in  the  similar  cases  which  have  preceded,  we  must 
begin  by  finding  the  equations  to  the  curve  of  contact 
which  will  be  the  directrix  of  the  moveable  circle.  Let 
w  =  0  be  the  equation  to  the  proposed  surface,  then  at  all 
points  along  the  curve  of  contact  the  tangent  planes  of 
the  two  surfaces  are  coincident;  and  therefore  the  values 
of  p  and  q  derived  from  w  =  0,  and  substituted  in  (l), 
must  satisfy  it  for  all  points  in  the  curve  of  contact;  the 
result  of  this  substitution  together  with  t^  =  0,  will  there- 
fore be  the  equations  to  the  directrix,  and  then  the  equation 
to  the  required  surface  of  revolution  may  be  found  as 
before. 

It  is  manifest  that  we  thus  determine  a  surface  which, 
if  thq  proposed  surface  revolved  about  the  given  axis  to 
which  it  was  fixed,  would  touch  and  envelope  it  in  every 
position. 

172.  The  above  are  the  principal  propositions  relative 
to  the  commoner  families  of  surfaces  which  admit  only  one 
directrix,  or  only  one  of  a  variable  form ;  for  though 
Conoidal  surfaces  have  two  directrices,  yet  one  of  them, 
namely,  the  rectilinear  one,  is  constant  for  all  surfaces  of 
the  family.  Consequently,  for  Conoidal,  as  well  as  for  all 
the  other  families  of  surfaces  considered  in  this  section, 
the  finite  equation  involves  only  one  arbitrary  function, 
and  the  differential  equation  cleared  of  the  arbitrary  func-  , 
tion,  is  only  of  the  first  order.  We  shall  now  illustrate, 
these  results  by  several   applications.  ' 


Digitized  by 


Google 


181 

I.     To  find  the  equation  to  the  cylindrical  surface  which  j^ 
envelopes  a  given  oblate  spheroiaT^^^^^^^  ' 

Let  the  center  of  the  spheroid  be  the  origin,  and  the 
plane  oi  %w  that  which  contains  the  axis  of  the  spheroid, 
and  a  line  through  the  origin  to  which  the  generating  line 
of  the  cylinder  is  always  parallel ;  therefore  the  equations 
to  the  generating  line  in  any  position  will  be 

o)  =  m%  +  a,      y  =  fi' 

Let  a?*+y^+-^i5?^=a*  be  the  equation  to  the  spheroid, 
.'.  the  equation  mdj^z  +  ndyZ  =  1    becomes,    since  w  =  0, 

i?   X 

or  % 
Hence  the  equati(»is  to  the  directrix  are 

between  which,  and  the  equations  w  =  mz  +  a,  ^  =  /3, 
eliminating  w,  y^  %  we  find 

Therefore,  restoring  the  values  of  a  and  )3,  the  equation 
to  the  surface  is 

If  we  make  « =  -  c,  we  shall  obtain  the  equation  to 
the  curve  in  which  the  cylinder  meets  the  horizontal  plane 
on   which   the  spheroid   stands;    this  gives 

f  {a^^-m^'c^)  +  a^  (<J?  +  mcf^  a2(a«+  mV), 

'if      (.27  +  mcY 
a^       or  +  'mr(r 

►  which  is  the  equation  to  an  ellipse,  the  origin,  that  is, 
the  point  on  which  the  spheroid  stands,  being  the  focus. 
Hence,  an  oblate  spheroid  placed  in  the  Sun_  on  a  hori- 
zontal  plane  stands  in  the  focus  of  its  shadow. 
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II.      If  a   cylindrical  surface  be  circumscribed'  about  a 

^  [surface    of    the   second     order    of    which     the    equation   is 

\Aa^+  Bf^+  Css^*^  ly    and  if  i?  be  the  length  of  the   semi- 

Jiameter  to  which  the  cylinder  is  parallel,  and  X,  /*,  v  the 

angles   which  it   makes  with  the    axes,  (hp  <*qii5ttinTi   tn  the 

surface  is 


Isu 

\a 

di 


Aa^  +  Bj^+  C«^-  1  =  R^{A(v  QOh\  +  By  cos/ui  +  Cz  cosy)^ 

\III.      To    find    the    equation    to    the     conical '  surface 
which  envelopes  a  given   surface  of  the  second  order. 

Let  the  equation  to  a  given  surface  be 

then  the  equation  i8f-c  =  /)(a?-a)  +  g(y-6)    gives 

^a?(a?-a)  4- jBy(y-6)  +  Cx{%'-c)  =  0 (l), 

which,  by  virtue  of  the  equation  to  the  surface,   becomes 
/C/!^^^^  ^s*-%^^,     Ao,w  +  Bhy  +  Cess  =  B (2). 

Therefore,  the  curve  of  contact  will  be  determined  by 
equations  (l)  and  (2) ;  and  eliminating  a?,  y,  %  between  them 
and  the  equations 

we  have,  first,   from   (l),     Aaw  +  Bfiy  +  Cx  ^0, 

and  combining  this  with  (2)  and  the  equations  to  the 
generating  line,  we  easily  efiect  the  elimination  and  obtain 
for  result 

(Ja^  +  S)3^+C)(^a^+S6'^+Cc^-2>)  =  (^aa  +  S6/3  +  Cc)^ 

Hence,  restoring  the  values  of  a  and  /3,  we  have  for  the 
equation  to  the  surface 

{A  (a?  -  a)2  +  S(y  -  6)^  +  C{z  -  cf}  {Aa'-^Bb''+  Cc'^D] 

=  {Aa  (a?  -  a)  +  Bb  (y  -  6)  +  Cc  (%  -  c)}% 

or,  reducing, 

(A^^+  By'+  C^-  D)  (Aa'+Bb^+  Cc^-D) 

=z(Aaa;  +  Bby  +  Ccx  -  Dy. 
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Hence,  the  cone  touches  the  surface  along  the  curve  in 
wfiich  it  is  intersected  by  the  plane  represented  by  (2). 
Also  if  iS  =  AC  (fig.  52.),  the  length  of  the  line  joining  the 
vertex  of  the  cone  and  the  origin,  and  R  =s  CP  the  portion 
of  that  line  which  forms  a  semidiameter  of  the  surface,  it 
may  be  easily  shewn  that 

which    may  be    substituted    in    the    above    equation    to    the 
conical  surface. 

Cor.  If  instead  of  referring  the  surface  to  its  axes, 
we  refer  it  to  a  system  of  conjugate  diameters,  one  of  which 
passes  through  the  given  vertex  and  is  taken  for  the  axis 
of  Zy  the  equations  to  the  generating  line  will  be  a?  =  a  (ar  —  c) 
y  =  fi(%  —  c)y  and  the  equations  to  the  curve  of  contact 

/.  eliminating  a?,  y,  »,  we  find  (Aa^  +  Bfi^^)  (^^-77)  =  A 

and  restoring  the  values  of  a  and  /3,    the  equation    to  the 
surface  is 

IV.  One  of  the  most  useful  applications  of  the  general 
method  of  determining  conical  surfaces,  is  to  find  the  stereo- 
graphic  projection  of  a  curve  upon  anv  plane;  that  is,  the 
trace  upon  the  plane,  of  a  conical  surface^  called  thg^^og- 
cone,  whose  vertex  is  the  place  of  the  eye,  and  direc- 
trix the  given  curve. 

'A. 

If  we  take  a  line  drawn  through  the  place  of  the  eye, 
perpendicular  to  the  plane  of  projection  for  the  axis  of  z, 
the  equation  to  the  optical  cone  will  be 
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which  results  from  the  general  equation  to  conical  surfaces, 
by  making  a  ==  6  =  0,  and  changing  the  sign  of  c,  that  is, 
supposing  the  vertex  to  be  situated  below  the  plane  of  wy. 
If  in  this  equation  we  make  z  constant,  we  obtain  the 
equation  to  the  stereographic  projection  of  the  given  curve 
upon  any  plane  perpendicular  to  the  axis  of  z ;  and  if  in 
the  result  we  make  c  infinite  (so  that  the  projecting  lines 
may  all  become  parallel  to  one  another  and  perpendicular 
to  the  plane  of  projection),*  we  shall  find  the  equation  to 
the  orthographic  projection,  which  is  the  sort  of  projection 
so  frequently  employed  in  the  preceding  part  of  this  work. 
When  the  curves  to  be  projected  are  situated  on  the  sur- 
face of  a  sphere,  the  term  stereographic  is  usually  con- 
fined to  the  case  where  the  eye  is  situated  in  the  pole  of 
the  great  circle  whose  plane  is  the  plane  of  projection; 
and  when  the  eye  is  in  the  center,  and  the  plane  of  pro- 
jection is  a  tangent  plane  to  the  surface,  the  projection  is 
called  gnomonic.  We  shall  now  illustrate  the  method  by 
^^he  following  examples. 

1.  To  find  the  stereographic,  gnomonic,  and  ortho- 
graphic projections  of  any  circle  of  a  sphere. 

Let  the  center  of  the  sphere  be  the  origin,  and  a  plane 
perpendicular  to  the  plane  of  the  circle  to  be  projected, 
the  plane  of  %w;    then 

z^  aasJrh     j 

are  the  equations  to  a  circle  of  the  sphere,  forming  the  di- 
rectrix of  the  optical  cone ; 

also    A'  =  a  (:8f  +  c),     y  =  /3  (j5f  -*-  c), 

are  the  equations  to  the  generating  line ;   hence,  eliminating 
w,  y,  Zy  between  these  four  equations,  we  find 

,         .      _  aca-^-b 

z  =  aa  (z  +  c)  +  by     or  z , 

1  —  aa 

a?  =  a(s?  +  c)  =  0-; ,      y  =  i3; ,  

1  —  aa  \  —  aa 
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.'.  (b  +  cf  {a^  +  ^)  +  i,aca  +  6)»  =  r^l  -  aayi, 
or,  restoring  the  values  of  a   and  /3, 

the  equation  to  the  optical  cone,    from   which  those  td  the 
projections  may  be  deduced* 

I.  In  ste^eoyraohic  projection^  the  plane  of  projection 
passes  through  the  center,  and  tlie  eye  is  situated  in  the 
surface  of  the  sphere,  therefore  %^0^   c^r-^ 

.-.  (ft  -h  rf  (a?^  y')  +  r'  (aof  +  by^7^{r  ^  dw)\ 

or    a?2+r  + -w  =  r^. -; 

T  +  b  r  -^-h 

the  equation  to  a  circle,  whose  radius 


T 


Vr'(H-^^)-6S 


r  +  6 
and  distance  of  its  center  from  that  of  the  sphere  = 


r  +  6 


2.  In  ^nomonic  projection,  the  plane  of  projection 
touches  the  surface,  ^nd  the  eye  is  situated  in  the  center 
of  the   sphere,    therefore    ;«?  =  r,    c  =  0 ; 

.-.  b\w^+^)+b''r^^r\T--aai)\ 

or    ^'(6'-a^r^)  +  6y=r^(r'-6')-2r»aa?; 

the  equation  to  an  ellipse,  hyperbok,  or  parabola,  according 
ds  V  >,  <,    or  =  a^T^. 

3.  In  orthographic  projection  c  =  oo  ,  z  =  0; 

the  equation  to  an  ellipse. 

In  the  same  manner  it  may  be  shewn  that  the  stereo- 
graphic  pro>jection  of  any  plane  section  of  a  paraboloid  of 
revolution,  upon  a  plane  perpendicular  to  its  axis,  is  a  circle, 

Aa 
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the  eye  being  placed  in  the  vertex ;  or  that  the  stereographic 
projection  of  any  section  of  an  oblate  spheroid,  upon  the 
plane  of  the  equator,  is  a  circle,  the  eye  being  placed  in 
the  pole. 

We  may  employ  the  same  method  also  to  compare  any 
angle  on  the  surface  of  a  sphere  with  its  different  projections ; 
this,  however,  may  be  done  more  simply  by  geometrical  con- 
siderations, as  will  be  seen  in  the  following  problem. 

Pbob.  The  gnomonic,  orthographic,  and  stereop'aphic 
trojections  of  the  rhumb-line  on  the  surface  of  a  sphere,  are 
'  ree  of  Cotes^s  spirals.  ^ 


pr 
tir 


The  rhumb-line  is  a  curve  of  double  curvature,  traced  on 
the  surface  of  a  sphere  so  as  to  cut  all  meridians  under  the 
same  angle. 

1.     To  find  the  gnomonic  projection. 

Let  yBw^  (fig.  55.)  be  the  plane  of  projection  perpendicular 
to  5C,  Tt  its  intersection  with  a  plane  touching  the  sphere  at 
a  point  P  in  the  plane  of  psx,  then  Tt  is  parallel  to  Sy;  Pt 
a  tangent  to  the  rhumb-line  at  P,  Q  the  projection  of  P  de- 
termined by  producing  CP  to  meet  the  plane  wBy.  Then 
ATQt  is  the  projection  of  TPt\ 

r^r.         Tt       TP    Tt       TP         ^„        CB 
and  tan  TQt  =  -=rz^  T^r;:-  t^tt.  =  7^^  tan  TPt  =  — -  tan  a, 
TQ      TQ   TP      TQ  CQ 

if  a  =  the  constant  angle  at  which  the  rhumb-line  cuts  the 
meridian.  Let  BQ  =  p^  p  =  perpendicular  from  B  on  Qt 
which  touches  the  projection  of  the  rhumb-line  at  Q,  BC  =  a, 

-  p  a  tan  a  9^  ,        ^^IP^       \ 

"■'"  7^  -  v?T5 ■  "  ^-'-<'""">  (& -^ ■)  > 

1       (cosec  aY      (cot  aY 
the  equation  to  one  of  Cotes^s  spirals. 
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2.     To  find  the  orthographic  jprojection. 

Let  ocCy  be  the  plane  of  projection  (fig.  56.),  Tt  its  inter- 
section with  a  plane  touching  the  sphere  at  a  point  P,  situated! 
in  the  plane  of  »a?,  then  Tt  is  parallel  to  Cy ;  Pt  bl  tangent 
to  the  rhumb-line  at  P,  N  the  projection  of  P,  then  z  TNt 
is  the  projection  of  TPt\ 

Tt       TP    Tt       TP  CP 

andtanrAr.  =  _  =  _.— =  ^.  tan  TP/^  — tana; 

or  if  CN  ^  p,  p=^  perpendicular  from  C  on  Nt  which  touches 
the  projection  at  iV, 


(cot  ay 


the  equation  to  the  hyperbolic  spiral,  as  already  found  p.  131. 

3.     To  find  the  stereographic  projection. 

Let  CO  =  CP  be  perpendicular  to  the  plane  of  projection 
wCy  (fig.  56,);  join  PO  meeting  the  plane  of  projection  in  Q, 
which  is  therefore  the  projection  of  P,  and  z  TQt  of  TPt 
Then  z  TPQ  =  complement  of  CPO  =  complement  of  COP 
=  PQTj  ,-.  PT=  QT;  and  since  Tt  is  perpendicular  both  to 
PT  and  QT,  .\  Z  TQt  =  TP^  =  a;  therefore  since  the  angle 
between  the  tangent  and  radius  vector  is  constant,  the  curve  is 
an  equiangular  spiral,  its  equation  being  ^  =  p  sin  a. 

Cob.  It  appears,  that  if  an  angle  a  on  the  surface  of  a 
sphere  have  one  of  the  arcs  which  contain  it,  a  meridian,  and  if 
7  denote  its  gnomonic,  w  its  orthographic  projection,  and  0  the 
arc  of  the  containing  meridian  intercepted  between  its  vertex 
and  a  plane  through  the  center  parallel  to  the  plane  of  projec- 
tion, then 

tan  v  =  sin  0  tan  a,     tan  w  =  -; — :z  tan  a ; 
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also  tan  a  =  \/tan  w .  tan  y^  that  is,  the  tangent  of  the  stereo- 
graphic  projection  is  a  mean  proportional  between  the  tangents 
of  the  orthographic  and  gnomonic  projections  of  the  same  angle. 

V.     To  find  the  equation  to  the  conoidal  surface  gene- 
rated by  a  horizontal  straight  line,   which  constantly  passes 
^/    through  a  Helix,  and  the   axis   of  the  vertical  cylinder  on 
which  it  is  traced. 

The  equations  to  the  helix  are  (Prob.  2,  Art.  132.) 

a 

let  the  equations  to  the  generating  line  be  z  =  fi^  y  ^aof^ 
then  eliminating  w,  y,  «f,     ci^+a*^=a*, 

or  -  = — .  ;      .*.  p  =  riacos"^ — .  =natan~^a; 

therefore,  restoring  the  values  of  a  and  j3,  the  equation  to 
the  surface  is 

z  =  7^atan"*  — . 
w 

This  is  the  surface  presented  by  the  inferior  superficies  of 
a  staircase,  attached  to  a  vertical  column  round  which  it 
winds. 

%  VI.      To   find   the  equation   to   the   surface  generatpd  bv 

^\the  revolution  of  anv  straight  line  about  a  fixed  axis,  /i^ 

'  Let  the  ii^i^d  a/Is  be  taken  for  the  axis  of  z,  and  le^ 
the  equations  to  the  straight  line  be 

x^Az-^h^     y  =  Bz-\-ky 

and  the  equations  to  the  generating  circle 

therefore  eliminating  a?,  y,  z^  we  have 
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or,  restoring  the  values  of  a  and  j3, 

or     a?2^3^-(J2+52)^-2(JAH-fiA;);if  =  A'H-A;^, 

which  is  the  equation  to  the  surface,  and  manifestly  repre- 
sents a  hyperboloid  of  one  sheet  with  its  centef^ih  th'(^  axis" 
of  %,  If  in  this  equation  we  make  a?  =  0,  or  y  =  0,'  ^^iK' 
order  to  find  the  equation  to  a  section  through  the  axis^ 
the  resulting  equation  represents  a  hyperbola;  therefore  the 
surface  is  a  hyperboloid  of  revolution.  Also  if,  retaining 
one  of  the  above  equations  to  the .  directrix,  we  change  the 
signs  of  the  second  member  in  the  other,  the  equation  to 
the  surface  is  not  altered;  therefore  the  same  surface  may 
be  generated  by  two  diflRerent  straight  lines,  and  through 
any  one  of  its  points  two  straight  lines  may  be  drawn  so 
as  to  entirely  coincide  with  it.     This  agrees  with  Art.  74. 

If  we  take  for  axi?  of"  sc  the  shortest  distance  of  the 
directrix  from  the  fixed  axis,  the  equations  to  the  directrix, 
since  it  is  parallel  to  the  plane  of  y%^  will  be .  a?  =  A, 
y-B%\  therefore  putting  J  =  0,  A;  =  0,  the  equation  to  the 
surface  is 

the  origin  being  the  center. 

VII.     An  oblate   spheroid  revolves  about  any  diameter>;| 
io-^nd   the   equation   to   the    surface   which   envelopes   it  inj^ 
eye^V  position.  ^^^  ^--»^  ^  ^  4^.*^^^^^  :a-^*-w^^^a.  ^  I 

Let  w  =  m%,  y  ^  n%  be  the  equations  to  the  diameter, 
c^(a?^H- y^) +aV=  aV  the  equation  to  the  spheroid; 

then  the  equation  {y-n%)p-{x  —  m%)q-\-my-'noD=0  becomes 
(my  -  nx) (a*-  c^)  =  0; 

therefore  the  equations  to  the  directrix  are 
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and  the  equations  to  the  generating  circle, 

eliminating  Wj  y^  z  between  these  four  equations,  we  find 

therefore,    restoring    the   values   of   a   and   /3,    the    required 
equation  is 

a'C^  +  y'  +  ^-c^Xw^  +  nO 

=  {(»H- wa?+  ny)  \/a*  -c^-c \/a^ -  a?* -  y*  -  jj?^ p. 
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SECTION   VII. 

ON  SURFACES  HAVING  MORE  THAN  ONE  ARBITRARY  CtTtlVl- 
LINEAR  DIRECTRIX,  AND  ON  DEVELOPABLE  SURFACES, 
AND    ENVELOPES. 


173.  In  the  preceding  Section  we  considered  several 
surfaces  where  the  equations  to  the  generating  curve  con- 
tained two  variable  parameters ;  and  the  necessary  dependence 
of  these  parameters  upon  one  another,  in  order  that  a  sur- 
face and  not  a  solid  might  be  generated,  was  established 
by  making  the  generating  curve  in  every  position  have  a 
point  in  common  with  a  given  fixed  directrix.  The  resulting 
equation  to  the  surface  consequently  involved  but  one  arbi- 
trary function;  and  the  differential  equation,  characterizing 
the  nature  of  the  surface  independent  of  that  directrix,  was 
of  the  first  order.  We  shall  now  take  a  more  general  view" 
of  the  subject  of  the  generation  of  surfaces,  and  suppose 
the  equations  to  the  generating  curve 

/(a?,  y,  ss,  a,  )3,  7,  &c.)  =  0,     /(a?,  y,  %,  a,  )3,  7^  &c.)  =  0, 

to  contain  any  number  n  of  variable  parameters  a,  )3,  7,  &c. 
This  curve  will  not,  by  passing  through  all  the  various 
positions  and  forms  corresponding  to  the  various  values  of 
the  parameters,  generate  a  determinate  surface,  unless  we 
subject  it  to  such  conditions  as  will  leave  only  one  of  the 
parameters,  a  for  instance,  arbitrary ;  and  this  may  be  done 
by  making  it,  in  every  position,  pass  through  n  —  1  curves 
represented  by  the  equations 

For  in  order  that  it  may  have  a  point  in  common  with  the 
first  directrix,  its  two  equations  and  the  equations  y  =  ^(a?). 
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j^  =  >//^(^),  must  be  satisfied  by  the  same  system  of  valuesi 
of  a?,  y,  ijf,  which  are  the  co-ordinates  of  that  point;  there- 
fore, eliminating  a?,  y,  z  between  these  four  equations,  we 
find  -F(a,  )3,  7,  &c.)  =  0,  which  expresses  the  necessary 
dependence  among  the  parameters  in  order  that  the  gene- 
rating curve  may  pass  through  the  first  directrix.  In  the 
same  manner,  each  directrix  will  furnish  a  fresh  relation 
between  a,  )3,  7,  &c. ;  so  that  to  represent  completely  the 
generating  curve  passing  through  the  w  —  1  directrices,  we 
must  join  to  its  two  equations,  the  n  —  1  equations  of  con- 
dition F(a,  )3,  7,  &c.)  =  0,  jPi(c^  )3,  7,  &c.)  =  0,  &c. ;  and 
if  from  these  latter  we  suppose  )8,  7,  &c.  to  be  all  de- 
termined in  terms  of  a,  and  substitute  them  in  the  equations 
to  the  generating  curve,  those  equations  will  then  involve 
only  one  parameter,  by  the  elimination  of  which  between 
them  we  shall  arrive  at  an  equation  containing  no  arbitrary 
quantity,  and  representing  a  determinate  surface  generated 
by  the  moveable  curve.  Hence  the  final  equation  will  con- 
tain as  many  arbitrary  functions  as  there  are  directrices,  and 
therefore  the  dififerential  equation,  characterizing  the  surface 
independent  of  the  directrices,  and  therefore  not  involving 
the  functions,  will  be  of  an  elevated  order,  generally  exceed- 
ing the  number  of  functions.  These  principles  we  shall  now 
illustrate,  confining  ourselves,  however,  to  the  cases  where 
the  generating  curve  is  a  straight  line. 

174.  Surfaces  generated  by  a  straight  line  are  divisi- 
ble into  two  classes,  each  of  which  has  distinct  properties; 
viz.  into  twisted  surfaces,  where  two  consecutive  positions 
of  the  generating  line  are  never  in  the  same  plane;  and 
into  developable  surfaces,  where  two  consecutive  positions  of 
the  generating  line  are  always  in  the  same  plane. 

One  remarkable  difi^erence  in  the  properties  of  these  two 
classes  has  reference  to  their  contact  with  the  tangent  plane; 
in  both,  the  tangent  plane  at  any  point  (since  it  contains 
the  tangent  lines  to  all  curves  traced  on  the  surface  through 
that  point,  and  a  straight  line  is  its  own  tangent)  must 
contain  the  generating  line  passing  through  that  point;   but 
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in  twisted  surfaces  the  tangent  planes  along  a  generating 
line  are  all  distinct,  and  each  touches  the  surface  only  in 
a  point;  whereas  in  developable  surfaces,  it  is  one  and  the 
same  I  plane  which  touches  the  surface  at  all  points  along 
a  generating  line.  For  let  DC,  LfC  (fig.  54.)  be  con- 
secutive positions  of  the  generating  line  of  a  twisted  surface, 
BC^  ED  sections  of  the  surface  through  any  points  D  and 
C,  and  TC,  AD  tangent  lines  to  those  sections.  Then  the 
tangent  planes  at  all  points  along  DC  contain  DC;  and  at 
D  and  C  the  tangent  planes  are  JDC,  TCD,  which  cannot 
be  coincident  unless  AD,  TC  are  in  the  same  plane;  but 
in  that  case  D'C  (since  between  the  positions  DC,  D'C', 
the  generating  line  may  be  supposed  to  glide  along  AD,  CT) 
would  be  in  the  same  plane  with  DC,  which  is  impossible, 
since  the  surface  is  twisted.  But  if  the  surface  be  develop- 
able, then  since  D'C  is  in  the  same  plane  with  DC,  the 
tangents  JD,  TC  are  in  the  same  plane,  and  thgrefore 
the  tangent  planes  at  D  and  C,  as  well  as  at  every  other 
point  along  DC,  are  coincident.  This  property  has  already 
been  proved  for  cylinders  and  cones,  which  are  evidently 
particular  cases  of  developable  surfaces. 

175.  We  shall  first  consider  twisted  surfaces;  and 
among  the  various  ways  in  which  the  motion  of  a  straight 
line  may  be  governed  so  as  to  generate  a  twisted  surface, 
we  shall  select  the  two  following:  viz.  when  the  moveable 
line  constantly  passes  through  two  fixed  curves  and  remains 
parallel  to  a  fixed  plane,  and  when  it  constantly  passes 
through  three  fixed  curves. 

176.  To  find  the  equation  to  the  surface  generated  by 
a  straight  line  which  constantly  passes  through  two  given 
curves,  and  remains  parallel  to  a  fixed  plane. 

The  motion  of  the  generating  line  is  here,  manifestly, 
completely  determined,  as  we  have  only  to  cut  the  curves 
by  planes  parallel  to  the  fixed  plane,  and  to  join  the  points 
of  section  by  straight  lines,  to  obtain  as  many  positions  of 
the  generating  line  as  we   please;    and   as  the  tangents  to 
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the  fixed  curves  at  those  points  of  section  will  not  usually 
be  in  the  same  plane,  the  surface  will   generally  be  twisted. 

Taking  the  directing  plane  for  that  of  a?y,  let  the  equa- 
tions to  the  generating  line  in  any  position  be 

and  let  the  equations  to  the  two  directrices  be 

y^(pi(af),    x^ylfiiof),      y«02(^),    x-=^ylfi(^); 

then  successively  combining  the  equations  to  the  moveable 
line  with  those  to  each  of  the  directrices,  so  as  to  elimi- 
nate 07,  y,  Xy  we  find 

PM  i3,  7)  =  0,     F^ia,  i3,  7)  =  0 ; 
which  we  may  suppose  reduced  to  the  forms 

Hence,  eliminating  a,  j3,  7  between  these  and  the  equa- 
tions to  the  generating  line,  we  have  for  the  equation  to 
the  surface 

y  =  zr0(i?f)H->/r(j^). 

CoE.  To  find  the  difierential  equation,  we  have,  dif- 
ferentiating successively  with  respect  to  47  and  y,  and  di- 
viding one  result  by  the  other, 

0  =  0  (»)  H-  w(p'{%)p  H-  >/r'(«)^, 

therefore,  differentiating  again,  and  dividing  one  result  by 
the  other,  employing  the  usual  notation, 

.-.  q^T  -  ^pqa  H-  pH  =  0, 
the  equation  common  to  all  surfaces  of  this  class. 
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177«  To  find  the  equation  to  the  surface  generated  by 
a  straight  line  subject  to  constantly  pass  through  three  given 
fixed  curves. 

It  is  easily  seen  that  the  motion  of  the  generating  line 
will  be  completely  determined ;  for  conceive  any  point  in 
one  of  the  fixed  curves  to  be  the  common  vertex  of  two 
conical  surfaces,  having  the  other  two  fixed  curves  for 
their  directrices;  then  these  surfaces  will  intersect  one 
another  in  a  finite  number  of  straight  lines,  each  of  which 
passes  through  the  three  fixed  curves,  and  is  therefore  a 
position  of  the  generating  line;  and  as  we  take  fresh 
points  for  the  vertex,  the  successive  generating  lines  be- 
longing to  the  same  sheet,  will  pass  through  points  con- 
tiguous to  one  another  on  the  three  directrices.  Also 
the  surface  will  generally  be  twisted,  because  the  tangents 
to  the  three  directrices  at  the  points  where  a  generating 
line  meets  them,  will  not,  except  in  very  particular  cases, 
be  in   the  same  plane. 

Let  the  equations  to  the  generating  line  be 

x^ax  +  y^      y  =  fix  +  8, 

containing  four  variable  parameters,  a,  )3,  7,  S;  and,  as 
explained  in  Art.  173,  let  the  three  relations  among  the 
parameters  necessary  for  the  line  passing  throu^  the  three 
given  directrices,  be  obtained  and  reduced  to  the  form 

^  =  0  (a),     7  =  >/'  (a),     S^7r(a); 

therefore,  substituting  for  )3,  7,  S  in  the  equations  to  the 
generating  line,  we  have 

^  =  a»  +  \|r  (a),     y  =  «0  (a)  +  TT  (a) ; 

and  it  remains  to  eliminate  a  between  these  equations,  in 
ordier  to  get  the  equation  to  the  surface;  but  this  cannot 
be  done  without  particularizing  the  functions,  or  the  direc- 
trices on  which  they  depend.  Therefore  we  must  retain 
the  above  system  of  equations  to  represent  this  family  of 
surfaces,  regarding  a  as  an  indeterminate  quantity  to  be 
eliminated,    after  the  forms  of  the  functions  in  each  indi- 
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vidual  case  have  been  determined.  It  may  be  observed 
that  the  various  other  modes  of  generating  this  sort  of  sur- 
face, as  for  instance  when  we  replace  one  or  more  of  the 
directrices  by  a  surface  which  the  moveable  line  is  always 
to  touch,  are  reducible  to  this  method;  for  in  every  case 
we  may  take  for  the  three  directrices,  any  three  sections  of 
the  generated  surface,  made  at  pleasure. 

Coa.  To  obtain  the  differential  equation  independent  of 
the  directrices,  we  must,  as  before,  obtain  by  successive 
differentiations  of  the  above  system,  a  sufficient  number  of 
equations  to  eliminate  a,  and  the  functions  0,  yf/,  tt,  and 
their  derived  functions;  the  result  is  a  complicated  equa- 
tion of  the  third  order. 

When  in  the  two  preceding  cases,  the  directrices  all 
become  straight  lines,  the  surfaces  generated  become  re- 
spectively the  hyperbolic  paraboloid,  and  the  hyperboloid 
of  one  sheet,  as  we  have  already  seen ;  they  are  the  only 
twisted  surfaces  whose  equations  do  not  rise  above  the  se- 
cond degree. 

178.  We  next  come  to  the  consideration  of  the  second 
class  of  surfaces  which  admit  of  being  generated  by  a 
straight  line,  the  characteristic  law  of  the  motion  being 
that  two  consecutive  positions  are  always  in  the  same 
plane.  Before  proceeding  to  point  out  the  various  modes 
in  which  this  condition  may  be  satisfied,  we  shall  shew 
that  surfaces  generated  in  this  manner  are  developable;  that 
is,  supposing  them  flexible  but  inextensible,  they  may, 
without  rumpling  or  tearing,  be  made  to  coincide  with  a 
plane  in  all  their  points.  Let  fig.  57*  represent  a  surface 
of  this  sort,  and  let  AN,  A'N*^  A^'N'^  &c.  be  positions  of 
the  generating  line  indefinitely  near  to  one  another;  then 
from  the  definition  of  the  surface,  AN  will  be  intersected 
by  A'jST  in  some  point  m,  A'N"  by  A"N"  in  m',  and  the 
latter  by  the  next  generating  line  in  m",  and  so  on  ;  so 
that  these  successive  points  of  intersection  will  form  a  poly- 
gon i»mW...,  or  rather  a  continuous  curve  to  which 
all  the  generating  lines   are  tangents;    also  AN  and   A'N', 
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and  similarly  every  pair  of  consecutive  generating  lines, 
will  include  a  sectorial  area  AmA'  of  indefinite  length,  but 
infinitely  small  angle,  which  may  be  regarded  as  a  plane 
element  of  the  surface.  If  now  the  first  of  these  elements 
be  turned  about  its  line  of  intersection  with  the  second, 
till  they  are  in  the  same  plane ;  and  then  the  system 
formed  by  these  two  be  turned  about  the  line  of  intersec- 
tion of  the  second  and  third  till  they  are  in  the  same  plane ; 
and  if  this  operation  be  continued  through  all  the  plane 
elements,  they  will  all  thus  be  brought  into  one  plane,  and 
the  given  surface  will  be  developed  without  rumpling  or 
tearing. 

179.  We  have  already  seen  that  the  plane  which 
touches  a  developable  surface  in  any  point  M  is  the  tangent 
plane  at  every  point  in  the  generating  line  passing  through 
M\  and  that  to  construct  the  tangent  plane  to  any  point  Jlf, 
we  have  only  to  draw  a  tangent  line  MT  to  any  curve 
on  the  surface  passing  through  that  point,  then  TMN  is 
the  tangent  plane  required. 

180.  As  the  generating  lines  are  all  tangents  to  the 
curve  mmm"...  formed  by  their  perpetual  intersection,  the 
surface  may  be  supposed  to  be  generated  by  a  moveable 
straight  line  which  is  always  a  tangent  to  a  fixed  curve ; 
the  curve  must  of  course  be  of  double  curvature,  otherwise 
the  surface  generated  would  be  a  plane.  Hence  it  is  suf- 
ficient to  assign  one  fixed  directrix  (to  which  the  generating 
line  must  be  always  a  tangent)  to  completely  determine  a 
developable  surface.     If  the  equations  to  the  fixed  curve  be 

^  =  0  (^)5     y  =  ^l'  Wj 

the  equation  to  the  surface  will  result  from  eliminating  a 
from  the  equations  to  the  line  touching  the  curve  at  a 
point  for  which  af  =  a,  which  (Art.  123.)  are 

J7  -  ^(a)  =  ^'(a)  {%  -  a),    y  -  >/^(a)  =  >//'(a)  (»-  a)  ; 

the  elimination  cannot  be  effected  without  assigning  the 
forms  of  the  functions;   but  every  developable  surface  may 
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be  represented  by  the  above  system  of  equations,  regard- 
ing a  in  the  first  as  a  function  of  y  and  xr  to  be  deter- 
mined from  the  second. 

181.  The  curve  mm'm!*.,.  is  called  the  edge  of  re- 
gression  of  the  surface  which  its  tangent  generates ;  the 
reason  of  which  is  that  the  two  portions  of  any  tangent, 
produced  both  ways  from  the  point  of  contact,  generate 
two  distinct  sheets  of  the  surface  which  are  united  in  the 
curve;  so  that  if  we  wished  to  pass  from  a  point  in  one 
sheet  to  a  point  in  the  other  without  quitting  the  surface, 
our  path  would  have  a  point  of  regression  at  the  curve, 
provided  the  two  points  were  not  in  the  same  generating 
line.  In  conical  surfaces  the  edge  of  regression  is  reduced 
to  a  point,  in  cylindrical  surfaces  it  is  removed  to  an  infi- 
nite distance. 

182.  We  may  also  generate  a  developable  surface,  by 
assigning  two  fixed  directrices  through  which  the  moveable 
line  is  always  to  pass;  in  that  case  the  points  in  which 
the  moveable  line  meets  them  must  be  constantly  so  chosen 
that  the  tangent  lines  to  the  directrices  at  those  points  are 
in  the  same  plane;  then,  as  the  moveable  line  in  passing 
into  its  consecutive  position  may  be  supposed  to  glide  along 
those  tangents,  every  two  consecutive  positions  will  be  in 
the  same  plane.  Consequently,  after  having  obtained  two 
relations  among  the  parameters  which  enter  into  the  equa- 
tions to  the  moveable  line,  by  subjecting  it  to  meet  the 
two  directrices,  we  shall  obtain  a  third  by  expressing  that 
the  tangents  to  the  directrices  at  the  points  where  the 
moveable  line  meets  them,  are  in  the  same  plane;  hence 
only  one  arbitrary  parameter  will  remain  in  the  equations, 
by  eliminating  which  we  shall  obtain  the  equation  to  the 
surface. 

183.  There  is  yet  another  way  of  expressing  the  gene- 
ration of  developable  surfaces ;  for  since  every  two  consecutive 
generating  lines  include  between  them  a  plane  sectorial  area 
of  indefinite  length,  we  may  regard  these  elements  as  form* 
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ing  parts  of  the  successive  positions  of  a  plane  subject  to 
move  according  to  a  given  law.  This  method  will  usually 
be  found  the  most  convenient  in  practical  applications;  and 
it  leads  easily  to  the  general  differential  equation  to  de- 
velopable surfaces,  and  to  other  results,  which  we  shall  now 
obtain  by  means  of  it. 

184.  To  find  the  general  equation  to  developable  sur- 
faces, considered  as  generated  by  the  consecutive  intersections 
of  the  positions  assumed  by  a  plane  subject  to  move  after 
a  given  law. 

The  law  according  to  which  the  plane  moves  will  vary 
with  each  particular  surface;  but  in  order  that  the  motion 
may  be  completely  determined,  and  that  a  single  surface 
and  not  an  infinite  number  of  surfaces  may  be  generated, 
it  must  leave  only  one  arbitrary  parameter  in  the  equation 
to  the  moveable  plane.  The  successive  positions  assumed 
by  the  plane  by  virtue  of  the  infinitely  small  variations  of 
the  parameter,  will  cut  one  another  consecutively  in  straight 
lines,  which  taken  two  and  two  are  in  the  same  plane; 
these  lines  will  therefore  form  a  developable  surface  touched 
by  all  the  planes.  Hence  the  law  of  succession  of  the  planes 
which  generate  a  developable  surface  requires  that  two  of 
the  three  arbitrary  constants  which  enter  into  the  equation 
to  a  plane  should  be  functions  of  the  third,  or,  which  is 
the  same  thing,  that  they  should  all  be  functions  of  the 
same  parameter  a;  let  therefore 

»  =  af(f>(a)  +  yf(a)  +  \lf{a) 

be  the  equation  to  the  generating  plane  in  one  of  its  po- 
sitions depending  upon  the  parameter  a;  then  the  equation 
to  the  plane,  which  diflTers  insensibly  from  it  in  position, 
will  be 

x:=^a;{  (pia)  +  0'(a)  .  Sa  +  &c. }  +  y  {f(a)  +f(a).Sa  +  &c.} 

+  >/^(a)  +  x/r'(a).5a+&c.; 

and  the  co-ordinates  of  the  points  in  which  they  intersect 
must  satisfy  these  two  equations;   that  is,  they  must  satisfy 
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X  «  af(p(a)  +  yf(a)  +  >//(a), 

0  =  a?  {0'(a)  +  &c. }  +  y  {/(a)  +  &c. }  +  >/.'(a)  +  &c. ; 

or  if  the  planes  be  consecutive,  making  Sa  =  0,  the  equa- 
tions to  their  line  of  intersection  are 

Jifc=a?0(a)+y/(a)H->/.(a) (l), 

0  =  x<p\a)  +  yf(a)  +  >/.'(a) (2)  ; 

and  the  general  equation  to  developable  surfaces  will  result 
from  eliminating  a  between  these  equations;  but  as  the 
elimination  cannot  be  effected  without  fixing  the  forms  of 
the  functions  0,  /,  >^,  that  is,  without  particularizing  the 
surface,  we  must  retain  the  above  system  to  represent  this 
family  of  surfaces,  regarding  a  in  the  former  as  a  function 
of  ,v  and  y  to  be  determined  by  the  latter. 

Cob.  Hence  the  differential  equation  to  developable 
surfaces  can  be  obtained  ;  for,  differentiating  (l)  successively 
with  respect  to  w  and  y,  regarding  a  as  a  function  of  w 
and  y  to  be  determined  from  (2),  we  have 

P  =  0(«)  +  1^0' (a)  H- y/(«)  +  ^'(«)}  4a, 
9  =  /(«)  +  {^<^'(a)  +  yf(o)  +  ^\a)]dya, 
which  by  virtue  of  equation  (2)  are  reduced  to 
J)  =  0(a),      q^fia); 

and  since  p  and  q  are  functions  of  the  same  quantity,  they 
are  functions  of  one  another, 

which  is  the  differential  equation  of  the  first  order  to  de- 
velopable surfaces,  containing  one  arbitrary  function ;  this 
may  be  made  to  disappear  by  differentiating  the  equation 
p>=<7r(9)  successively  with  respect  to  w  and  y,  and  dividing 
one  result  by  the  other;   for  we  have 

r  =  w(q) . «,     «  =  ir(q)  .  t ; 
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the  differential  equation  of  the  second  order  common  tp  all 
developable  surfaces. 

185.  To  find  the  equations  to  the  edge  of  regression 
of  a  developable  surface. 

The  edge  of  regression  is  the  locus  of  the  intersections 
of  the  successive  generating  lines ;  and  to  find  its  equations  we 
must  combine  the  equations  to  any  generating  line  (l)  and  (2), 
in  which  a  is  an  arbitrary  constant,  with  the  equations  to 
the  consecutive  generating  line  resulting  from  (l)  and  (2), 
by  changing  a  into  a  +  Sai  we  shall  thus  obtain  four  equa- 
tions which  by  reduction  are  equivalent  to  the  three 

»  =  d?0  (a)  +  yf(a)  -h  yjf  (a), 

O  =  ^0'(a)+y/(a) +  >/.'(«), 
O  =  ^0»  +  y/'(a)  +  >|."(a); 

these,  for  any  value  of  a,  will  furnish  the  three  coordinates 
47,  y,  %  of  the  point  where  the  generating  line  correspond- 
ing to  that  value  of  a,  is  intersected  by  the  consecutive 
generating  line;  so  that  in  eliminating  a  from  the  above 
system,  we  shall  have  the  equations  to  the  locus  of  all  such 
points  of  intersection;  t^at  is,  to  the  edge  of  regression  of 
the  surface,  by  the  tangent  line  to  which  the  surface  may 
be  considered  as  generated* 

186.  To  find  the  equation  to  the  developable  surface 
which  touches  at  the  same  time  two  given  curve  surfaces. 

Let  the  equations  to  the  two  surfaces  be 

and  let  Piq^  Ps^g?  denote  the  values  of  d,x  and  d^sn  for  the 
first  and  second  surface  respectively.  Then  the  moveable  plane, 
since  it  touches  the  first  surface,  will  have  for  its  equation 

«r  -  j?fi=:  pi(a?  -  a7i)  +  gi(y  -  yi) ; 

and  in  order  that  it  may  touch  the  second  surface,  that  is, 
in  order  that  it  may  coincide  with  the  tangent  plane  at 
the  unknown  point  w^^y^ss^^  we  must  join  the  conditions 

Pi*ft>     9i*9«5     ^i-i^i^i-'?!?!"  ^s-Pj^s-^tyg- 
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If  therefore  from  these  three  equations,  and  the  two  equa- 
tions to  the  surfaces,  we  determine  the  five  unknown  quan-^ 
tities  f/iy  Zi9  W29  y^i  x^  ^^  terms  of  Wu  the  equation  to  the 
moveable  plane  will  take  the  form 

z  =  a?0(a?i)  +  yfiofi)  +  ^(4?i)  ; 

and  by  eliminating  the  arbitrary  quantity  a?i  between  this 
equation  and  the  derived  equation  with  respect  to  a7i,  we 
shall  obtain  the  equation  to  the  required  developable  sur- 
face. 

If  we  suppose  an  opaque  body  to  be  illuminated  by 
a  luminous  one,  the  surfaces  which  circumscribe  the  umbra 
and  penumbra  occasioned  by  the  interposition  of  the  opaque 
body,  are  two  sheets  of  the  developable  surface  which 
touches  both  the  bodies;  and  its  lines  of  contact  with  the 
surfaces  of  the  bodies  are,  one,  the  curve  on  the  opaque 
body  which  separates  the  illumined  and  obscure  parts;  and 
the  other,  the  curve  on  the  luminous  body  which  separates 
the  illuminating  part  from  that  which  can  send  no  rays  to 
the  other  body.  Consequently  this  problem  is  the  general 
problem  of  umbras  and  penumbras. 

Similarly,  we  may  find  the  developable  surface  gene- 
rated by  the  intersections  of  the  tangent  planes  to  a. surface 
along  an  assigned  curve  traced  on  the  surface. 

I87.  We  may  arrive  at  the  differential  equation  to  de- 
velopable surfaces,  and  at  the  equation  to  the  generating 
line  passing  through  any  point,  by  the  following  method. 

Since  a  tangent  plane  applied  to  the  surface  at  any 
point,  touches  it  in  a  series  of  points  the  projection  of 
which  on  any  of  the  co-ordinate  planes  is  a  straight  line, 
and  since  the  equation  to  the  tangent  plane  at  a  point 
wyz  is 

x'^pa/^qy^^z^pw-qy, 

if  y'^moo  J^n  be  the  equation  to  the  projection  of  the  ge- 
nerating line  which  passes  through  the  point  wyz^  and  in 
the  vahies    of  p,  g,    and    z-^pss  -^  qy^ '  we  change  y  into 
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mo)  +  n,  the  above  equation  must  remain  the  same  ftur  all 
values  of  w  whatever,  and  therefore  the  quantities  p^  q^ 
z  —pw  -qy,  which  become  functions  of  w  only,  must  have 
their  differential  coefficients  with  respect  to  w  nothing, 

.-.  d^p^r  +  sd^y  =  0, 

d^q-  8  +  td^y  =  0, 

d, (%-paf-qy)^p  +  qd^y  -  (p  +  qd^y)  - ivd^p  - yd,g  =  0. 

Hence,  eliminating  d,y,    r#-«-=0,   the  equation   required; 

T  8 

and  y  -y^  —  {x  -ai)-  —  (jx/ - w)  is  the  equation    to   the 

8  o 

projection  of  the  generating  line  which  passes  through  the 
point  ,vyx. 

188.  When  a  developable  surface  is  made  plane,  the 
absolute  lengths  of  any  determinate  portions  of  the  gene- 
rating lines,  as  well  as  of  any  curve  traced  on  the  surface, 
are  not  altered;  and  the  angle  which  the  tangent  line  to 
the  curve  at  any  point  forms  with  the  generating  line 
through  that  point  also  remains  unaltered,  but  the  curva- 
ture at  any  point  is  changed. 

For  let  AN9  A'N^^  &c.  (fig.  57.)  be  consecutive  positions 
of  the  generating  line  of  a  developable  surface,  and  let  PR^ 
I^R\  &c.  be  the  chords  produced  of  a  curve  traced  on  this 
surface,  and  meeting  the  generating  lines  in  the  points  P,  P', 
&c. ;  and  for  the  surface  let  us  substitute  the  series  of  plane 
sectorial  elements  AmA\  A'm'A'\  Sec,  and  for  the  curve  the 
polygon  PPP\  &c.  Then  in  turning  the  first  plane  ele- 
ment about  Aim^  to  bring  it  into  the  same  plane  with  the 
second,  and  in  turning  the  system  formed  by  the  two 
about  Ai'm  to  bring  it  into  the  same  plane  with  the 
third,  and  so  on,  it  is  evident  that  neither  the  length  of 
PJV,  P'JV,  &c.,  nor  the  angles  which  they  form  with 
PP^  PP\  &c.,  nor  the  lengths  of  the  latter  are  altered, 
but  that  the  angles  RPR\  R'P^R"^  &c.  will  be  changed; 
and  as  this  continues  true,  however  small  we  take  the  plane 
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elements,  the  properties  announced  above  for  tbe  surface 
and  the  curve  traced  upon  it,  are  established. 

189.  If  the  polygon  be  such  that,  upon  bringing  all 
the  plane  elements  into  the  same  plane,  it  becomes  a  straight 
line,  then  two  consecutive  sides  must  always  make  the  same 
angle  with  the  intermediate  generating  line;  that  is,  for 
every  point  we  must  have 

for  when  this  condition  iff  fulfilled,  in  the  developed  sur- 
face every  two  consecutive  sides  will  be  the  prolongment 
of  one  another.  Also  since  RP^  lUPy  make  equal  angles 
with  P'JV,  they  may  be  regarded  as  two  generating  lines 
of  a  conical  surface  whose  axis  is  PN*^  and  therefore  the 
plane  RPit  will  ultimately  be  the  tangent  plane  to  this 
surface  along  PR^  and  therefore  perpendicular  to  RPN*, 
which  is  a  meridian  plane  of  the  cone  containing  PR'y 
hence,  passing  to  the  curve,  the  plane  RPR!  is  its  oscu- 
lating plane  at  P',  and  RPN^  is  the  tangent  plane  to  the 
surface  at  the  same  point,  and  these  planes  are  perpen- 
dicular to  one  another;  also  since,  when  the  surface  is 
developed,  the  curve  becomes  a  straight  line,  it  is  the 
shortest  line  which  can  connect  two  points  on  the  surface 
through  which  it  passes;  hence  the  shortest  line  on  a  de- 
velopable surface  has  the  property  that  its  osculating  plane 
at  every  point  is  perpendicular  to  the  plane  touching  the 
surface  at  that  point,  or  contains  the  normal  to  the  surface 
at  that  point. 

190.  That  the  same  property  is  true  for  the  shortest 
line  traced  on  any  surface  whatever,  appears  thus.  If  on 
any  proposed  surface  we  conceive  the  shortest  line  between 
any  two  points  to  be  traced,  we  may  describe  a  develop- 
able surface  which  shall  touch  the  surface  according  to  that 
curve ;  consequently  the  curve  of  contact  will  be  the  shortest 
line  between  the  sande  points  on  the  developable  surface, 
and  therefore  its  osculating  plane  at  every  point  must  con- 
\xsri  tbe  normal  to  the  developable  surface,  i.  e,  the  normal 
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to  the  proposed  surface,  at  that  point.  Hence  if  y  ^(f>(oa), 
z^yj/(ai)9  be  the  unknown  equations  to  the  shortest  line 
on  a  surface  for  which  dg«  =  p,  dyX  =  q ;  expressing  that 
the  osculating  plane  at  any  point  contains  the  normal  to 
the  surface  at  that  point,  we  find 

rf!»(l  +  Prf*«)  -  dl«(pd,y  -  q)  ; 

which  together  with  d,«f  =  jp  +  qd^y  will  determine  the  curve. 
If  we  take  (s)  the  length  of  the  arc  for  independent 
variable,  the  equations  to  the  curve  will  assume  the  sym- 
metrical forms 

dj<2?  4-  pdj«  =  0,      djy  +  q^gX  =  0. 

191.  From  the  property  that  the  lengths  of  the  gene- 
rating lines  of  a  developable  surface,  and  of  any  curve 
traced  upon  it,  as  also  the  angles  which  the  generating 
lines  form  with  the  curve,  are  not  altered  by  the  develop- 
ment of  the  surface,  we  can  find  the  nature  of  the  curve 
when  the  surface  is  made  plane;  or  conversely,  a  curve 
being  traced  upon  a  plane,  we  can  find  its  nature  when^ 
the  plane  is  applied  to  «  given  surface.  This  we  shall 
now  shew  in  the  case  of  cylindrical  and  conical  surfaces. 

192.  Case  1.  Let  the  surface  be  cylindrical,  and 
Wy  y,  X  the  co-ordinates  of  any  point  in  a  curve  traced 
upon  it;  then  the  equations  to  the  generating  line  which 
passes  through  that  point  are 

%^-z^  m(^'-a7),     f/ -y^n(x* -ai)\ 

and  the  equations  to  the  tangent  line  of  the  curve  are 

»' -  sf  =  dg%{a/ -  ^),     y  ^y^  d^y{x  -  ai)  ; 

let  i  denote  the  angle  between  these  two  lines,  y  the  in- 
clination of  the  generating  line  to  the  axis  of  j?,  and  8  the 
length  of  the  curve; 

•.  cos»  =  — ;  y-  — g'— ; — («ia,«r+na,y+l). 

x/l+fii«+nVl+(d,^)*+(d,yy      d,« 
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Now  when   the  cylinder  is  developed,  the  generating  lines 

preserve  their  parallelisni,  and  may  therefore  be  taken  for 

the  ordinates;   let  a  line  perpendicular  to  them  be  the  axis 

of  the  abscissae,  and  a,  /3,   the  co-ordinates  of  the  point  in 

question ; 

1 
.*.  cost « 


.'.  dg(i  =i  cos  y  {md,x  +  nd^y  +  1), 
Also 

1  +  (d,yy+  (d.«)*=  (d.a)'+  (d./3)»=  (d,a)'{l  +  K/3)*}, 

each  being  the  value  of  {dgsY;  and  if  between  these  and 
the  two  equations  to  the  curve  we  eliminate  a?,  there  will 
remain  a  differential  equation  between  a  and  /3  which  will 
be  that  to  the  required  plane  curve.  But  if  the  latter 
equation  be  given,  that  is,  j3  >x/(a),  we  may  eliminate  a 
between  the  two  above  equations,  and  there  will  remain  a 
difi^erential  equation  between  w,  y,  and  x^  which,  with  the 
given  equation  to  the  surface,  will  be  the  equations  to  the 
required  curve  of  double  curvature. 

Cor.  If  the  curve  on  a  plane  be  a  straight  line,  the 
angle  i  is  constant ; 

.-.  cosy (fndt,x -k-fidgy-^l)  ^  cost.  d:,8 

is  the  equation  for  determining  its  nature,  when  the  plane 
is  applied  to  a  cylinder;  the  curve  is  called  the  Helix, 
and  we  have  for  its  length,  by  integration, 

cosy(m%'k-ny  +  a?)  =  cosi(«+  C). 

It  is  manifestly  the  shortest  line  which  can  join  two  points 
on  the  surface  of  the  cylinder. 

193.  Case  2.  Let  the  developable  surface  be  a  conical 
surface;  a,  6,  c  the  co-ordinates  of  its  vertex,  a?,  y,  jv  co- 
ordinates of  a  point  in  a  curve  traced  upon  it,  and  r  the 
distance  of  that  point  from  the  vertex.  When  the  cone  is 
developed,   the   generating  lines   become  radii   vectores,  and 
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if  d  be  the  angle  which  r  forms  with  some  fixed  radius 
vector,  equating  the  two  values  of  (d,,*)^,  we  have 

1  +  (d^^y  +  (d^yf  =  {r^idrOy  +  1 }  (d,r)% 

and     r^  =  (^  -  a)^  +  (y  -  6)*  +  (^  -  cy ; 

from  which,  together  with  the  two  equations  to  the  curve, 
we  may  eliminate  .t?,  y,  «,  and  there  will  remain  a  relation 
between  r  and  0,  the  equation  to  the  plane  curve  when 
the  surface  is  developed;  or,  if  T^f(fi)^  and  the  equation 
to  the  conical  surface  be  given,  we  may  eliminate  r  and  d, 
and  so  arrive  at  the  remaining  equation  to  the  curve  of 
double  curvature  resulting  from  the  application  of  a  plane 
on  which  a  given  curve  is  traced  to  a  given  conical  surface. 

CoE.  All  curves  which  make  a  constant  angle  with  the 
generating  line  of  the  cone  are  characterized  by  the  equa- 
tion d,r  =  cosi,  and  become  equiangular  spirals  when  the 
surface  is  developed.  Also  all  curves  which  become  straight 
lines  when  the  surface  is  developed,  and  which  therefore 
are  the  shortest  lines  which  can  connect  two  points  on  its 
surface,  are  characterized  by  the  equation  d^s  =  d^,  v  r^  -  a% 
a  being  the  length  of  the  perpendicular  let  fall  upon  the 
line  from  the  vertex  as  origin^  or 

or  finally,  by  developing  this  equation, 

{xd^y'yy-v{^d,z^zy-Y(yd:,%'-%d^yy^a!'  {l+  (d^^)'+  (4y)'}. 

When  the  surface  is  a  right  cone  on  a  circular  base,  the 
problem  admits  of  a  very  simple  solution,  as  will  be  seen 
in  the  examples  appended  to  this  Section. 

194.  Developable  surfaces,  considered  as  generated  by 
the  successive  intersections  of  planes  drawn  after  a  given 
law,^  are  only  a  particular  case  of  a  general  family  of 
surfaces  to  which  we  shall  in  the  next  place  direct  our 
attention. 
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195.     To  find  the  equation  to  a  surface  which  envelopes 
a  series  of  surfaces  described  after  a  given  law. 

Let  u  ^fijXy  y,  jv,  a)  «  0  be  the  equation  to  a  surface 
containing,  besides  other  constants,  a  parameter  a;  then  if 
we  give  a  particular  value  to  a,  the  form  and  position  of 
the  surface  in  space  will  be  completely  determined;  and  if 
we  give  to  it  all  possible  consecutive  values,  we  shall  ob- 
tain an  infinite  number  of  corresponding  surfaces,  usually 
intersecting  one  another  two  and  two.  The  surface  formed 
by  these  successive  intersections,  and  having  with  each  one 
of  the  surfaces  the  infinitely  narrow  zone  in  common  which 
is  contained  between  the  curves  in  which  that  individual 
surface  is  intersected  by  the  preceding  and  succeeding  ones, 
(and  which  consequently  envelopes  each  one  of  the  first  series 
of  surfaces,  supposing  them  all  to  exist  together,  and  touches 
it  according  to  a  curve  of  intersection,)  has  been  named  by 
Monge  the  Envelope;  and  the  curve  in  which  any  two 
consecutive  surfaces  intersect,  the  Characteristic  of  the  En- 
velope, because  it  indicates  the  mode  of  its  generation; 
thus  the  characteristic  of  developable  surfaces,  which  are 
generated  by  the  intersections  of  planes,  is  a  straight  line; 
and  that  of  surfaces  generated  by  the  intersections  of  spheres, 
a  circle.  To  find  the  equation  to  the  envelope,  we  observe 
that  if  after  having  given  the  parameter  a  determined  value 
a  in  u « 0,  we  give  it  a  new  value  a  +  ia  difiering  in- 
sensibly from  the  former,  we  obtain  the  equation  to  a  second 
surface  differing  in  form  and  position  insensibly  from  the 
first,  and  intersecting  it  in  a  series  of  points  the  co-ordi- 
nates of  which  satisfy  the  equations 

w  =  0,  tt  +  d^u .  5a  +  ^tt .  ^ — —  +  &c.  «  0, 

or     w  »=  0,  d^u  +  &c.  «  0 ; 

or  if  the  surfaces  be  consecutive, 

tt  =  0,  d^u  «  0 ; 
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it  follows  therefore  that  the  equations  to  the  characteristic 
or  curve  of  intersection  of  two  consecutive  surfaces,  cor- 
responding to  the  value  a  of  the  parameter,  are 

/(^>  y»  «j  o)  =  0,  da/(^>  Vj  ^9  a)  =  0  ; 

and  since  the  envelope  is  formed  by  the  assemblage  of  the 
characteristics,  its  equation  will  result  from  eliminating  a 
between  the  same  equations.  As  this  elimination,  however, 
cannot  be  effected  without  assigning  the  form  of  /,  we  must 
retain  the  above  system  of  equations  to  represent  the  en- 
velope, regarding  a  in  the  former  as  a  function  of  <r  and 
y  to  be  determined  from  the  latter, 

196.  Again,  if  in  the  equations  to  the  characteristic, 
after  having  given  the  parameter  a  particular  value  a,  which 
determines  the  position  of  the  characteristic  in  space^  we 
give  it  a  new  and  insensibly  increased  value  a  +  Say  the 
two  resulting  equations  will  be  those  to  a  second  charac- 
teristic, differing  insensibly  in  form  and  position  from  the 
first,  and  intersecting  it  in  general  in  a  finite  number  of 
points,  the  co-ordinates  of  which  satisfy  the  two  sets  of 
equations 

w  =  0,  daU  =  0, 

u  +  daU .  Sa  +  &c.  =  0,  daU  +  c^w .  5a  +  Sec.  =  0 ; 

which  latter  two  equations,  by  virtue  of  the  former,  are 
equivalent  to 

daU  +  &c.  =  0,  d«t«  +  &c.  =  0. 

Consequently  the  co-ordinates  of  the  points  in  which  two 
consecutive  characteristics  intersect,  satisfy  the  three  equa- 
tions 

«^  =  0,  daU^O,  d^t^  =  0; 

and  from  these  equations  we  may  either  determine  a?,  y, 
and  X  in  terms  of  a,  that  is,  the  co-ordinates  of  the  point 
in  which  a  given  characteristic  is  intersected  by  the  con- 
secutive; or  eliminate  a  between  them,  and  so  find  the  two 
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equations  in  w^  y,  and  x,  to  the  curve  formed  by  all  the 
successive  points  of  intersection.  This  curve  will  be  touched 
by  all  the  characteristics,  and  will  be  the  edge  of  regression 
of  the  envelope;  for,  as  explained  in  the  case  of  develop- 
able surfaces,  the  portions  of  the  characteristics  which  are 
oq  contrary  sides  of  their  points  of  contact  with  the  curve 
under  consideration,  will  form  two  distinct  sheets  of  the 
envelope,  and  these  sheets  will  touch  one  another  in  that 
curve  and  have  it  for  their  common  limit. 

Cor.  The  propriety  of  the  term  Characteristic  will  be 
more  apparent,  if  we  generalise  the  equation  w  =  0,  and 
suppose  it  to  contain,  together  with  a,  a  function  of  a, 
^(a),  so  as  to  have  the  form 

f\wy  y,  «r,  a,  ^(a)}  =  0. 

Then  whatever  form  we  give  to  0,  the  intersection  of  two 
consecutive  surfaces  represented  by  this  equation  will  always 
be  a  curve  of  the  same  sort,  and  will  therefore  oflFer  a 
character  common  to  the  whole  family  of  surfaces.  For  this 
curve  of  intersection  will  be  represented  by  the  equations 
(making  0(a)  =  /3) 

/(^,  y,  ss,  a,  ^)  =  0,  d(^)/+  d(^/. dafi^O; 

and  we  see  that  by  changing  )3,  we  shall  only  alter  the 
constant  parts  of  these  equations,  without  at  all  affecting 
the  way  in  which  or,  y,  z  enter  into  them;  so  that  for  all 
values  of  j3,  the  curve  represented  by  them  will  be  of  the 
same  species. 


197*  l^he  following  are  examples  of  finding  the  equations 
to  twisted  and  developable  surfaces,  and  envelopes. 

I.  To  find  the  equation  to  the  twisted  surface  of  which 
the  directrices  are  two  vertical  circles,  having  the  opposite  sides 
of  a  horizontal  parallelogram  for  diameters,  and  a  straight  line 
passing  through  the  center  of  the  parallelogram  perpendicular 
to  the  planes  of  the  circles. 
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Let  the  center  of  the  parallelogram  be  taken  for  origin  and 
its  plane  for  that  of  a?y,  and  the  rectilinear  directrix  for  the 
axis  of  y ;  then  the  equations  to  the  three  directrices  will  be 

OD  —  0  ^  =  0, 

y  =  -  6       {po'-ay  +  s^^r', 

y  =  +  b       (<2f  +  a)^  +  ^  =  r\ 

Also  let  the  equations  to  the  moveable  line  be 

.  d?  =  a(y-j3),       2f  =  7(y-/3), 

so  that  it  already  fulfils  the  condition  of  meeting  the  axis  of  y, 
and  one  of  the  parameters  consequently  is  eliminated;  then, 
expressing  that  it  passes  through  each  of  the  circles,  we  have 

{a(,b  +  fi)  +  aY  +  y^b  +  (iy=^r\ 

therefore,  by  subtraction,  j3  (6a*  +  aa  +  by^)  =  0 ; 

and  rejecting  the  value  )8  =  0  which  would  make  the  moveable 
line  always  pass  through  the  origin  and  so  generate  an  oblique 
cone,  we  have 

a'4-7^  +  -a  =  0...(2), 

by  virtue  of  which,  either  of  the  equations  (l)  gives 

aa(fe^-i3')  =  6(r*-a*)...(3); 

and  it  remains  to  eliminate  a,  )8,  7  between  (2)  and  (3),  and 
the  equations  to  the  generating  line.  Substituting  the  values 
of  a  and  7,  given  by  the  latter  in  (2),  we  find 

p^y  + 9       and  then  a  =  -  -  -r ; 

a      a!  0  or -{-Sir 

therefore,  substituting  these  values  of  a  and  /3  in  (3),  and 
reducing,  we  find  for  the  equation  to  the  surface 
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II.     To  find  the  equation  to  the  developable  surface  gene- 
rated by  a  straight  line  which  constantly  touches  a  Helix. 

The  equations  to  the  Helix  are  (p.  124.) 

z  z 

jfa  a  cos  — ,       V  «  a  sin  — . 
na  na 

Therefore  at  a  point  for  which  z  ^  a,  the  equations  to  the 
tangent  are 

a  I    .     a    . 

w  -  a  cos  —  « sm  —  («  -  a),. 

na        n       na 

,      ct        1  a 

V  -  a  sin  —  =  —  cos  —  (z  —  a)\ 
na      n       na 


a  .     a  ,  a        a\/d?*  +  y*-a*-4?y 

.'.  a?  cos  —  +  y  sin  —  =  a,     and  tan  —  = ^ ^ ; 

na  na  na  jr-« 

also,  adding  the  squares  of  the  above  equations,  we  find 

a^  +  j^-a^^-^iz-  a)*;. 

/-- ,  fa  y/a^  +  y*  -  a*  —  afy\ 

.-.   nv^  +  y* -a*  =  ^8?- no  tan"M ^ 1, 

the  equation  to  the  surface. 

III.  If  a  series  of  planes,  passing  through  a  fixed  point 
in  the  axis  of  z,  have  their  traces  on  the  plane  of  ofy  all  of  the 
same  length;  to  find  the  equation  to  the  developable  surface 
formed  by  their  intersections. 

If  cs  distance  of  the  fixed  point  from  the  origin,  a  >=  length 
of  the  trace  on  the  plane  of  wy^  and  a  »  the  angle  which  it 
makes  with  the  axis  of  «v,  the  equation  to  the  corresponding 
plane  is 

+  -4— +  -  =  i; 


a  cos  a      a  sin  a      c 
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differentiate  with  respect  to  a, 

or     sin  a        t/     cos  a  ,  v 

-  7 ^--  7-^ — r«  =  0;     .-.  (tana)'=^; 

a  (cos  a)*      a  (sma)*  ^      a? 

therefore,  substituting  in  the  equation  to  the  plane  which  may- 
be written 

-  \/l  +  (tan  ay  +  -  y^i  +  (cot  a)*  +  -  =  1,  we  find 

1  y 

or  —  (a?^  +  yii)i  +  —  =  1,  the  required  equation. 

CL  C 

The  equations  to  the  characteristic  in  this  case  are 
^         +-=1,       ^^(tSLnay. 


a  (cos  ay      c  x 

IV.  A  given  curve  being  traced  on  the  surface  of  a 
right  cone  whose  base  is  a  circle,  to  determine  its  equation 
when  the  surface  is  developed. 

Let  P  (fig.  58.)  be  a  point  of  the  curve  situated  on 
the  generating  line  CR^  Q  its  projection  on  a  plane  per- 
pendicular to  the  axis;  then  our  object  is  to  find  a  relation 
between  CP  =  r,  and  the  angle  which  CP  makes  with  C-4, 
when  the  cone  is  developed;  call  this  angle  d,  and  let 

CQ,  =  /,     QC<r  =  e',     w  =  cosec  ACB ; 

now,  when  the  cone  is  developed,  Q  is  subtended  by  a  circular 
arc,  length  AR ; 

.-.  e.AC=:6\AD,     or,  ff^mO; 

also  CP .  sin  PCD  =  CQ,     or,  r  =  - ; 

m 
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if,  therefore,  /(/,  d')  «  0  be  the  given  equation  to  the  locui 
of  Q,  /(""'  md\^Q  is  the  equation  to  the  curve,  when 
the  surface  of  the  cone  is  developed. 

Conversely,  if  /(f ,  ^  «  0  be  the  equation  to  a  curve 
traced  in  a  circular  sector,  and  the  sector  be  formed  into 
a  right  cone,  the  equation  to  the  projection  of  the  curve 
on  a  plane  perpendicular  to  the  axis  of  the  cone  will  be 

/(„,-.  ^)... 

Ex.  1.  A  right  cone  being  intersected  by  a  sphere  whose 
center  is  in  its  surface,  to  determine  the  equation  to  the 
curve  of  intersection  when  the  cone  is  developed. 

Let  B  in  the  plane  of  «w  be  the  center  of  the  sphere  (fig.  58.) 
BC  siC,  a^  its  radius,  a  «  ^  vertical  z  of  the  cone,  then 

(c  sin  a-  0?)*+  (ccosa-«r)*+y*=  a* 

is  the  equation  to  the  sphere,  and  «*(tana)*«^*+ y*  is  the 
equation  to  the  cone;  therefore,  the  equation  to  the  pro- 
jection of  their  intersection  on  the  plane  of  wy  is 

cV  (^*+y')l  1  +  (cot  ay\-2cw  sin  a-2c^^^^\/^*+V=  «*j 
^  sm  a 

and  its  polar  equation  is,  making  w^r^cosff,  ys/sin^, 

c*+  r  ^(coseca)'-  2c/sina  cos©'-  2c/coseca(cosa)*=  a^ 

But  mecoseca,     r  =  r' coseca,     ff^mO; 

therefore,  when  the  cone  is  developed,  the  equation  to  the 
curve  of  intersection  is 

r' -  icr  { (sin  a)*  cos mO  +  (cos a)*}  +  c*  -  a*  =  0. 

Ex.  2.  If  a  semicircle  be  described  upon  the  bounding 
radius  of  a  quadrant,  to  find  the  equation  to  its  projection 
upon  a  plane  perpendicular  to  the  axis,  when  the  quadrant 
is  formed  into  a  cone. 
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Here  m  =  27r-f--  =  4,  also  the  equation  to  the  semicircle 
2         • 

is  r  =  a  cos  0 ;   therefore  the  equation  to  its  projection  is 

,     a       ff 
r  =  -  cos  — . 

4         4 

V.     The  following  are  examples  of  Envelopes. 

Ex.  1.  To  find  the  equation  to  the  envelope  of  all  right 
cones  of  a  constant  volume,  whose  axes  are  in  the  same 
straight  line,  and  bases  in  the  same  plane. 

The  equation  to  the  surface  of  any  cone  is 


where  a  =  altitude,  6  =  radius  of  base,  and  the  origin  is  in 
the  center  of  the  base. 

Let  the  given  volume  be  that  of  a  hemisphere,  diameter  Sc ; 


3  19, 


'  ne  9n&  f 

.,   or   a=_;    .-.   --^[i- 


differentiate  with  respect  to  the  parameter  b, 

27  c^         /         2\            & 
•'•  ^=~T"^ ^  U  "•"■r=  ^ i>  t^6  equation  required. 

Aisov^^rr?^-,    ^°^^  =  i;6r(i-5)  =  i^,. 

are  the  equations  to  the  characteristic,  that  is,  determine  the 
radius,  and  position  of  the  center  of  the  circle,  in  which 
the  cone  the  radius  of  whose  base  =  6,  is  intersected  by  the 
consecutive  cone  of  the  same  volume. 
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Ex.  2.  If  the  center  of  a  sphere  whose  radius « a, 
describe  a  curve  in  the  plane  of  ooyy  to  find  the  equation 
to  the  annular  surface  which  envelopes  the  sphere  in  every 
position. 

Let  a  and  j3  be  the  co-ordinates  of  the  center  of  the 
sphere  in  any  position,  and  y^f(tc)  the  equation  to  the 
curve  which  it  describes,  therefore  pMsf(a)\ 

is  the  equation  to  the  surface,  and  by  differentiating  with 
respect  to  a, 

^-a+{y-/(a)}/(a)-0; 

these  are  the  two  equations  to  the  characteristic,  whose 
position  and  magnitude  depend  upon  a;  and  if  we  elimi- 
nate a  between  them,  we  find  the  equation  to  the  envelope. 
The  characteristic  in  this  case  is  manifestly  a  circle  of  con- 
stant radius  whose  center  is  a  point  in  the  curve  which 
forms  the  axis  of  the  surface,  and  whose  plane  is  perpen- 
dicular to  the  tangent  line  at  that  point,  as  is  expressed 
by  the  above  equations;  hence  its  nature  is  entirely  inde- 
pendent of  the  curve  whose  equation  is  y  -fijxi) ;  it  is  also 
the  curve  of  greatest  inclination,  for  its  tangent  line  at  every 
point  is  perpendicular  to  the  intersection,  with  the  plane 
of  xy,  of  the  plane  touching  the  surface  at  the  same  point, 
therefore  its  equation  is  (p.  127.) 

P 

The  remaining  equation  is  that  to  the  envelope,  since  the 
characteristic  is  situated  upon  it,  which  we  obtain  by  ob- 
serving that  the  normal  always  meets  the  plane  of  Ofy  in 
the  curve  which  forms  the  axis  of  the  surface,  and  the 
length  is  equal  to  the  radius  of  the  generating  sphere; 


•.   -»vTTp*+^=a,     (Art.  110.) 
or  x'(l^p'+(f)^a^; 
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this  might  also  have  been  obtained  by  eliminating  the 
arbitrary  function  from  the  two  equations  to  the  characteristic ; 
hence  the  integral  of  the  equation  ^(l+p^+g^  =  a*  is  re- 
presented by  the  system  of  equations  to  the  characteristic. 

Ex.  8.  If  the  vertex  of  a  right  cone  describe  a  given 
curve  in  the  plane  of  <ry,  and  its  axis  be  always  perpen- 
dicular to  that  plane,  to  find  the  equation  to  the  surface 
which  touches  and  envelopes  it  in  every  position. 

Let  a  and  (i  be  the  co-ordinates  of  the  vertex,  y  =/(«2?)  the 
equation  to  the  curve  which  it  describes,  therefore  /3  =f(a) ; 
a  =  tangent  of  the  angle-  which  the  side  of  the  cone  makes 
with  the  plane  of  a?^; 

Cb 

is  the  equation  to  the  surface;  differentiate  twice  successively 
with  respect  to  a; 

•••    {y-f{.a)\/{a)+w-a=0,      \y-f{a)\f'\a)-\-{f{a)Y=0; 

from  which  equations  we  may  deduce  as  above  the  equation 
to  the  envelope,  and  the  equations  to  its  characteristic,  and 
edge  of  regression. 

The  tangent  plane  to  the  envelope  at  any  point,  is  also 
the  tangent  plane  to  the  generating  cone,  and  therefore  makes 
a  constant  angle  (7)  with  the  plane  of  wy ;  but 


cos  7  = 


\/l  +p*+^''*' 


therefore,    since    a  =  tan  7,    the   differential    equation    to    the 
surface  is 

the  integral  of  which  is  of  course  represented  by  the  system 
of  equations  to  the  characteristic. 

Ee 
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Hence,  if  S  denote  the  area  of  any  portion  of  the  surface; 
djfdyS  =  vl  +  />*+  9*  =  sec  Y,     or  S  ^  J^secy; 

that  is,  any  portion  of  the  surface  bears  a  constant  ratio 
to  its  projection  on  the  plane  of  wy.  The  characteristic  in 
this  case  is  evidently  a  side  of  the  generating  cone,  and 
therefore  perpendicular  to  the  intersection  of  the  tangent  plane* 
with  the  plane  of  <ry ;  therefore  its  two  equations  are 

P 

hence  the  curve  of  greatest  inclination  of  all  surfaces  generated 
in  this  manner  is  a  straight  line,  inclined  at  a  constant  angle 
to  the  plane  of  wy. 
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SECTION    VIII. 


ON  THE  CUEVATUEES  OF  CDEVES  IN  SPACE. 


198.  Peepaeatoey  to  finding  the  radius  of  curvature, 
and  evolutes  of  a  curve  in  space,  consider  figure  (59), 
where  for  the  curve  is  substituted  an  equilateral  polygon 
mmrn!\.,^  and  through  the  middle  points  of  its  sides 
are  drawn  planes  respectively  perpendicular  to  them,  which 
interact,  two  and  two,  in  the  lines  kh^  Uh\  A;"^",  &c. 
Then  the  plane  which  contains  the  two  consecutive  sides 
mm\  mm\  is  perpendicular  to  each  of  the  planes  gli^  gh\ 
and  therefore  to  their  common  intersection  kh\  let  kh 
meet  this  plane  in  the  point  g,  then  q  is  equidistant  from 
the  three  angles  m^  m',  m",  which  is  also  true  of  every 
point  in  the  line  kh.  The  lines  kh^  k'h\  &c.  will  be 
parallel  only  when  the  sides  of  the  polygon  mmrn!'...  are 
in  the  same  plane;  in  other  cases,  if  they  be  produced Jtill ;^ 
eyh  naegts  its  consecutive^,  they  will  form  a  polygon 
hop...  9  the  angular  points  of  which  are  equidistant  from 
four  consecutive  angles  of  the  first  polygon  mmm\... 
The  point  o  for  instance,  since  it  is  situated  in  kh,  is 
equidistant  from  w,  m'y  m";  and  again,  being  situated 
in  k'h\  it  is  equidistant  from  m\  m",  m"';  that  is,  it  is 
the  center  of  a  sphere  passing  through  four  consecutive 
angles,  w,  w',  m",  m'". 

This  being  true  when  the  number  of  sides  of  the  poly- 
gon   is    indefinitely    increased,    it    follows    that    the    normal 
planes  of  a  curve  generate,   by   their   perpetual  intersection, 
a    curve    surface;     also,  f since    of  . the  Jines_of   intersecjiouj^^^ 
kh,  kfh'.  Sec,    every    two   consecutive    ones,  are  in   the^  same     \' 
plane, ;  the  surface  which  they  generate  is  developatSe. 
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199.  On  the  same  supposition,  the  polygon  Aop.. .be- 
comes a  curve,  to  which  all  the  lines  Aro,  k'p^  &c.  are 
tangents,  that  is,  hop.,.\s  constantly  touched  by  the 
straight  line  which  generates  the  developable  surface,  and 
is  therefore  the  limit  to  the  surface,  for  no  part  of  the 
surface  can  fall  within  the  space  towards  which  the  curve 
is  concave;  moreover  its  tangent,  being  produced  both 
ways  from  the  point  of  contact,  generates  two  sheets  of  the 
surface  which  are  united  and  terminated  in  the  curve;  as 
was  explained  in  Art  (181),  it  is  called  the  edge  of  regres- 
sion of  the  developable  surface,  from  the  analogy  it  bears 
to  a  point  of  regression  in  a  plane  curve.  This  curve  is 
also  the  locus  of  the  points  of  intersection  of  three  consecu- 
tive normal  planes,  or  of  the  centers  of  spheres  passing 
through  four  consecutive  points  of  the  first  curve  mwW..-, 
that  is,  it  is  the  locus  of  the  center  of  spherical  curvtiture. 

200.  The  plane  gqg'  passing  through  two  consecutive 
tangents  to   the    curve,    and    which    is   perpendicular   to   the 

intersection  of  two  consecutive  normal  planes,  is  the  oscu- 
lating plane,  whose  equation  was  found  in  Art.  127 ;  and  the 
point  9,  in  which  that  intersection  meets  it,  is  called  the 
absolute  center  of  curvature. 

201.  To  find  the  equation  to  the  surface  generated  by 
the  perpetual  intersections  of  the  normal  planes  to  a  curve 
in  space. 

Let  y  =  (f>  («a?),  x  =i\f/  (*r),  be  the  equations  to  the  curve, 

and  let  d,y,  d^y,  &c.  be  denoted  by  y',  y",  Sic;  then  we 
have  seen  Art.  (130),  that  the  equation  to  the  normal  plane 

'^/-«»  +  (y.-y)y +  (^,-«^)«'=o,  (i), 

and   the  derived  equation  with  respect  to  a?,  viz. 

(y.-y) y"+(«,-«) «"- j  -y'«-«'«=  o,  (2), 

are  the  equations  to  the  line  of  intersection  of  two  consecu- 
tive normal  planes;  a?^,  y^,  z^^  denoting  the  co-ordinates 
of  any  point  in  that  intersection.  If  therefore  we  eliminate 
w  between  them,   we  shall  have  the   equation   to   the  surface 
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generated  by  the  line  of  intersection  in  all  its  successive 
positions.  On  this  surface  lie  all  the  evolutes  of  the  curve, 
as  will  be  shewn ;  it  will  be  a  cylinder  if  the  given  curve 
lie  all  in  one  plane,  and  a  cone,  with  its  vertex  in  the 
center,  if  the  given  curve  be  traced  on  the  surface  of  a 
sphere* 

202.  To  find  the  radius,  and  co-ordinates  of  the  center, 
of  spherical  curvature  of  a  curve  of  double  curvature  at 
any  point. 

The  center  of  spherical  curvature,  or  of  the  sphere 
which  passes  through  four  consecutive  points  of  a  curve,  is 
the  point  of  intersection  of  two  consecutive  generating  lines 
of  the  surface  considered  in  the  last  article;  hence  we  must 
join  to  equations  (1)  and  (2)  of  last  article,  the  derived 
equations  with  respect  to  <r,  as  explained  Art.  (185). 

If  therefore  <r^,  y^,  %^  be  the  co-ordinates  of  the  center 
pf  spherical  curvature,  we  have  in  order  to  determine 
them,  the  equations, 

(y,-y)  y'+  (^/-^)  ^"-  0  +y'^+^'^)  =  o, 
Xy.-y)  y"'+  (^-  ^)  ^'"-  ^  (yy'+  ^'O  =  o, 

and  the  radius  of  the  sphere 

=  ^/(cr^  -  Off  +  (y^  -  2^)^  +  (^^  -  %y. 

Moreover  if  from  these  three  equations  we  eliminate  a?, 
there  will  result  two  equations  between  ti?^,  y^,  ^^,  which  will 
be  those  to  the  locus  of  the  center  of  spherical  curvature, 
or  to  the  edge  of  regression  of  the  developable  surface 
generated  by  the  intersections  of  the  normal  planes. 

203.  To  find  the  radius,  and  co-ordinates  of  the  center 
of  the  absolute  circle  of  curvature. 

The  absolute  center  of  curvature  is  the  point  where  the 
intersection  of  two  consecutive  normal  planes  meets  the  oscu- 
lating plane. 
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Now  if  ^  y   ^^    y    =  a,    -^  =  6; 

y  y 

and    .-.  a-\-sif^hy'\     also  l+»*+y*  =  a, 
the  equation  to  the  osculating  plane  is 

^nd   the  equations  to  the  line  of  intersection  of  two  conse- 
cutive normal  planes  are 

ar-^  =  a(i^,-^)-^,    »,-»= -6(^.-«^)  +  ^'    (Art.  ISO.)  ; 
y  y 

therefore  at  the  point  where  they  intersect, 


^  aay       .       * 


a 


«  -  «  =  -  0«  («,- «)  + -77- -  6*  (Ky- »)  +  -77; 

y  y 

a       ay+b 

.    .,    ,                         a       y'+  hx*  ,. 

similarly  a.,  -  ^  =  -  ^  .  ^j-^-^,^ (2), 


--  (^)' 


(?) 


ay    (ay'  +  6)«  +  (fey>  +  y^  +  {g^ - 1)' 
y"j   •  (l  +  o« +&'')» 

ay    (o'+  l)y''+  (o'+  6')af''+ 1  +  &*+  2(afry  +  6yV-«ar') 

But  a  +  «'-6y'=0; 
.-.  2(a6y'+6yV-a«')  =  o*  +  «'*  +  6»y'*; 

/«y  y^+^i  {y^y'^^ff 

'■  ^  -  Vy'7  ■  1  +  a*  +  6»  "  y'^^+sf"--'+(/y'-«YT' 


°'  V^y'«+sr"='+(i."^-«yr' 
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this  is  the  value  of  the  absolute  radius  of  curvature^  and 
the  co-ordinates  of  its  center  are  given  by  equations  (l)^ 
(2),  and  (3). 

CoE.  If  we  make  «,  the  length  of  the  arc,  the  inde-. 
pendent  variable  instead  of  «r,  we  find  by  the  common 
process  of  changing  the  independent  variable,  ?^t^.^^i.^,^,^^t^^..^^y^c^ 

where  so'  denotes  dj<r,  &c. ;  also  the  expressions  for  the 
co-ordinates  of  the  center  assume  the  following  simple  forms. 


^'2^  y"2  ^  ^//2 '       yi     y-  ^m ^  yin ^  ^i 


;?f  —  a?  = 


a?"^+2^"2+<^'«- 


204.  We  may  however  arrive  at  the  expression  for  R 
by  the  following  independent  method,  which  it  is  useful  to 
know. 

Let  P  be  a  point  of  the  curve  (fig.  60.),  and  let  the  plane 
of  the  paper  OPT  be  the  osculating  plane  at  P,  that  is,  the 
ultimate  position  of  a  plane  drawn  through  PT  parallel  to 
PT'  the  tangent  line  at  a  consecutive  point  P',  when  P' 
moves  up  to  P;  then  we  may  consider  the  indefinitely  small 
arc  PP'  ^Is  as  lying  in  the  plane  OPT^  and  PT  as  in- 
tersecting PT  in  some  point  M\  and  if  PO^  P'O^  be  the 
intersections  of  the  normal  planes  at  P  and  P'  with  the  plane 
of  the  paper,  the  ultimate  position  of  O  is  the  center  of  the 
circle  of  curvature  at  P. 

Let  the  angle  between  two  consecutive  tangents  TMT*  = 
POP^  which  is  called  the  angle  of  contingence,  be  denoted  by 
€,  then  because  PP  may  be  considered  as  ultimately  coinciding 
with  the  arc  of  the  circle  of  curvature  at  P,  we  have,  if  PO^R^ 

R.e^PP  or  ijsiimit  of  — . 

€ 
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Let  Wy  yy  z  be  co-ordinates  of  P,  and  instead  of  taking  two 
equations  between  these  quantities  to  represent  the  curve,  let 
us  suppose,  which  is  always  allowable,  each  of  them  to  be  a 
function  of  a  quantity  t ;  and  let  ^  +  i  be  the  value  of  t  cor- 
responding to  the  point  P';  also  let  u,  v,  w  denote  the  cosines 
of  the  angles  which  PT  makes  with  the  axes  of  Wj  y^  z'^  then 
the  values  of  these  cosines  relative  to  P'7^  will  be 

w  +  w' .  i  +  ^  «" .  i*,  &c.,  (denoting  diu  by  v!) ; 

.-.    cos  6  «  2^  (u  +  f^' .  i  +  i  w"-  **) 

+  fj  (t>  +  fj' .  I  +  \v" .  i')  +  a;  (w  +  w' . «  4-  ^ tr" .  1^). 

But   w*  +  fj2^u;'=  1, 

.-.    uu  4-  vt?'  +  WW  =  0, 

UU    +«t?     -{-WW    ==  -  (t**  + V*  +  fC?'*), 

also  cos  €  =  1  —  ^  €*, 

But  (Art.  ISl.)  w=-— =  ^,       «  =  ~,       w  =  ^, 
a,*      s  *j  *  ' 

,        8  X    --  W  8 

••'«=-(^y-'    &c. 

and  expanding  each  of  the  binomials,  we  have 
sum  of  first  terms  =  («')« {{x'y  +  (y")«  +  (^y")*}, 

sum  of  second  terms  =  -  2«  «"  {xx"-¥ y'y"-H  J^'^y"}  =  -^(8  8')\ 
sum  of  last  terms  =  (s'J  {{wj  +  {yj  +  (i^')'}  =  («'0* ; 
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But    J?  =  limit  of  —  =  limit  of  — ^ ; 


R^ 


V{<»"y^(y"f  +  {z"Y-{s"f' 


This  expression  manifestly  agrees  with  those  already 
obtained  for  fi,  if  we  suppose  the  independent  variable  t  to 
become  equal  to  8  or  w, 

205.  A  curve  of  double  curvature  may  either  have  three 
consecutive  elements  in  the  same  plane,  or  two  consecutive 
elements  in  the  same  straight  line ;  the  first  is  called  a  simple 
inflexion,  that  is,  when  the  curve  at  that  point  becomes  plane, 
and  therefore  the  radius  of  spherical  curvature  infinite;  and 
the  second  a  double  inflexion,  as  necessarily  including  the 
former,  that  is,  when  the  curve  at  that  point  becomes  a 
straight  line,  and  therefore  the  radius  of  absolute  curvature 
infinite. 

If  in  Art.  202,  we  actually  determine  the  values  of  <r^—  a?, 
Vi  —  ^>  ^^  —  ^>  we  find  for  their  common  denominator  the 
expression 

hence  the  condition  d\xd\y  -  dlyd\%  =  0,  expressing  that  the 
center  of  spherical  curvature  is  at  an  infinite  distance,  will 
determine  the  points  of  simple  inflexion,  and  agrees  with 
Art.  128. 

At  points  of  double  inflexion,  the  absolute  radius  of  curva- 
ture changes  its  sign^  and  the  curve,  after  being  concave  in  one 
direction,  crosses  its  tangent  line  and  becomes  concave  in  the 
opposite  direction ;  hence  also  its  projections  on  the  planes  of 
%w  and  wy  cross  their  tangents,  and  have  corresponding  points 
of  contrary  flexure ;  at  such  points  therefore,  and  at  cusps, 

d^sis  =  0,   or  00  ,       dUly  =:  0,    or  oo  ; 

which  are  the  equations  for  determining  the  abscissae;  and 
which  we  observe  make  the  expression  for  the  absolute  radius 
of  curvature  infinite  or  evanescent,  as  ought  to  be  the  case. 

Ff 
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206.  The  tangent  lines  of  the  given  curve  mm  ,. .  (fig.  59-) 
will  generate  a  developable  surface,  whose  edge  of  regression  is 
the  curve  mm'... ;  and  since  the  tangent  line  is  the  intersection 
of  two  consecutive  osculating  planes,  this  surface  would  also  be 
generated  by  the  perpetual  intersection  of  the  osculating  planes. 
But  the  lines  of  intersection  of  the  normal  planes  are  perpen- 
dicular to  the  osculating  planes;  therefore  the  angle  between 
two  consecutive  lines  of  intersection,  that  is,  two  consecutive 
tangents  of  op...,  is  equal  to  the  angle  between  two  consecutive 
osculating  planes  of  mm'...  Again,  the  angle  between  two 
consecutive  tangents  ot  mm'...  is  equal  to  the  angle  between 
its  corresponding  normal  planes,  that  is,  to  the  angle  between 
two  consecutive  osculating  planes  of  op...  If  therefore  we  call 
the  angle  between  two  consecutive  tangents  of  a  curve  of 
double  curvature  its  first  fiemorif  and  that  between  two  con- 
secutive osculating  planes  its  second  fieafumy  we  may  enunciate 
the  above  properties  as  follows.  The  first  flexion  of  a  curve 
of  double  curvature  is  equal  to  the  second  flexion  of  the  edge 
of  regression  of  the  developable  surface  generated  by  its 
normal  planes ;  and  the  first  flexion  of  the  latter,  is  equal  to 
the  second  flexion  of  the  former. 

207.  Every  curve,  whether  plane  or  of  double  curvature, 
has  an  infinite  number  of  evolutes,  all  of  which  lie  on  the 
developable  surface  generated  by  the  perpetual  intersection  of 
the  normal  planes. 

Recurring  to  fig.  59,  since  kh  is  perpendicular  to  the  plane 
through  two  consecutive  sides  mm',  m'm'\  of  the  polygon,  any 
point  /  in  it  is  equidistant  from  the  middle  points  of  the  sides 
g  and  g\  If  therefore  we  draw  gf  in  the  first  normal  plane, 
and  gff  in  the  second,  the  lines  gf,  gf  are  inclined  at  the 
same  angle  to  kh ;  and  if  with  center  /  and  radius  fg  a  circle 
be  described,  it  will  touch  the  two  consecutive  sides  mm\  m'm" 
in  their  middle  points  g  and  g\  and  when  the  describing  radius 
comes  to  g'  it  will  be  confounded  with  g'f.  In  like  manner  if 
we  draw  g'^ff"  in  the  third  normal  plane,  the  lines  g^f^  g^'f 
are  equally  inclined  to  Ap'A';  and  a  circle  described  from/*  with 
radius  f'g'  will  touch  the  consecutive  sides  m'm"^  m"m'"  in 
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their  middle  points,  and  the  describing  radius  will  be  con- 
founded with  g'* f  at  the  point  g\  By  continuing  this 
construction  the  polygon  fff .  - .  will  be  formed,  by  un- 
winding a  thread  gf  from  which,  circular  arcs,  touching  every 
two  consecutive  sides  in  their  middle  points,  will  be  described. 
Therefore  when  the  number  of  sides  is  indefinitely  iqcreased, 
the  polygonj^/"...  will  become  a  curve  traced  on  the  develop- 
able surface  formed  by  the  intersections  of  the  normal  planes ; 
and  by  unwinding  a  string  from  it,  the  proposed  curve  of 
double  curvature  will  be  traced  out.  Also  since  the  direction 
of  the  initial  radius  gf  is  arbitrary,  any  other  direction  would 
have  produced  a  curve  endowed  with  the  same  properties  as 
//'/"...;  it  follows  therefore  that  every  curve  has  an  infinite 
number  of  evolutes  all  contained  on  the  surface  generated  by 
the  perpetual  intersections  of  its  normal  planes ;  in  the  case 
of  a  plane  curve  all  the  evolutes,  except  that  in  its  own  plane, 
are  curves  of  double  curvature,  traced  on  the  right  cylinder 
whose  base  is  the  e volute  in  its  own  plane. 

208.  Since  z  ^7' A;' =  /'/&'  =  A'//',  if  the  plane  hk' 
were  brought  into  the  same  plane  with  A' A;"  by  being  turned 
about  A/A',  ff  would  be  brought  into  the  same  straight  line 
with  /'/' »  ^^^  since  the  same  may  be  proved  successively  of 
all  the  other  sides  of  the  polygon  //'/"...>  it  follows  that  if 
the  surface  formed  by  the  intersections  of  the  normal  planes 
were  developed,  the  evolute  //'/"-••  would  become  a  straight 
line,  and  therefore  would  be  formed  by  stretching  a  thread 
in  the  direction  gf  and  applying  it  freely  to  that  surface. 
Hence  if  from  any  point  in  a  curve  of  double  curvature,  any 
line  be  drawn  touching  the  surface  formed  by  the  normal 
planes,  and  be  applied  freely  to  that  surface,  it  will  form  an 
evolute  of  the  proposed  curve;  and  will  be  the  shortest  line 
that  can  be  drawn  between  any  two  points  of  the  surface, 
through  which  it  passes. 

209.  It  is  to  be  observed  that  the  absolute  centers  of 
curvature  are  not  situated  on  an  evolute  of  the  curve.  For 
if  ^(l  be  perpendicular  to  A;'A',  then  it  cannot  pass  through 
the  point  q\  because  it  would  then  coincide  with  gq^   and 
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therefore  cut  kh  at  right  angles,  which  would  require  that 
kh  and  k'h'  should  be  parallel ;  and  this  can  never  happen  as 
long  as  the  proposed  curve  is  of  double  curvature.  Hence 
the  consecutive  absolute  radii  of  curvature  gq^  g^q\  since  they 
are  in  different  planes,  and  do  not  meet  one  another  in  the 
common  intersection  of  those  planes,  therefore  they  do  not 
meet  one  another  at  all ;  and  therefore  cannot  be  consecutive 
tangents  of  the  same  curve;  that  is,  the  locus  of  the  abso- 
lute center  of  curvature  is  not  an  evolute. 

210.  To  find  the  equations  to  any  proposed  evolute  of 
a  curve  of  double  curvature. 

As  we  know  the  equation  to  the  surface  on  which  all  the 
evolutes  lie  (Art.  201.),  it  only  remains  to  find  the  equation 
which  particularizes  a  given  evolute.  Let  w^j  y^,  be  the  co- 
ordinates of  a  point  in  the  projection  of  an  evolute,  w^  y,  the 
co-ordinates  of  the  corresponding  point  in  the  projection  of 
the  curve;  then  a  tangent  to  the  projection  of  the  evolute, 
must  pass  through  the  corresponding  point  in  the  projection 
of  the  curve ; 

This  joined  to  the  two  equations 

a?,  -  a?  +  (y,  -  y)  y'  +  («,  -«)«'  =  o, 
(y,-y)y"  +  (>^,-«)s^"-(i  +y'*  +  «'')  =  o, 

which  belong  to  the  generating  line  of  the  developable  surface 
containing  the  evolutes,  will  give  by  eliminating  w  the  two 
equations  to  the  evolute,  one  of  them  being  a  differential  of 
the  first  order;  and  its  integral  will  introduce  an  arbitrary 
constant,  by  means  of  which  the  evolute  may  be  made  to 
satisfy  that  condition  which  particularizes  it ;  as,  for  instance, 
to  pass  through  a  given  point  of  the  developable  surface  on 
which  it  is  traced. 
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211.  I.  As  a  first  example  of  this  theory,  take  the  curve 
of  double  curvature,  resulting  from  the  intersection  of  a  sphere 
and  cylinder,  considered  in  Prob.  i.  Art.  132. 

Its  equations  are 

■'y—T'  '=-r  ^=-*'  "=-^- 

Hence  the  equation  to  the  normal  plane,  as  we  have 
seen,  is 

a  -w         a 
^,+  y, ««^- (1). 

To  obtain  the  equations  to  the  line  in  which  this  is  inter- 
sected by  the  consecutive  normal  plane,  we  must  join  to  it, 
the  derived  equation  with  respect  to  a?,  namely, 

1      a^w  a 

or,  by  substitution, 

^-5=«' «= 

and  to  find  the  equation  to  the  surface  generated  by  the  per- 
petual intersection  of  the  normal  planes,  we  must  eliminate 
^,  y  and  Zy  between  these  two  equations,  and  the  equations 
to  the  curve. 

Now  from  equation  (2), 

y\^    f     ^ 


\     %J        sr      2a  a        \z^J 


and  equation  (l)  may  be  written 


^.  y     y.  a  —  *      V 

-'-+-' =  0, 

z^  a      X,      a  % 
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or 


x^         a\       aj       «   \       a/       \«J 


^  . 


Hence  substituting  for  -  its  value,  and  reducing,  we  find  for 
the  equation  to  the  surface 

Again,  to  find  the  expression  for  the  radius  of  curvature. 


{y'J  -h  {zj  +  (y"^'  -  ^"yT  =  (^)'  (lOa  +  Sw) 


radius  of  curvature  = 


s 
(2  a +  0?)' 


\/lOa  4-3^ 


II.  On  a  given  surface,  to  trace  a  curve  of  such  a  nature, 
that  its  involute  shall  be  a  plane  curve. 

The  curve  of  constant  inclination,  that  is,  one  whose  tan- 
gent line  is  inclined  at  a  constant  angle  to  the  plane  of  xy^  will 
have  this  property.  For  if  «  denote  the  length  of  the  arc,  inter- 
cepted between  the  plane  of  wy  and  a  point  whose  ordinate 
is  «y  and  y  s  the  constant  angle  which  the  tangent  line  makes 
with  the  axis  of  z,  then  dg%  s  cos  y ; 

.'.  «  =  «  cos  Y,  and  a  ^x  secy 

Bs  the  length  of  the  tangent  line. between  the  point  of  con- 
tact and  plane  of  wy\  hence  if  a  string  be  applied  to  the 
curve  of  equal  inclination,  and  then  be  unwound  from  it, 
beginning  from  the  plane  of  wy,  and  be  kept  stretched  in 
the  direction  of  a  tangent,  its  extremity  will  be  always  in 
the  plane  of  xy^  and  will  describe  a  curve,  which  is  manifestly 
the  involute  of  the  projection  of  the  curve  of  equal  inclination 
on  the  same  plane ;  for  the  projection  of  the  tangent  line  will 
touch  the  projection  of  the  curve,  and  will  be  of  the  same 
length.  We  found  the  equations  to  the  curve  of  equal  in- 
clination at  page  128. 
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Ex.  Let  the  surface  be  a  right  cone,  and  the  origin  in 
its  vertex ; 

2 

.-.    ^  =  XT  tan  a,     .•.   (cot  a)*  =  (cot  7)^ .  -^ — ^ , 

or  p  =  ^v  1  -  (tanacot  7)^, 

the  equation  to  an  equiangular  spiral.  Hence  it  follows  that 
this  curve  cuts  the  generating  line  of  the  cone  under  a  con- 
stant angle,  that  is,  it  is  the  conical  helix.  Hence  if  a  thread 
be  applied  to  the  surface  of  a  cone,  according  to  a  helix  traced 
on  it,  and  then  be  unwound  beginning  from  the  vertex,  its 
extremity  will  always  be  found  in  a  plane  perpendicular  to  the 
axis  through  the  vertex,  and  will  trace  out  an  equiangular 
spiral  on  that  plane,  which  is  also  the  involute  of  the  projection 
of  the  conical  helix  on  the  same  plane,  and  therefore  similar 
to  it. 

III.  If  a  uniform  and  flexible  string  be  suspended  from 
two  points  in  the  surface  of  a  vertical  cylinder  whose  base  is  a 
circle,  it  will  form  itself  into  a  curve  of  double  curvature,  such, 
that  the  involute  lies  on  the  surface  of  a  sphere.' 

Let  A  (fig^  61.),  be  the  lowest  point  of  the  catenary,  -iS 
the  radius  of  curvature  at  that  point ;  take  the  horizontal  plane 
drawn  through  B  for  the  plane  of  aiyy  and  the  axis  of  the 
cylinder  for  that  of  z^  and  let  CJf,  Jf JV,  NP  be  the  co- 
ordinates of  any  point  P  in  the  curve. 

Draw  NT  perpendicular  to  the  tangent  PT  and  join 
CT;  then  PT  is  perpendicular  to  the  plane  CTN^  for  a  Kne 
drawn  through  N  parallel  to  PT^  and  therefore  coinciding 
with  the  tangent  plane  of  the  cylinder  would  be  at  right 
angles  both  to  TJV,  CN^  and  therefore  to  the  plane  passing 
through  them;  and  CNT  is  a  right  angle,  therefore 

CT^  =  CJVT^  +  NT^  =  CB"  +  BA^  =  CA\ 

because  the  perpendicular  upon   the   tangent  from   the  foot 
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of  the  ordinate,  is  constant  by  the  nature  of  the  catenary^ 
Hence  the  locus  of  T  is  on  a  sphere  radius  CAj  and  since 
CTP  is  a  right  angle,  therefore  PT  touches  the  sphere.  But 
PTmiarcAP;  if  therefore  a  string  be  unwound  from  AP 
beginning  from  J,  and  be  always  kept  stretched  in  the  direc- 
tion of  a  tangent,  its  extremity  will  trace  out  a  curve 
situated  on  a  sphere  and  the  string  itself  will  be  a  tangent 
to  the  sphere. 
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SECTION  IX. 

ON  THE  CURVATURE  OF  SURFACES. 


212.  To  find  the  requisite  conditions  for  a  contact  of 
the  first,  second,  &c.  order,  between  two  surfaces. 

If  two  surfaces,  referred  to  the  same  origin  and  axes, 
pass  through  the  same  point,  the  co-ordinates  of  which  are 
^,  y,  x;  and  if  we  change  w  into  w  +  h^  and  y  into  y  +  ky 
the  equation  to  the  first  surface  will  give  for  the  value  of 
the  new  ordinate, 

x  +  ph  -^  qk  +  ^{rh^  +  2shk  +  th^)  +  &c. 

and  the  equation  to  the  second  surface 

x  +  Ph  +  Qk  +  ^  (RK"  +  2  Shk  +  Ttc")  +  &c. ; 

the  distance   of   the   surfaces,   measured  in  the    direction  of 
their  ordinates,  will  therefore  be  expressed  by 

(P-p)A  +  (Q-.g)A;+i{(iZ-r)A«+2(*y-«)AA;+(T-0A'}+&c. 

If  we  suppose  the  equation  to  the  second  surface  to  )  . 
contain  a  certain  number  of  arbitrary  constants,  we  mayl^ 
determine  them  so  as  to  make  the  first  terms  of  this  dis-* 
tance  vanish;  and  it  will  follow  that  any  other  surface,  for 
which  these  terms  do.  not  disappear,  cannot  be  situated 
between  the  two  former,  with  reference  to  the  points  which 
are  contiguous  to  their  common  point;  at  least  so  long  as 
we  take  h  and  k  so  small,  that  the  sum  of  the  terms  of 
the  first  order  may  be  more  considerable  than  that  of  all 
the  terms  of  succeeding  orders.  When  we  have  P  -  j>  =  0, 
Q  .  ^  s  0,  the  surfaces  will  have  a  contact  of  the  first  order ; 
if  besides  these,  we  have  iZ-r  =  0,  S  -s  ^0,  T-^  =  0, 
the  contact  will  be  of  the  second  order,  and  so  on. 

6g 
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213.  Let  therefore  FsO  be  an  equation  between  three 
variables  /r',  y\  z  and  a  certain  number  of  arbitrary  con- 
stants, and  according  to  the  usual  notation,  let  P,  Q,  R^  &c. 
denote  the  partial  differential  coefficients  of  si/  with  respect 
to  w  and  y  \  by  the  determination  of  the  constants  we  may 
make  this  surface  have  with  one  completely  given  (the  co- 
ordinates of  which  we  shall  represent  by  Wj  y^  Zy  and  the 
partial  differential  coefficients  of  z^  by  p,  q^  &c.)  a  contact 
of  an  order  which  will  depend  on  their  number.  The  first 
condition  to  be  satisfied  is  that  the  surfaces  may  have  a 
common  point,  that  is,  that  by  changing  x'  into  «v,  and  f/ 
into  y,  in  F  =  0,  we  may  find  z'  =  z.  Besides  this,  for  a 
contact  of  the  first  order,  upon  making  the  same  substitu- 
tions for  w'  and  y\  we  must  have  P^p,  Q^  q;  and  for 
one  of  the  second,  besides  all  the  foregoing  conditions,  we 
must  have  JZ  «=  r,  *y  =  «,  T  ^t 

jf       ^  Hence  it  appears  that  a  contact  of  the  first  order  requires 

'' '  *  ^  three  arbitrary  constants,  and  one  of  the  second,  six ;    and 

■  .  ,  /.  2-  in  order  to  have  a  contact  of  the  ri^  order,  since  the  terms 
*  '^ '''" "  of  three,  four,  &c.  dimensions  in  h  and  A?  in  the  develop- 
^  ■"  ment  of  the  difference  of  the  ordinates  in  the  preceding 
"^  */-.  Article  are,  in  number,  4,  5,  &c.,  the  number  of  disposable 
/.       -  •       constants  must  be 


i 


1+  2  +  3  +  &c.  +  (w  +  1)  =  ^  (71  +  l)(n  +  2). 


214.  But  \l  we  confine  our  attention  to  the  sections 
of  the  surfaces  made  by  a  plane  containing  their  common 
ordinate  z^  and  inclined  to  the  plane  of  zx  at  an  angle 
whose  tangent  is  m,  then,  making  k  s  mA,  the  difference 
of  the  consecutive  ordinates  in  these  sections  will  be 

{P-p+(Q-^)n^}A+j5-r+2(*y-«)m+(7'-0wi'}iA*+&c.; 

hence  if  the  surfaces  have  a  common  point  and  a  common 
tangent  plane  at  that  point,  that  is,  if  upon  making  a/^Wy 
and  y^y^  we  have  z-z^  P  ^  p^  'Q^  q;  then  the  first  term 
of  the  above  difference  will  disappear,  and  the  second  will 
also  vanish  if 

-  r  +  2(,S'  -  «)m  +  (T  -  t)m^^  0. 
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Hence  four  disposable  constants  in  the  equation  to  a  surface 
are  sufficient  to  make  it  have  with  one  completely  given,  a 
contact  of  the  first  order  at  a  proposed  point;  and  also  to 
establish  a  contact  of  the  second  order  between  the  sections 
of  the  surfaces  made  by  a  given  plane  containing  their 
common  ordinate. 

215.  Previously  to  applying  these  considerations  to 
estimate  the  curvature  of  any  surface  at  a  proposed  point, 
we  may  observe  that  we  cannot  attempt  to  assimilate  the 
curvature  of  a  surface  in  general  to  that  of  a  sphere,  be- 
cause in  the  latter  the  curvature  is  uniform  about  the  same 
normal,  whereas  for  surfaces  in  general,  that  is  far  from 
being  the  case.  The  mode  of  proceeding  must  therefore  be 
to  imagine  several  planes  drawn  through  the  normal  at  the 
point  under  consideration,  to  calculate  the  radius  of  curva- 
ture of  each  of  these  sections  at  that  point,  and  by  com- 
paring them  to  judge  of  the  greater  or  smaller  curvature 
of  the  surface  in  those  directions  about  the  point,  as  well 
as  of  the  sense  in  which  the  curvature  is  turned;  for,  as 
we  know,  certain  surfaces  contiguous  to  any  point,  are  si- 
tuated partly  above  and  partly  below  the  tangent  plane  at 
that  point.  In  thus  making  different  planes  pass  through 
the  same  point  of  a  surface,  so  that  some  contain  the  normal 
to  the  surface  at  that  point,  and  some  do  not,  we  shall  find 
the  radii  of  curvature  relative  to  that  point,  both  of  the 
normal  and  oblique  sections,  bearing  remarkable  relations  to 
one  another,  independent  of  the  particular  form  of  the  surface. 
We  shall  begin  by  demonstrating  the  simple  relation  which 
exists  between  the  radii  of  curvature  of  a  normal  and  an 
oblique  section,  made  by  planes  passing  through  the  same 
tangent  line  to  a  surface,  first  notir^fl  l)y  MpyniPr.  We 
shall  then,  by  the  doctrine  of  contacts,  deduce  the  radius  of 
curvature  of  any  normal  section  of  a  surface;  and  after- 
wards prove  Euler^s  theorems  relative  to  the  curvatures  of 
the  principal  normal  sections  of  a  surface. 

216.  If  a  normal  and  an  oblique  section  of  a  surface 
be   made  by  planes  passing  through   the  same  tangent   line 
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to  the  surface,  the  radius  of  curvature  of  the  oblique  section 
is  equal  to  the  projection  on  its  plane,  of  the  radius  of 
curvature  of  the  normal  section. 

Let  the  tangent  plane  to  the  surface  be  the  plane  of 
wy^  the  point  of  contact  the  origin,  and  the  tangent  line 
the  axis  of  w\  then  the  normal  to  the  surface  will  be  the 
axis  of  « ;  let  OP  (fig.  62.)  be  the  normal  section  in  the 
plane  of  zw^  OP  the  oblique  section  made  by  a  plane  zOw 
through  Oxj  and  inclined  to  the  normal  section  at  an 
Z  zO%  =  6 ;  JVP,  NPy  ordinates  to  the  two  curves  cor- 
responding to  the  common  abscissa  ON=h;  also  let  NP^Zy 
and  let  h,  kj  z  be  co-ordinates  of  P.  Then,  (assuming 
that  in  any  plane  curve  when  the  axis  of  the  abscissae  is 
a  normal  at  the  origin,  the  radius  of  curvature  at  the  origin 

-         1   ,.    .      -  (ordin.Vx  . 

IS  equal  to  i  umit  of  — ; — : —  )   we  have 
*  abscissa  / 

OtP 
R  =  radius  of  curvature  of  OP  at  O  =  4  limit  of  -^t^j 

^  NP 

OfP 
J2'=  radius  of  curvature  of  OP  at  O  =  -^  limit  of  -j^^^j 

.-.  -;7  «  hmit  of  -~— -  «  bmit  of «  secd.hmit  of  --. 

R  NP  z  z 

But  since  the  plane  oi  wy  is  the  tangent  plane  at  0, 
p  =  0,     ?  =  0,     and     «'=  ^rA*+«AA;  +  ^^ifc*+ &c. 
and  making  A; «  0, 


^  ^  +  2«-  +  ^(7l    +&C 


k 
because  limit  of  t  «=  0,  since  Ox  is  a  tangent  to  the  pro- 
jection of  OP  on  the  plane  of  my\ 
.-.  R'^Rco^e. 
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CoE.  Hence  it  follows  that  the  osculating  circles  of  all  • 
sections  of  a  curve  surface  that  have  a  common  tangent ' 
line,  are  situated  on  the  surface  of  a  sphere  the  radius  of 
which  is  the  radius  of  curvature  of  the_  normal  section 
passing  through  the  same  tangent ;  for  if  OA  be  the  dia- 
mete^  of  the  circle  of  curvature  of  the  normal,  and  OA' 
that  of  the  oblique  section,  it  is  manifest  that  on  account 
of  the  right  angle  AA'O^  the  latter  circle  is  situated  on  a 
sphere  whose  diameter  is  AO, 

217.  To  find  the  radius  of  curvature  of  any  normal 
section  of  a  surface  at  a  given  point,  in  terms  of  the  co- 
ordinates of  that  point. 

Let  >,  y,  z  be  the  co-ordinates  of  the  given  point  P 
(fig.  6S)  of  the  surface,  p,  ^,  r  &c.  the  partial  differential 
coefficients  of  %  expressed  in  terms  of  those  co-ordinates; 
PT  the  tangent  line  through  which  the  normal  section  is 
to  pass,  which,  since  it  lies  in  the  tangent  plane  at  P, 
will  be  determined  by  the  equation  to  its  projection  on  the 
plane  of  a?y,  viz.  y'-y  =  m(a?'— a?).  Then  if  we  determine 
a  sphere  having  a  contact  of  the  first  order  with  the  sur- 
face at  P,  and  whose  section  by  the  vertical  plane  PQT 
has  a  contact  of  the  second  order  with  the  section  of  the 
surface  by  the  same  plane,  all  planes  passing  through  PT 
will  cut  the  sphere  in  circles,  which  are  the  circles  of  cur- 
vature to  the  corresponding  sections  of  the  surface,  and  there- 
ifbre  the  radius  of  the  sphere  will  be  the  radius  of  curva- 
ture of  the  normal  section ;  and  this  we  are  enabled  to 
do,  because  the  four  disposable  constants  in  the  equation  to 
a  sphere  will  enable  us  to  satisfy  the  four  requisite  con- 
ditions, which  are,  that  upon  making  a/^w  and  y'=y  in 
the  equation  to  the  sphere,  we  must  have 

%':=.«,     Pz:zp,     Q  =  g,     J2-r  +  2(,S'-«)w  +  (7'-^)m2=0. 

Now  the  equation  to  the  sphere  gives,  by  differentiation, 

m  -  a  +  P(«' -  y)  =>  0,     y- j3  +  QCsZ-v)  =  0, 
l+P*+J?(i!f'-7)=0,     PQ+S(%'-y)~0,     l  +  Q»+T(z-y)=0; 
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hence,    there  results  between  the  constants  a,  /3,  7,  J2,  and 
the  co-ordinates  Wy  y,  Xj  the  following  relations 

^  -  a  +p(«  -  7)  «  0,     y  -  /3  +  ?(5?  -  7)  «  0, 

»-7  \)ir-7       /  V»-7       / 

The  latter  gives 

^  l+p'H-2p9m-h(l+<y*)m* 

and  then  a,  /3,  J2  are  known  from  the  equations 

^-0=  -p(»-7),      »-/3=  -q{x-i),      lPr=(«^yy  (1  +p*+gr»)  ; 

"  r  +  28m  +  trn? 

Hence  we  have  determined  the  radius  and  co-ordinates 
of  the  center  of  the  circle  of  curvature  of  the  normal 
section  at  a  point  wyz^  whose  intersection  with  the  tangent 
plane  at  that  point  is  projected  into  a  line  represented  by 
the  equation 

Cob.  Suppose  the  tangent  line  to  make  angles  X,  /m,  v 
with  the  axes  of  w^  y,  «,  and  let  8  be  the  length  ^  of  the 
arc  of  the  normal   section,   then  (Art.  28  and  131), 

COSyu  J 

m  = — ,    and 

cosX 

hence,  by  substitution,  we  have  for  the  radius  of  curvature 


iZ  = 


r  (cosX)*+2«cosX  cos/u  +  ^(co8/u)* 
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218.  Hence  we  can  find  the  conditions,  in  order  that 
the  curvatures  of  the  normal  sections  of  a  surface  at  a 
proposed  point  may  be  all  in  the  same  direction,  or  in  op- 
posite directions;  that  is,  in  order  that  the  surface  may  be 
convex  or  non-convex  about  a  proposed  point. 

If  in  the  value  of  R  we  always  take  the  radical  posi- 
tive, as  the  numerator  1 -^  m^  +  (p  +  mqy  is  incapable  of 
changing  its  sign,  the  sign  of  R  will  depend  upon  that  of 

its     denominator    r  +  2  5m  +  tm^  ==  -  { (V^^  +  *)^  +  r #  -  «^}  ;    if 

z 

therefore   a?,  y,  x  the  co-ordinates  of  the  proposed  point  be 

such  that  rt  —  s^  >  0,  then  R  cannot  change  its  sign  for  any 

value  of  m,   and   the  surface  contiguous  to  that   point  will 

be  situated  entirely  on  the  same  side  of  the  tangent  plane, 

qr  will   be   convex  at  that  point ;    and   if  this   be   true   for 

every  point,  as  in  the  ellipsoid,  the  surface  will   be  entirely 

convex.       If,    on    the    contrary,    r#  — «^<0,    there  are    two 

values  of  m  for  which   the  denominator  will  vanish,  and  R 

will    be    infinite    and    will    change    its    sign,     as  m    passes 

through  each    of  these    values ;     therefore    the   surface    will 

have   opposite   curvatures   about   the   point    in   question,    or 

will  be  non-convex.     Thus   in   the  surfaces  considered  (Art. 

176),  of  which  the  equation  is 

^r  -  2pq8  +  p^t  =  0,      or    (qr  -  psY  +  p^(rt  -  8^)  =  0, 

rt  —  8^  is  necessarily  negative,  and  therefore  surfaces  of 
this  class  are  non-convex  at  every  point.  For  developable 
surfaces,  where  r^-«^  =  0,  the  denominator  of  R  is  a  perfect 
square,  and  consequently  retains  the  same  sign ;  therefore  the 
radius  of  curvature  will  have  the  same  sign  for  every  point 
of  the  surface;  only  it  will  at  every  point  be  infinite  when 
mt  +  s^Oy  the  direction  so  determined  evidently  coinciding 
with  that  of  the  generating  line  passing  through  the  point. 

219.  For  the  same  point  of  the  surface,  the  expres- 
sion for  R  varies  with  m,  and  we  may  find  what  value  of 
m  will  make  it  a  maximum  or  minimum  by  putting  the 
di£Perential    coefiicient    of   R    with    respect    to    m    (for  the 
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quantities  p^  q,  r  &c.  are  in  general  independent  of  the 
position  of  the  tangent  line  which  fixes  the  normal  section) 
or  rather  of  z  —  y  on  which  it  depends,  equal  to  0 ;  hence 
putting  equation  (1)   (Art.  217)9  under  the  form 

(«  -  7)  {r  +  2«m  +  tm*]  +  1  +  p*  +  2pqm  +  (1  +  ^)  m*-  0, 

we  have       (x  -  7)  (*  +  ^^)  +  P9  +  (l  +  ^)^  -  0 ; 

therefore  eliminating  successively  z-y  and  m  from  these 
equations,  we  have 

{il'\'^)s-pqt]  w*+  {(1  +?')r-(l+i>*)^}  «>"  {0  +P^)s-pqr]  -0, 

(r ^-«') (5?-7)'+ 1 (1  +p') ^-2i>g«+  (1 +g')r I  (ijf-7)  + 1  +pVgr»=o. 

These  equations  being  of  the  second  degree,  it  follows 
^that  in  general  the  radius  of  curvature  of  the  normal  sec- 
tion, as  the  cutting  plane  revolves  about  the  normal,  will 
bave  only  one  maximum  and  one  minimum  value,  which,  in 
absolute  magnitude,  may  be  two  maxima  or  two  minima, 
when  the  curvature  of  the  surface  changes  its  sign  about 
the  given  point.  These  two  normal  sections,  one  cor- 
responding to  the  least,  and  the  other  to  the  greatest 
;  radius  of  curvature,  are  called  the  principal  sections  of 
,the  surface  relative  to  the  point  at  which  the  normal  is 
j  drawn,  and  the  corresponding  radii  the  principal  radii  of 
(curvature. 

Cor.  Hence  the  former  of  the  above  equations  enables 
us,  for  each  point  of  the  surface,  to  determine  the  direc- 
tions of  the  principal  sections,  and  we  might  also  shew 
from  it,  that  these  directions  are  at  right  angles  to  one 
another.  To  determine  however  the  angle  between  the 
principal  sections  in  a  simple  manner,  let  us  suppose  the 
plane  of  ay  to  be  coincident  with  the  tangent  plane  at  P, 
or  only  parallel  to  it,  (this  of  course  we  may  do  without 
at  all  altering  the  form  of  the  surface  or  the  positions 
of  the  tangents  to  the  principal  sections)  then  we  must  put 
p  =  0,  9  =  0,    and  the  equation  becomes 

m  + m  -  1  =  0, 
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the  two  roots  of  which  are  always  possible  and  satisfy  the 
condition 

mm   =  —  1  ; 

therefore  the  principal  sections  always  exist  and  are  at  right 
angles  to  one  another.  Also  the  same  supposition  gives  for 
the  radius  of  curvature  of  any  normal  section  (Art.  217), 


r  +  9.8m  +  tm 


Having  however  made  the  foregoing  process  answer  its  pur- 
pose of  giving  the  radius  of  curvature  of  any  normal 
section  of  a  surface  in  terms  of  the  co-ordinates  of  the 
point,  we  shall  not  deduce  from  it  all  the  important  re- 
sults which  it  is  capable  of  furnishing,  but  obtain  them  by^ 
a  direct  and  much  simpler  method. 

220.  The  sum  of  the  curvatures  of  any  two  normal 
sections  at  right  angles  to  one  another,  is  a  constant  quan- 
tity at  the  same  point  of  a   surface. 

Let  AO^  the  normal  at  any  point  J  of  a  curve  sur- 
face, be  the  axis  of  ^,  and  wAy^  the  tangent  plane  at  the 
same  point,  the  plane  of  xy  (fig.  64).  Let  AB  be  a 
section  of  the  surface  made  by  any  plane  passing  through 
AO^  AC  the  corresponding  section  of  the  tangent  plane, 
which  therefore  touches  the  plane  curve  AB  at  A ;  and  let 
y^iBXiO.,v  be  the  equation  to  AC^  so  that  0=  AN  AC. 
Then  if  AO  =  R  he  the  radius  of  curvature  of  the  plane 
curve  AB  at  A^  and  BC  be  parallel  to  AO^  we  have  by 
a  well-known   theorem 

AC^ 

iZ  =  ^  limit  of  -^. 

Let  AN  =  A,     NC  =  A;,  be  the  co-ordinates  of  C ; 

.-.  BC:^\rhJ'-\-shk-^^tk'+kc., 

for  p  =  0,  ^  =  0,  since  the  plane  of  wy  is  the  tangent 
plane ;    also  k  =  tan  0  .  A ; 

Hh 
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'™*    °  r  +  28ttm9  +  t(ta.ney+^d^r.h(tscD0y+kc. 

l  +  (tan0)' 
or  /C  ' 


where  r,  «,  ^  are  the  values  of  d*«,  d^d^Zy  c^«,  at  the 
point  ^  derived  from  the  equation  to  the  surface.  Hence, 
if  It  be  the  radius  of  curvature  of  another  section  inclined 
at  an  angle  =  90**  +  0  to  ANy    we  have 

—  =  r  (cos0)*+2«  COS0  sin 0  +  / (sin 0)% 

-—,  se  r  (sin0)^  -  28  sin  d  cosd  +  ^  (cos Oy; 
It 

which  (taking,  as  usual,  the  inverse  of  the  radius  of  curva- 
ture to  measure  the  curvature)  expresses  that  the  sum  of 
the  curvatures  of  any  two  normal  sections  at  right  angles 
to  one  another^  is  a  constant  quantity  at  the  same  point  of 
the  surface. 

221.  Of  all  sections  of  a  curve  surface  made  by  fdanes 
drawn  through  the  normal  at  any  point,  to  determine  those 
of  greatest  and  least  curvature  at  that  point ;  and  to  shew 
that  they  are  at  right  angles   to  one  another. 

We  have 

—  =  r  (cos oy +28  sin  0  cos9  +  t  (sin  0)% 

2 
or     —  =r(l  +  cos20)  +  2«  ^n20  +  t(i  -cos 2d) 

=  r  +  #  +  (r  -  0  COS20  +  2«  sin  20, 

which  is  to  be  a  maximum  or  minimum  by  the  variation 
of  0;  therefore  putting  its  differential  coefficient  with  respect 
to  0  equal  to  zero,  we  have 

-(r-#)  sin20  +  2«  cos20  =  O; 
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28 

.-.  tan 20  = -=  tan  (180V  20)  ;      (l), 

T  ^  t 
28  T  —  t 

sin2g=rfc      .  ==,     cos  20 


V(r-0'+^«''  V(r-0V4**' 


i=.  +  ..-       (^-^>^  .  ^^ 


which  are  the  values  of  the  reciprocals  of  the  greatest  and 
least  radius  of  curvature ;  and  the  positions  of  the  sections 
to  which  they  belong  are  fixed  by  the  angles  0  and  90°  +  0 
obtained  from  equation  (l) ;  consequently  the  sections  of 
greatest  and  least  curvature  at  any  point  of  a  surface, 
called  the  principal  sections  at  that  point,  are  at  right 
angles  to  one  another. 

222.  The  curvature  of  any  normal  section  is  equal  to 
the  sum  of  the  curvatures  of  the  principal  sections,  multi- 
plied respectively  by  the  squares  of  the  cosines  of  the 
angles  which  its  plane  forms  with  their  planes. 

Suppose   the    axes   of    off    and    y    to    be    drawn    in    the 

principal   planes,    then    since   0  =  0  and    tan  20= ,    we 

must  have  5  =  0;    hence 

4  =  r  (cos  0)^^  (sin  0)2; 

consequently,  if  we  denote  by  p  and  p'  the  radii  of  curva- 
ture of  the  principal  sections  corresponding  to  0  =  0  and 
0  =r  90°,  we  have 

-  =  r,      -,=  ^; 
P  P 

.-.  substituting,  we  have  for  any  normal  section, 

4  =  - (cos  0)^1  (sin  0)^ 
K      p  p 
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This  theorem,  due  to  Euler,  joined  to  that  of  Meunier^ 
contains  the  whole  theory  of  the  curvature  of  surfaces; 
for  it  is  hence  sufficient  to  know  at  any  point  of  a  sur- 
face the  directions  and  curvatures  of  the  principal  sections, 
to  deduce  the  curvature  at  that  point  of  every  other  section, 
normal  or  oblique. 

223.  When  the  two  principal  radii  have  the  same 
sign,  the  formula 

4=-(cosd)^+i(8in0y 
R      p  p 

proves  that  every  normal  section  will  have  a  radius  of  that 
sign,  and  therefore  the  surface  will  be  entirely  on  the 
same  side  of  the  tangent  plane  at  the  proposed  point ;  also 
the  principal  radii  will  be  the  maximum  and  minimum 
values  of  the  radius  of  curvature  at  that  point,  and  the 
form  of  the  surface  will  be  that  represented  in  fig.  65^ 
where  AO^  AC/  are  the  principal  radii,  and  AQ  is  the 
radius  of  the  intermediate   section  AP. 

When  the  principal  radii  are  equal,  as  well  as  of  the 
same  sign,  the  formula  gives  J?  =  ^,  and  therefore  all  the 
normal  sections  have  the  same  curvature,  and  may  be 
regarded  as  principal  sections;  of  this  we  have  examples 
at  the  vertex  of  a  paraboloid  of  revolution,  and  the  poles 
of  a  spheroid. 

224.  When  the  principal  radii  are  of  contrary  signs, 
p  positive  and  p'  negative  for  instance, 

i=i(cos0)»-l(8ind)'. 


R 


P  P 


which  vanishes,  or  R  is  infinite,  when  0  has  such  a  value  w 


ta.-iV?; 


that  tan  cd  «  =*=\/  — ;  hence  for  values  of  0  between  0  and  =fc  w 

P 
R    is   positive,  or    the    section    situated    above    the    tangent 

plane ;  and  for  all  other  values,  R  is  negative,  or  the 
section  situated  below  the  tangent  plane ;  also  p  will  be  the 
minimum    of   the    positive    radii,    and    p\    numerically,     the 
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minimum  of  the  negative  radii.  Hence  at  the  proposed 
point,  the  form  of  the  surface  will  be  that  represented  in 
fig.  669  DBE  being  the  intersection  of  the  surface  with  a 
sphere  center  A^  AE,  AF  sections  having  respectively  a 
positive  and  negative  radius,  and  AB  the  section  made  by 
the  limiting  normal  plane  through  AH.  Thus  in  the 
hyperboloid  of  one  sheet,  we  know  that  the  tangent  plane 
at  any  point  cuts  the  surface  in  two  straig^^t  lines^.  limiting 
the  normal  planes  which  give  positive  and  negative  radii  of 
curvature,  or  which  separate  the  convex  and  concave  parts 
of  the  surface.  In  surfaces  of  a  higher  order,  the  limiting 
normal  planes  will  cut  them  in  curves,  having  with  the 
corresponding  sections  of  the  tangent'  planes  a  contact  at 
least  of  the  second  order,  since  the  curvatures  of  those 
sections  are  infinite.  In  developable  surfaces,  if  we  take  a 
principal  plane  at  any  point  for  that  of  a? a?,  then  5  =  0, 
and  since  rt-s^-0^  r  =  0  or  ^  =  0;  therefore  one  of •  the 
principal  radii  is  infinite.  In  fact,  we  know  that  the  tan- 
gent plane  to  a  developable  surface  does  not  cut  it,  but 
touches  it  along  a  generating  line;  and  that  this  generating 
line  is  a  principal  section  whose  radius  of  curvature  is  a 
maximum  and  infinite,  whilst  the  minimum  radius  belongs 
to  the  section  made  perpendicular  to  the  generating  line. 
Hence,  the  curvature  of  any  surface  at  every  one  of  its 
points  may  be  assimilated  to  that  of  a  surface  of  the 
second  order  at  one  of  its  vertices,  as  will  be  seen  in  the 
following  Article,  where  we  shall  take  a  paraboloid,  although 
an  ellipsoid   would  do  equally  well. 

225.  To  determine  a  paraboloid  of  the  second  order, 
which  shall  have  at  its  vertex,  a  complete  contact  of  the 
second    order    with   a  given  surface  at   a   proposed  point. 

Let  A  (figs.  65  and  66,)  be  the  given  point  of  the  sur- 
face, Ass  the  normal,  and  let  the  principal  sections  meet 
the  tangent  plane  in  A  a;.  Ay,  which  lines  take  for  the  axes- 
Also,  let 

;?f  =  —  ±  -S 
2f}       2p 
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be  the  equation  to  a  paraboloid,  p^  p  being  the  principal 
radii  of  curvature  of  the  proposed  surface  at  A.  Then  if  AP 
be  a  section  of  this  paraboloid  through  its  axis  inclined  at 
an  L  0  to  xjpf  and  AN «  r,  PN «  «,  be  co-ordinates  of  P, 
the  equation  to  AP^  putting  r  cos  0  for  x  and  r  sin  6  for  y^ 
(Art.  101)  is 


^r^|-(cos0r=fcA(8ine)4, 


which  represents  a  parabola,  the  reciprocal  of  whose  semi 
latus  rectum,  and  therefore  of  the  radius  of  curvature  at 
its  vertex, 

=  -(cos0)«±i(sine)^ 
P  P 

Hence   the    curvature  of  every  section  of  the  paraboloid   is 

the   same  as   that  of  the  corresponding  section  of   the    sur> 

face,     and   therefore  the  paraboloid   has   a   complete  contact 

of  the  second  order  with  the  surface. 

Cob.  What  we  here  assume,  viz.  that  if  two  surfaces, 
having  a  common  point  and  common  normal  at  that  point, 
have  the  curvatures  of  all  normal  sections  equal,  (or,  which 
comes  to  the  same  thing,  have  their  principal  sections  coin- 
cident  and  equally  curved,)  they  have  a  complete  contact  of 
the  second  order  at  that  point,  agrees  with  Art.  (213) ;  for 
this,  from  the  general  expression  for  the  radius  of  curvature 
of  any  normal  section,  requires  that  z  and  its  di£Perential  co- 
efficients jo,  7,  r,  «,  #,  should  have  equal  values  in  the 
equations  to  the  two  surfaces,  when  in  them  we  substitute 
the  co-ordinates  x  and  y  of  the  point  under  consideration. 

226.  In  the  equation  to  the  paraboloid,  suppose  z 
constant,   and  =  c,   therefore 

2pc       2pc 

this  is  the  equation  to  a  section  of  the  paraboloid,  or  to  a 
section  of  the  surface  if  c  be  indefinitely  small.  Hence  it 
appears  that  if  the    surface   be    cut   by   a    plane   parallel    to 
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the  tangent  plane  at  any  point,  and  indefinitely  near  to  it, 
the  section  is  ultimately  a  curve  of  the  second  order  whose 
centre  is  in  the  normal,  and  axes  in  the  planes  of  greatest 
and  least  curvature;  also  the  square  of  the  diameter  in 
which  the  curve  is  intersected  by  any  plane  drawn  through 
the  normal,  is  proportional  to  the  radius  of  curvature  of 
the  corresponding  section  of  the  surface. 

This   curve  has  been    called  by   Dupin,    the    Indicatrix 
of   the   surface,     because   it   indicates   the    directions   of   the 
curvatures ;    if  at  any  point  it   be  an  ellipse,  p  and  p'  must 
have  the  same  sign,   that  is,  the  curvatures  are  in  the  same 
direction;    if  a    hyperbola,    the    curvatures   are   in    opposite 
directions ;    and   if    a  circle,    p  =  p\    and    the    curvature    of 
every    normal    section    is   the    same.       For    instance,   it    has, 
been  shewn  that  an  ellipsoid  may  be  generated  in  two  wayC!' 
by  a  circle  of  variable  radius  moving  parallel  to  itself;  con-! 
sequently   there   are   four    points  on  its   surface   at   which  a, 
plane,   parallel  and   indefinitely    near    to   the   tangent    plane, , 
cuts   it  in   a  circle ;    that  is,   the   indicatrix   at  those  points ' 
is  a  circle,  and  therefore  the   two  radii  of  curvature  equal.  I 
These    points    are    called    umbilici^    and    are    symmetrically  i 
placed  in  the  four  angles   of  the    principal  section   contain- i 
ing   the    greatest    and    least   axes.      It    is    manifest    that   at  * 
these  points,   a  sphere  can    have   a  complete  contact  of   thei 
second  order  with  the  surface. 

227.  As  two  lines  in  space  will  not  intersect  unless 
the  constants  which  enter  into  their  equations  satisfy  a 
certain  equation  of  condition,  so  if  from  any  point  in  a 
curve  surface  at  which  we  have  drawn  a  normal  we  pass 
to  a  contiguous  point',  the  normal  at  the  latter  point  will 
not  intersect  that  at  the  former,  however  near  the  points 
are  to  one  another,  unless  the  second  point  be  taken  in  such 
a  direction  as  to  satisfy  the  equation  of  condition  for  the 
intersection  of  the  normals.  The  consideration  of  consecu- 
tive normals  throws  great  light  on  the  subject  of  the 
curvature  of  surfaces,  as  will  appear  from  the  following 
propositions. 
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228.  Having  given  a  point  on  a  curve  surface,  to  find 
the  directions  in  which  we  must  pass  to  consecutive  points, 
in  order  that  the  corresponding  normals  may  intersect. 

Take  the  normal  at  the  given  point  for  the  axis  of  z, 
and  the  tangent  plane  for  that  of  ^y,  and  let  h^  A:,  /  be 
co-ordinates  of  a  contiguous  point  situated  in  a  section 
through  the  normal  made  by  a  plane  inclined  at  an  angle 
0  to  that  of  zojj  so  that  k^htanO;  then  the  equations 
to  the  normal  at  that  point  are 

0?'  -  A  +  ;>i  (^'  -  0  =  ^9     y  -  ^  +  9i  («?'-/)  =  ^9 

where  />,,  ^,  denote  certain  functions  of  h  and  k  (p  and  q 
denoting  the  values  of  d^z  and  d^z  at  the  origin,  and  there- 
fore each  =  0).  Then  in  order  that  this  line  may  meet  the 
axis  of  Zj  its  two  equations  must  agree  in  giving  the  same 
value  for  z'  when  j?'  and  y  =  o,  that  is, 

z  =  —-^  I     and     sr  =  —  +  /, 
Pi  9i 

must  be  the  same.  But  if  the  points  be  consecutive,  then 
the  ultimate  values  of  z'  must  be  the  same  when  A  =  0, 
that  is,  (expanding  />,  and  ^,), 

z  =  limit  of 


and  z'  =  limit  of 


rh  +  sk  +  &c.      r  +  8  tan  0 
k  tanO 


sh  -\-tk  +  &c.      8  +  i  tan  0 


(r,  «,  t  being  the  values  of  dlz^  d^d^Zy  ct^z  at   the   origin) 
must  be  identical; 

.-.  5  +  /  tan  0  =  r  tan  0  -f  «(tan  0)% 

2tan0  28 


or  tan  20  = 


l-(tane)"      r-t' 


an  equation  which  being  the  same  as  that  for  finding  the 
positions  of  the  principal  sections  through  the  origin,  shews 
that  there  are  two,  and  only  two,  directions  at  right  angles 
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to  one  another  in  which  we  may  pass  from  a  proposed  point 
in  a  curve  surface  to  a  consecutive  point,  so  that  the  nor- 
mals may  intersect;  and  that  these  directions  coincide  with 
the  principal  sections  through  the  proposed  point.  Also  the 
value  of 

-  =  r  +  stane  =  ^{r  +  ^± y/{r  -  ty-\- U^\ 

shews  (Art.  221.)  that  the  points  where  the  normal  is  in- 
tersected by  consecutive  normals,  are  the  centers  of  curva- 
ture of  the  principal  sections. 

229.  This  property  of  consecutive  normals  enables  us 
in  some  cases  to  determine  at  once  the  principal  sections 
of  a  surface  at  a  proposed  point ;  for  instance,  in  surfaces 
of  revolution  the  plane  of  the  generating  curve  is  necessarily 
one  of  those  sections,  because  in  it  consecutive  normals  inter- 
sect, and  therefore  a  plane  through  the  normal  perpendicular 
to  it  is  the  other.  The  first  series  of  consecutive  normals 
intersect  in  the  evolute  of  the  generating  curve,  the  second 
in  the  axis;  hence,  in  a  surface  of  revolution,  the  loci  of 
the  intersections  of  consecutive  normals,  or  of  the  centers 
of  curvature  of  the  principal  sections,  are  the  axis  of  re- 
volution and  the  surface  formed  by  the  revolution  about 
that  axis  of  the  evolute  of  the  generating  curve.  Hence 
we  can  find  immediately  the  radius  of  curvature  of  any 
section  of  a  surface  of  revolution,  the  principal  radii  being 
the  radius  of  curvature  of  the  meridian,  and  the  portion 
of  the  normal  intercepted  between  the  proposed  point  and 
the  axis  of  revolution. 

230.  A  series  of  points  on  a  surface  determined  by 
the  condition  that  the  normals  at  any  two  consecutive  ones 
intersect  is  called  a  line  of  curvature  of  the  surface.  Every 
point  of  a  surface,  as  appears  from  the  above  investigation, 
is  situated  on  two  curves  of  this  kind,  whose  directions 
coincide  with  those  of  the  principal  sections  through  that 
point,  and  cut  one  another  at  right  angles.  Thus  in  start- 
ing from  a  point   P  of  a   surface    (fig.  68.),   there  are  two 
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contiguous  points  P  and  Q  the  normals  at  which  will  inter- 
sect the  normal  at  P\  and  if  of  these  we  take  only  that 
which  is  in  the  same  direction  with  JTP,  namdy,  /^,  and 
then  advance  in  the  same  direction  to  the  amtiguous  point 
whose  normal  intersects  the  normal  at  P',  and  so  on  con- 
tinually, we  shall  obtain  a  first  line  of  curvature  of  the 
surface  KPPn\  the  second  line  of  curvature  which  passes 
through  P  will  be  obtained  in  the  same  manner,  and  will 
be  RPQE;  and  as  these  constructions  may  be  repeated  for 
every  point  of  the  surface,  we  shall  thus  form  two  series 
of  lines  of  curvature  dividing  the  surface  into  curvilinear 
quadrilaterals  whose  sides  in  space  cut  one  another  at  right 
angles.  It  must  be  observed  that  the  lines  of  curvature 
which  pass  through  any  point  and  the  principal  sections 
through  the  same  point,  although  they  have  common  tan- 
gent lines  at  that  point,  will  not  usually  coincide.  Thus 
in  a  surface  of  revolution  the  meridian  PB  (fig.  67.)  and 
the  section  through  the  normal  perpendicular  to  the  meri- 
dian QPG  are  the  principal  sections  at  P;  but  only  one 
of  them  is  a  line  of  curvature  through  P,  viz.  the  meridian ; 
the  other  line  of  curvature  being  manifestly  the  parallel  PD, 
which  has  a  common  tangent  with  PQ  at  P. 

231.  To  find  the  differential  equation  to  the  lines  of 
curvature  which  pass  through  a  given  point  of  a  curve 
surface. 

The  equations  to  the  normal  at  a  point  xyz  o{  b,  curve 
surface,  are 

^'-a?+p(«'-iif)  «0,     y'-y  +  ?(»'-»)  =  0; 

and  at  a  contiguous  point  ^  +  A,  y  +  Ap,  jst  +  /»  the  equations 
to  the  normal  are 

a?'-d?-  A  +pi(i8f'-  «f  -/)  =  0,     y-y-Ap-i-9i (»'-»-/)  =  0; 

Pi,  9i,  denoting  the  same  functions  of  jr  +  A,  y  +  Ap,  that 
p  and  q  are  of  w  and  y,  as  derived  from  the  given  equa- 
tion to  Uie  surface  %^f{pDy  y).  If  these  two  normals 
intersect,    their    equations    must   be    satisfied    by    the    same 
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values  of  a?',  y\  %\  which  will  be  the  co-ordinates  of  their 
point  of  intersection ;  eliminating  therefore  x\  y\  x'  between 
the  four  preceding  equations,  we  shall  have  an  equation  of 
condition  expressing  that  the  normals  intersect,  and  which 
will  establish  a  relation  between  h  and  k  or  fix  the  direc- 
tion in  which  we  must  pass  from  the  proposed  point  to  a 
consecutive  point  in  order  that  the  normals  may  intersect. 
Subtracting  the  first  equations  from  the  second,  we  have 

and  these  equations  must  agree  in  giving  the  same  value 
for  x\ 

h  +  pil  ^  Pi  —  p 
"   k^qj      qi-q' 

Now  let  the  points  be  consecutive;  then  expanding  pi,  gj, 
and  /,  and  retaining  in  their  developments  only  those  terms 
which  involve  the  simple  powers  of  h  and  A?,  we  find 

Ar  +  (9  +  «A  -h  tk)  {ph  +  qk)  ah  +  tk 

But  if  Q  be  the  angle  which  the  tangent  to  the  projection 
of  a  line  of  curvature  on  the  plane  of  wy  makes  with  the 
axis  of  a?,  we  have  k  ^h  tan  Q  ultimately ;  hence  substituting 
this  in  the  above  equation,  and  making  h  vanish,  we  have 

I  -\-p^'¥pqt8in9         r  +  8iQXk9 


t9iXiQ  Jrpq  +  tftaxiQ      a  +  ^  tan  6  ' 

But  if  we  now  consider  ai  and  y  to  be  the  co-ordinates  of 
the  projection  of  the  line  of  curvature,  we  have  tan0=d,y; 
hence,  substituting  and  reducing, 

\{l+(t)s-pqt\{d,yy 

+  {(1 +<f)r-(l +p«)<}d,y- {(1 +p*)«-p9r}  =0. 

It  remains  to  substitute  for  jo,  gr,  r,  «,  t  their  values  in 
terms  of  w  and  y  derived  from  the  equation  to  the  surface 
and    to   integrate;    the   result   will    be   the   equation    to    the 
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projection  of  the  lines  of  curvature.  Since  the  above  equa- 
tion is  of  two  dimensions  in  d^y,  its  integral  when  completed 
by  the  arbitrary  constant  C,  will  be  of  the  form 

C+C0(.r,  y) +  >//(*,  y)-0. 

Suppose  the  line  of  curvature  is  to  pass  through  a  point 
for  which  ar «  a,  y  «  6 ;  therefore 

C*  +  C0(«,  b)  +  ylf(a,  b)  =  0, 

which  will  give  two  values  of  C;  and  by  substituting  them 
successively  in  the  complete  integral,  we  shall  have  the 
equations  to  the  two  lines  of  curvature  passing  through  the 
given  point. 

232.  The  points  in  which  the  normal  at  any  point  is 
intersected  by  the  consecutive  normals,  coincide,  as  we  have 
seen,  with  the  centers  of  curvature  of  the  principal  sections 
at  that  point;  and  the  portions  of  the  normal  intercepted 
between  these  points  and  the  point  of  the  surface  at  which 
it  is  drawn,  which,  as  we  have  «een,  are  the  radii  of  curva- 
ture of  the  principal  sections  of  the  surface  at  that  point, 
have  been  called  by  Monge  the  two  radii  of  curvature  of  the 
surface  at  that  point,  as  being  the  radii  of  two  spheres 
which  alone  can  touch  the  surface  in  two  consecutive  points; 
for  if  with  the  points  O,  0'  (fig.  65.)  as  centers,  and  radii 
OA^  O'A^  we  describe  spheres,  the  former  will  touch  the 
surface  along  AG  and  the  latter  along  AD^  because  con- 
secutive normals  to  the  surface  in  both  these  sections  meet 
A0\  but  if  with  Q,  the  center  of  curvature  of  any  section 
AP^  as  center,  and  radius  AQ,  we  describe  a  sphere,  it  will 
not  touch  the  surface  along  AP^  because  QP  cannot  be  a 
normal  to  the  surface,  since  it  intersects  AO ;  only  the  sphere 
will  have  the  same  tangent  plane  as  the  surface  at  A^  and 
its  section  made  by  the  plane  AQP  will  have  with  the  cor- 
responding section  of  the  surface  a  contact  of  the  second 
order.  From  the  consideration  of  consecutive  normals  we 
can  now  find  the  expressions  for  the  lengths  of  the  prin- 
cipal radii  of  a  surface  at  any  point  much  more  easily 
than  by  the  former  method. 
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233.     To  determine  the  radii  of  curvature  at  any  point 
of  a  surface  in  terms  of  the  co-ordinates  of  that  point. 

The  equations  to  the  normal  at  a  point  xyz  of  a  curve 
surface  are 

x  "  w  -^ p{x  "  z)  -  0^     y  -y  -^  q(js  -  ijr)  =  0, 

and  at  a  contiguous  point  ^  +  ^,  y  +  k^  ^  +  /,  the  equations 
to  the  normal  are 

of  "  oe  -  h  +  px{z  -  z  -  I)  =  0^     y  -  y  -  k  +  qi(z' -  z  -  I)  ts  0. 

The  values  of  a?',  y',  z'  which  simultaneously  satisfy  these 
four  equations  are  the  co-ordinates  of  the  point  of  inter- 
section of  the  normals;  subtracting  the  two  former  from 
the  latter,  we  have 

- A  +  (:Pi -:P)(^'-  ^)  -Pii^O,      -k+(q^  - q)(z'-z)-'q^l  =  0, 

both  of  which  the  co-ordinate  z'  must  satisfy.  Now  let  the 
points  be  consecutive,  and  let  the  second  point  be  situated  on  a 
line  of  curvature  the  projection  of  whose  tangent  on  the  plane 
of  wy  makes  an  z  d  with  the  axis  of  tV,  then  A;  =  A  tan  9 
ultimately;  hence,  expanding  jo,,  q^^  and  I  in  the  above 
equations,  substituting  for  A;,  and  then  making  A  =  0,  we 
find  the  equations 

(r  +  « tan  6)  (z' -  z)  =  1  +  p^ -^  pq  tan  0, 

(s  +  t  tan  6)  (z'  -  z)  =  taxi  6  +  pq  '\-  q^  tan  0, 

which  must  be  satisfied  by  the  same  value  of  z' ;  hence, 
eliminating  tand,  we  must  have 

1  +  p^-r(z'-  z)         (z^  -  z)8  -  pq 
(z  -  z)8  -pq         1  +  q^-  (z'-  z)t^ 

or    (rt  -  8") {z'  -  zf  -  {(1  +  p'')t-  2pqs  +  (l  +  ^)r\  (z  -  z) 

+  l+p2+9'=0 (1), 

the  equation  which  determines  z'  —  z^  the  projection  of  a 
principal  radius  of  curvature  on  the  axis  of  »,  so  that 
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Hence  if  we  find  the  two  values  of  x'—  «  from  the  above 
equation,  and  substitute  them  in  the  value  of  p^  we  shall 
obtain  the  values  of  the  two  principal  radii  of  the  surface 
at  the  proposed  point;  also  knowing  s^  —  x^  the  other  co- 
ordinates a/  and  yf  of  the  centers  of  curvature  are  known 
from  the  equations  to  the  normal 

The  roots  of  equation  (1)  have  the  same  or  different  signs, 
according  as  rt^-t^  is  positive  or  negative;  therefore  the 
curvatures  are  in  the  same  or  different  directions,  as  we 
have  before  seen,  according  as  rt  —  ^  is  positive  or  negative. 

CoiL  In  order  that  the  two  radii  of  curvature  may  be 
equal  but  of  different  signs,  we  must  have 

(1  +;)«)^  -  ^pqa  +  (l  +  g*)r  =  0. 

234.  In  order  that  the  two  radii  of  curvature  may  be 
equal  but  of  the  same  signs,  we  must  have  (solving  the 
equation  and  putting  the  part  under  the  radical  equal  to 
zero) 

{(l+p^)/-2p9*+(l+90»'}'-4(l+P'+9')(»-^-«*)=0 (1) 

or    {(1 +p')^-(H-^»'+2(l +9«)r-2pgr«p 
-4{(l+p«)(l+90-pY}(r/-*')  =  0; 
and  expanding  the  first  term  and  reducing,  we  find 

{(l+p*)*-(l+7*)r}*+4{(n.p')«-M»"}l(«+9*)«-P?<}=0.-(2)- 

Let  (1 +p*)«-pgfr=/>g«,      {\  ^^  <f)8  - pqt  =  pqv  ; 

•'•    {(1 +)>*)» -(1 +9*)»p+4tt»=0; 

but  |(1  +  p»)«  -  (1  +  tt)u  +  -^\ 

=  |(i+it,o«-(i+7')«r-+*««-'^77^«'  +  (7^; 
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an  equation  which  can  only  be  satisfied  by  putting 
u  =  0,  D  =  0, 

or  (l  +p^)s  "pqr  =  0,  (1  -f  ^)s  -pqt  =  0. 

From  this  process  it  appears  generally  that  the  roots 
of  the  equations  which  give  the  principal  radii,  and  the 
directions  of  the  principal  sections,  at  any  point  of  a  sur- 
face are  always  real;  for  these  roots  involve  the  square 
roots  of  the  polynomials  (l)  and  (2),  which  are  here  shewn 
to  be  equivalent  to  one  another  and  to  (s),  which  is  a  form 
that  never  can  become  negative. 

235.  The  points  of  a  surface  at  which  the  two  radii 
of  curvature  are  the  same  both  in  magnitude  and  sign,  are 
called,  as  has  been  stated,  umbilici.  The  co-ordinates  of 
such  points  must  satisfy  the  double  equation 

1  +p^      i>9  _  1  +^ 

—  —        -       ; 

rat 

at   which    we    may    arrive  immediately    by    observing    that, 

since    at    such    points    all  normal    sections    have    the    same 

curvature,  the  expression  for  the  radius  of  curvature  of 
any  normal  section, 

\/l  +p^+^  |l  '^p^'\-9,pqm  +  (l  -\-(f)m^\ 

must  be  independent  of  the  quantity  m  which  particularizes 
the  normal  sections;  and  for  this  it  is  necessary  and  suf- 
ficient that  the  coefficients  of  like  powers  of  m  in  the 
numerator  and  denominator  should  be  equal; 

"       r  8  t     ' 

Also  at  these  points  the  equation  which  determines  the 
directions  of  the  principal  sections  at  any  point,  since  it 
may  be  put  under  the  form 

vm*  +  {- ^-^ ^ ^-^^}m-u  =  0. 
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becomes  identical,  and  therefore  the  directions  of  the  prin- 
cipal sections  indeterminate;  in  fact,  all  the  normal  sections 
having  the  same  curvature,  each  of  them  may  be  considered 
as  a  principal  section. 

236.  To  find  whether  a  given  surface  admits  of  um- 
bilici, we  must  substitute  the  values  of  />,  9,  r,  «,  t^  derived 
from  its  equation  in  the  double  equation 

and  examine  whether  these  together  with  the  equation  to 
the  surface  can  be  satisfied  by  real  values  of  «r,  y,  z. 
Consequently  the  number  of  umbilici  of  a  given  surface 
will  in  general  be  limited;  only  if  the  double  equation 
should  be  reducible  to  a  single  distinct  equation,  then  that 
equation  joined  to  the  equation  to  the  surface  will  deter- 
mine a  curve  on  the  surface  every  point  of  which  will  be 
an  umbilicus,  and  which  is  called  a  line  of  spherical  curva- 
ture, because  about  each  of  its  points  the  surface  is 
uniformly  curved  like  a  sphere. 

237.  If  through  all  the  points  of  a  line  of  curvature 
KPP  (fig.  68.)  we  draw  normals  to  the  surface,  since  every 
two  consecutive  ones  intersect,  they  will  form  a  developable 
surface  whose  edge  of  regression  will  be  the  locus  of  the 
centers  of  the  first  curvature  relative  to  KPP ,  Proceeding 
in  a  similar  manner  for  each  line  of  the  same  curvature 
LQQ\  &c.,  we  shall  obtain  a  series  of  developable  surfaces 
of  which  the  edges  of  regression  will  form  by  their  assem- 
blage a  surface  which  is  the  locus  of  all  the  centers  of 
the  first  curvature,  and  to  which  all  the  normals  will  be 
tangents.  Also  this  surface  will  have  a  second  sheet  which 
will  be  the  locus  of  the  centers  of  the  second  curvature, 
resulting  from  the  edges  of  regression  of  the  surfaces  gene- 
rated by  the  normals  along  the  lines  of  the  second  curvature 
BPQt  MPi^y  &c. ;  and  which  will  be  touched  by  the  same 
normals  as  the  other.  To  obtain  the  equation  to  this  surface, 
we  have  only  to  eliminate  ^,  ^,  sis  between  the  equation  whi^b 
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gives  %-Xi   the  projection   of   a  principal  radius  upon   the 
axis  of  X  (Art.  233.),  and  the  equations  to  the  normal* 

When  the  two  sheets  intersect,  their  intersection  will  be 
the  locus  of  the  centers  relative  to  the  line  of  spherical  cur- 
vature of  the  surface  under  consideration. 


238.  We  shall  terminate  this  section,  by  applying  the 
results  obtained  in  it  to  several  particular  cases. 

I.  To  find  the  equation  to  a  plane  which  shall  have 
a  contact  of  •the  first  order  with  a  surface  at  a  proposed 
point. 

Since  the  equation  to  a  plane  (which  here  takes  the 
place  of  F  =  0,  Art.  213)  contains  only  three  arbitrary 
constants,  a  plane  can  in  general  have  only  a  contact  of 
the  first  order  with  a  surface  completely  given.  We  have 
therefore 

from  which  there  riesults  between  the  constants  -4,  jB,  c, 
and  the  co-ordinates  ^,  ^,  z  of  the  proposed  point  in  the 
surface,   the  relations 

sis  =  A.v '\- By +  Cf     -^  =  p,     B=:q; 

subtracting  therefore  the  value  of  z  from  that  of  z\  and 
putting  for  A  and  B  their  values,  the  equation  to  the 
plane  having  a  contact  of  the  first  order  with  a  given  sur- 
face  at  a  point  a^yz^  is 

%'Z=:p(/v'''W)-\-q(y'-y). 

II-     The  equation  to  a  sphere  is 

(^'- a)«+ (y' - /3)V  («'- 7)'- ^^ 

and  since  it  contains  only  four  arbitrary  constants,  a  sphere 
cannot    generally    have    a   complete    contact  of  the   second 
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order  with  a  surface.  Suppose  it  required  only  to  have  a 
contact  of  the  6r8t  order; 

Hence  there  results  between  the  constants  a,  fi^  7,  d,  and 
the  co-ordinates  <r,  y,  x^  of  the  proposed  point  of  the  sur- 
face the  following  relations, 

(*-a)»+(y-/3)*+(«-7)»=S*.  -^=P»  -^^=9; 

»  —  7  Z  ^  y 

or  a?  -  a  +p  (ir  -  7)  =  0,     y  -  /3  +  9  («  -  7)  =  0, 

which  equations  shew  that  the  centers  of  all  the  spheres  lie 
in  the  normal  to  the  point  of  contact. 

Also  («-7y{l+p*+9^}  =^*,    or  i^-7=-^=i_; 

.*.  y  ^  z  '^  — y  ==  9     a  =  <r  +  — >  =z , 

^5 


/3  =  y  + 


\/i  +  p*  +  ^* 


Hence  the  number  of  spheres,  which  may  have  a  simple 
contact  with  a  surface  at  the  same  point,  is  unlimited;  the 
radius  of  the  sphere  being  assigned,  the  co-ordinates  of  its 
center  are  given  by  the  above  equations. 

III.  To  find  the  radius  of  curvature  of  any  normal 
section,  at  a  given  point  of  an  oblate  spheroid.    (Art.  229.) 

Let  /  =  Z  PGA9   PG  being  a  normal  (fig.  67.) ; 

.-.  radius  of  curvature  of  meridian  PO  =  o  =  -; — ?-L_Z ^ 

^      {l-e«  (sin /)«}}' 


radius  of  curv.  perp.  to  meridian    PO'  =  p  > 


a 


\/l-c*(sin/)*' 
••  ''"''"  i-c«(sinO*' 
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Let  the  section   PQ  make  an    z  (a)  with  the  meridian, 
and  let  its  radius  of  curvature  =  i?, 


.-.  R 


PP 


p  (sin  ay  +  p  (cos  ay 

1-^ 


^P 


{l  -  e^  (sinZ)^}  (cosa)^+  (l  -  e«)  (sina)« 
a  1  -c* 


yT^r<?(sin])^  *  1  +e^(cos/cosa)*-e** 

IV.     To  find  the  umbilici  of  an  ellipsoid. 

These  are  points  (Art.  226.)  at  which,  if  the  ellipsoid  were 
generated  by  a  circle  of  variable  radius  moving  parallel  to 
itself,  the  plane  of  the  generating  circle  would  become  the 
tangent  plane.  Let  M  (fig.  67.)  be  one  of  these  points  which 
is  necessarily  in  the  principal  section  containing  the  greatest 
and  least  axes,  and  let  MT  be  the  tangent  at  M;  then 
(Art.  104.) 

c       /^F^'      c         ^ 

tan  MTN  =  -  Vis a=-"7=r=T 

a  0  —  c       ay/  or  ^  at 


ft      I 
if  CN  =  ^,    since  the  equation  to  BPM  is  i»  =  -  v  a*  -  ai^ ; 


c 
a 

hence  the  co-ordinates  of  Jf,  and  of  the  three  other  umbi- 
lici similarly  situated  in  the  other  quadrants  of  the  principal 
section,  are 


a  -  c 


V.     To  determine  the  lines  of  curvature  of  an  ellipsoid. 
Let  the  equation  be 

d      f      x'^  ' 

-  +  ^  +  -=1; 


ax       ^       ^  fix 


.'.  p  =  djfX  =  -  —  -  3     Q-  (XfyX  =  -  -^  7  J 
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therefore,  by  substitution  in  the  equation  of  Art.  231, 

a(i3-7)^y(rf*yy 

+  {/3(a-7K-a(i3-7)j^-ai3(a-/3)}d.y-i3(a-7)j?y  =  0, 
or    Amy  (rf,y)*+  (^-  Jy*-  B) d^y-wy^O; 

p{a-y)  a -7 

which  will  be  both  positive  if  we  suppose  the  plane  of 
projection,  that  is,  the  plane  of  wy,  to  contain  the  greatest 
and  the  mean  axis,  so  that  a,  )3,  7  are  in  order  of 
magnitude. 

tVti 

To  integrate  this  equation,    let  d^y^  — ,    u   being    a 
function  of  w; 

»•       V   •     y 
or     Jw^u^  -y^  +  u{a^-  A^  -  jB)  =  0, 
or     y'Cl  +  Au)  =  »»u  (l  +  Au)  -  Bu ; 

.-.  y*=^'tt-- --; 

I  +  Au 

differentiate,  then 
or 


"'"("'-(TT^IO')-''' 
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u  =  C,  or  a?  = 
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1  +  J«t' 
B 


the  complete  integral,  C  being  the  arbitrary  constant. 
Also  taking  the  other  factor,  we  have 

or      (y\/2)'+(^-A/^)*=0, 
the  singular  solution,  which  resolves  itself  into  the  two 

y  =  0,  0?  =  ±  y/B  =  ±  a  V  -7— 3> 

and  indicates  the  umbilici  of  the  surface  (Prob.  iv.),  the  normals 
at  which,  as  we  know,  are  intersected  by  the  normals  drawn 
from  consecutive  points  in  every  direction  on  the  surface. 

In  order  to  determine  the  constant  in  the  complete  in- 
tegral, let  w\  y ,  be  the  given  co-ordinates  of  the  point 
through  which  the  lines  of  curvature  pass, 

Ai/o+B  +  ai"'        1       , 

and  1  +  ^C-  =    ^  l^,,  ±  ^^/iJy'»+B+a>'r-^Ba,\ 

Hence,  we  see  that  C  has  two  real  values  one  +,  and  the 
other  — ,  and  that  I  +  AC  is  always  + ;  hence  the  complete 
integral  represents  an  ellipse  when  C  is  - ,  and  a  hyperbola, 
when  C  is  -f  ;  and  therefore  the  projections  of  the  lines  of 
curvature  passing  through  any  point  on  the  surface  of  an 
ellipsoid,  upon  the  principal  plane  containing  the  greatest 
and  mean  axes,  are  an  ellipse  and  hyperbola. 
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In  the  £r8t  case,  if  m  and  n  be  the  semi-axes  of  the  ellipse, 
—  =  C,  »»' 


m  1-JC' 

therefore  m  and  n  are  connected  by  the  equation 
m»      An* 

in    the  second  case,  if  m  and  n  be  the  semi-axes  of  the  hy- 
perbola, 

n*      ^       ^         B  m'      An' 


w 


l+AC'  B 


Hence  the  semi-axes  for  each  ellipse  in  the  projection  are 
the  co-ordinates  of  a  point  in  the  same  given  hyperbola,  and 
for  each  hyperbola,  the  semi-axes  are  the  co-ordinates  of  a 
point  in  the  same  given  ellipse ;  these  are  called  the  atiwiliary 
ellipse  and  hyperbola;  they  are  concentric  with  the  ellipsoid, 
and  their  semi-axes,  (which  are  the  same  for  both  curves, 
and  coincide  in  direction  with  those  of  the  ellipsoid)  have 
the  following  values 

1  •  /»■        a/^^^' 

^  axis  major  =  v  -^  =  ^  \/  -g — -^  > 


i  axis  minor  =  \/  _  =  6\/  -_ 

*  ^   A        ^  6»^-c«* 

Hence  we  have  the  following  construction  for  the  pro- 
jection, upon  the  plane  containing  the  greatest  and  mean 
axes,  of  the  lines  of  curvature  of  an  ellipsoid.  Let  ACB 
(fig.  68.)  be  this  plane  (that  of  wy),  and  with  the  axes 
found  above  construct  the  auxiliary  ellipse  and  hyperbola 
GO,  HO.  From  any  point  /  in  the  hyperbola,  and  i  in 
the  ellipse,  let  fall  perpendiculars  on  the  axes  CA^  CB ;  and 
with  semi-axes  CN,  CM,  construct  the  ellipse  MN^  this 
is  the  projection  of  a  line  of  the  first  curvature ;  and  in  the 
same  manner  the  projections  of  any  number  of  lines  of  the 
first  curvature  may  be  constructed.  Again  with  semi-axes 
mi,  n«,  construct  the  hyperbola  nJT,   this  is  the  projection 
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of  a  line  of  the  second  curvature;  and  similarly  any  num- 
ber of  projections  of  lines  of  the  second  curvature  may  be 
constructed.  As  the  points  /  and  i  approach  0  and  G,  the 
ellipse  and  hyperbola  continually  approach  the  lines  CO9  CB, 
and  are  at  last  confounded  with  them ;  therefore  CO,  CB  are 
the  projections  of  lines  of  curvature,  and  consequently  the 
curves  in  which  the  surface  is  cut  by  the  principal  planes 
of  a?«r,  yxy  are  lines  of  curvature;  also  if  in  the  equation 
to  the  auxiliary  hyperbola  we  make  m  =  a,  we  find  7i  =  6, 
therefore  the  ellipse  AB  is  included  in  the  construction,  and 
is  itself  a  line  of  curvature.  Hence  the  intersections  of  the 
surface  with  its  three  principal  planes  are  all  lines  of  curva- 

/a^  —  b^ 

ture.     Since  CO^a\r and     is    therefore    <o,   the 

a  —  c* 

point  O  falls  within  the  ellipse  AB ;  it  is  the  projection  of 

an  umbilicus  of  the  surface  (Art.  235,)  round  which  the  lines 

of  both  curvatures  are  symmetrically  disposed,   and  towards 

which  they  all  turn  their  concavities. 

VI.  To  construct  the  projections  of  the  lines  of  curva- 
ture of  an  ellipsoid  upon  the  plane  containing  the  greatest 
and  least  axes. 

If  we  suppose  the  plane  of  projection,  that  is,  the  plane 

of  wy,  to  contain  the  greatest  and  least  axes  of  the  ellipsoid, 

we  shall  find  the  construction  easier.     In  that  case  a,  7,  /3 

a(y  ^  ff) 
are   in  order  of  magnitude,    and  .-.  J=--~^^ — !zL^  ^  j^ 

P  («  -  7) 
suppose;  B  still  remains  positive.     Hence 

C  =  -1^  {Ay'*-  B  +  a.'«  =fcN/( J.y"'-  B  +  w'y- 4 J.a^'V"} - 
Hence  both  values  of  C  have  the  same  sign,    and  are 

both  negative  if  -^  +  "^  ^^  1®^^  ^^^  ^>  *•  ^-  ^^ 
B         B 

7J1|  ^  ^  «_Z:V  f!  be  less  than  1, 
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which  must  always  be  the  case,  because  the  given  point  being 
in  the  surface  of  the  ellipsoid,  we  must  have 

P       « 

Hence  both  projections  are  ellipses ;  and  if  m  and  n  be 
the  semi-axes  of  any  ellipse,  we  have 

which  is  the  equation  to  an  ellipse  whose  semi-axes  are 

In  this  case,  therefore,  the  semi-axes  of  each  ellipse  of 
the  projection  are  the  co-ordinates  of  a  point  taken  on  another 
given  ellipse,  which  is  the  same  for  all. 

Hence  let  BA^  (fig.  69),  be  the  principal  section  of  the 
ellipsoid  containing  the  greatest  and  least  axes ;  and  concen- 
tric with  it,  describe  the  auxiliary  ellipse  YX  with  the  semi- 
axes  just  found,  and  which  we  observe  are  greater  than  the 
corresponding  semi-axes  of  the  ellipsoid  a  and  6.  From  any 
points  /,  i,  let  fall  perpendiculars  on  OX^  OYj  and  with 
these  as  semi-axes  construct  the  ellipses  MN^  mn\  then 
MN^  mn^  are  the  projections  of  lines  of  curvature.  If  in 
the  equation  to  the  auxiliary  ellipse  we  make  m^a^  we  find 
n  =  6 ;  therefore  the  principal  section  is  itself  included  in 
the  construction,  and  if  from  the  points  A  and  B  we  draw 
tangents  meeting  the  auxiliary  ellipse  in  Z),  the  perpendicu- 
lars dropped  from  every  point  in  DY  will  serve  to  construct 
the  projections  of  lines  of  the  first  curvature,  and  perpen- 
diculars dropped  from  the  points  in  DX  will  serve  for  the 
construction  of  the  projections  of  lines  of  the  second  curva- 
ture. It  is  not  difficidt  to  shew  that  if  XY  be  joined,  all 
the  ellipses  in  the  projection  are  touched  by  it,  and  conse- 
quently they  are  all  inscribed  in  the  same  equilateral  paral- 
lelogram. 
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This  however  must  appear  from  the  singular  solution  of 
the  differential  equation  to  the  lines  of  curvature,  for  that 
represents  a  curve  which  always  touches  and  envelopes  the 
curves  comprized  in  the  complete  integral. 

B 

Now  the  factor  a^--- -r—rj^  (p.  26o)   which  in  this  case 

(1  +  Any  ^^        ' 

becomes  ^-7 -. — -rst  put  equal  to  zero,  gives  a  value  of 

(1  -  AxU) 

u  which  substituted  in  the  equation 

Bu  1  J — 

and  this  equation  represents  the  four  chords  which  pass 
through  the  vertices  of  the  auxiliary  ellipse,  and  of  which 
YX'  is  one  touching  AB  at  an  umbilicus  of  the  surface. 

Lastly,  let  the  plane  of  projection  contain  the  mean  and 
least  axes,    L  e.  let  7,  /3,  a  be  in  order  of  magnitude,  then 

B^a  — ,   -4  =  -75  — )  which  are  both  positive ;  this  is 

Y  —  a  fi  y  "  a 

consequently  resolved  into  the  first  case. 

The  conclusion  from  the  whole  investigation  is,  that  if 
the  two  lines  of  curvature  which  pass  through  any  point 
on  the  surface  of  an  ellipsoid  be  projected  upon  the  princi- 
pal planes,  the  projections  will  be  an  ellipse  and  hyperbola, 
or  two  ellipses,  according  as  the  plane  of  projection  does  or 
does  not  contain  the  mean  axis  of  the  ellipsoid. 

VII.     To  determine  the  radii  of  curvature  of  an  ellipsoid. 

.       ,     ^'      y'      ^ 
Let  the   equation  be  —  +  7^  +  —  =:1; 
a       /3      7 


7 


z  a'    ^  «  /3'  a/S*' 


.=  -^ 


Ll 
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But  in  taking  the  sum  of  these  three  equations,  the  co- 


efficient of  [  — I    within  the  brackets  is 

/8' 


'■^«-(^S)■-(^f)(-^^-<'-'^e)' 


.-.  (1 +p*)/-2p7«+'(l +9')r  = 
Also  r/-«»=  (-^)V^-y')(«-^)-**!^} 

Let  ^*=  a  +  )8  +  7  =  a'+  6*+  cS 
Z>  s  the  distance  of  the  point  in  question  from  the  center, 

P  s  the  perpendicular  from  the  center  on  the  tangent  plane, 
.    1      ^      ^      ^ 

as  may  be  easily  shewn  from  Prob.  3,    Art.  120;  therefore, 
by  substitution  in  the  equation  of  Art.  233,  and  reduction, 


Digitized  by 


Google 


267 


But  R=-{«!-z)^i  +f+(t'--^'''~J'^^, 

JrZ 


Let  i?',  i?"  denote  the  values  of  R  in  this  equation,  then 


i?'.i?"=(^),  i?'+i?"=- 


which  is  the  simplest  form  to  which  the  result  can  be  re- 
duced ;  the  first  equation  shews  that  at  points  where  the  tan- 
gent planes  are  equidistant  from  the  center,  the  product  of 
the  radii  is  constant ;  and  the  second  that  at  points  which  are 
themselves  equidistant  from  the  center,  the  sum  of  the  radii 
varies  inversely  as  the  perpendicular  on  the  tangent  plane. 
Hence  the  volume  of  the  ellipsoid  may  be  expressed  by  the 
two  radii  of  curvature  at  any  point,  and  the  perpendicular 
on  the  tangent  plane,  for  it 

4f7rabc      47r 


3  3^ 

Cob.  1.  Since  the  equations  of  condition  which  charac- 
terize umbilici  always  make  the  difi^erential  equation  of  the 
lines  of  curvature  identical,  and  since  that  equation  in  the 
present  case  is  (p.  260) 

Awy{d^yy^-{w^''Ay^'-B)d^y-wy^O (1), 

we  must  have 

wy^O,     x^—  Ay^-  B  =  0\ 

but  we  cannot  suppose  a?  =  0,  for  that  gives  y^  equal  to  a 
negative  quantity,  therefore  we  must  have 
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which  equations  indicate  four  points  placed  symmetrically 
in  the  four  angles  of  the  principal  section  containing  the 
greatest  and  least  axes,  and  of  two  of  which  O  (fig.  68.) 
is  the  projection.  Also  the  radius  of  curvature  in  this  case 
(since  the  two  radii  become  equal  to  one  another) 

ahc 


abc        ,    fw*      %\       6* 


We  have  already  found  the  co-ordinates  of  the  umbilici 
by  considering  that  they  are  situated  at  the  extremities  of  the 
diameters  which  pass  through  the  centers  of  all  the  circular 
sections  of  an  ellipsoid  ;  also  the  radius  of  curvature  of  the 
principal  section  corresponding  to  these  co-ordinates,  will  be 
that  at  the  umbilicus;  from  which  consideration  the  radius 
of  curvature  at  the  umbilicus  of  an  ellipsoid  may  be  ob- 
tained, without  deducing  it  from  the  general  expression. 

Cob.  2.  In  constructing  the  projections  of  the  lines  of 
curvature  of  an  ellipsoid  upon  the  plane  containing  the 
greatest  and  the  mean  axis,  we  saw  that  for  each  of  the 
umbilici  the  lines  of  curvature  passing  through  it  were  re- 
duced to  a  single  one,  viz.  the  vertical  ellipse  projected 
into  COA.  This  also  appears  from  the  differential  equation 
to  the  lines  of  curvature;  for  since  d,y,  for  the  particular 
values  of  w  and  y  belonging  to  an  umbilicus,  assumes  the 

form    -  ,   we  must,   to   obtain   its   true  value  in   that   case, 
0 

recur  to  the  next  derived  equation ;    this  gives,  not  writing 

down  the  terms  which  involve  d*y, 

Axid^yf-Ayid^yY^-wd^y  -  y  =  0; 

therefore  at  an  umbilicus  when  y  =  0,  a?  =  ±  \/^,  this  equa- 
tion is  decomposed  into 

d,y«0,     J(d,y)«+1=:0; 
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therefore  d^y  =  0  is  the  only  admissible  value,  which  when 
integrated  and  corrected  so  as  to  pass  through  an  umbilicus, 
gives  2/  =  0,  and  indicates  the  vertical  ellipse  which  is  pro- 
jected into  COA.  Several  of  the  above  remarks  are  due 
to  C.  F.  A.  Leroy,  who  on  this  subject  has  made  valuable 
additions  to  the  well  known  labours  of  Monge  and  Dupin. 

VIII.     To  find  the  radii  of  curvature  at  any  point  of 
a  paraboloid. 

Let  the  equation  to  the  surface  be 

^     y' 
a       b 

then  it  may  be  shewn,  as  in  the  preceding  example,  that 
the  maximum  and  minimum  radii  of  curvature  at  a  point 
wyZf  are 


2 


Hence  if  the  radii  be  projected  on  the  axis  of  «r,  the  sum 
of  the  projections  ^  a  +  b  —  2%. 

IX.  In  surfaces  of  the  second  order,  the  two  curva- 
tures are  in  the  same  direction  at  every  point  of  the  same 
surface,  or  they  are  in  opposite  directions  at  every  point. 

The  curvatures  are  in  the  same  or  opposite  directions 
at  any  point  of  a  surface,  according  as  rt  —  8^  for  that  point 
is  positive  or  negative.  But,  substituting  for  r,  «,  t  their 
values  from 


we  find 


^      !/*      ^ 
a       (5       y 


rt-s'^^ 


z^  '  afiy ' 
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a  quantity  which  can  never  change  its  sign  by  the  varia- 
tion of  Wj  y^  Zi  and  will  always  have  the  same  sign  as 
afiy\  therefore  for  the  ellipsoid  and  hyperboloid  of  two 
sheets,  it  will  be  positive,  or  the  two  curvatures  at  every 
point  of  the  surface  will  be  in  the  same  direction;  and  for 
the  hyperboloid  of  one  sheet  it  will  be  negative,  or  the  two 
curvatures  at  every  point  will  be  in  opposite  directions. 
Similarly,  for  the  elliptic  and  hyperbolic  paraboloids  the 
curvatures  are  respectively  in  the  same,  and  opposite  direc- 
tions, at  every  point. 

The  following  Problem,  though  unconnected  with  the 
subject  of  the  section,  is  added  for  the  sake  of  the  results 
to  which  it  leads,  especially  the  equation  to  the  Wave-surface 
in  the  last  example;  in  that  example  the  method  of  elimi- 
nation is  taken  with  some  alterations  from  a  recent  Paper 
in  the  Cambridge  Philosophical  Transactions. 

X.  To  determine  the  envelope,  when  the  equation  to 
the  series  of  surfaces  contains  two  independent  parameters. 

Suppose  the  equation  u  =  0  to  contain  two  parameters 
a  and  /3  independent  of  one  another;  then  the  equation  to 
the  surface  which  diflFers  insensibly  from  that  represented  by 
u  =  Oy  will  be 

u  +  d^u .  Sa  +  d^u  .  5/3  +  &c.  =  0 ; 

the  co-ordinates  of  the  points  in  which  these  surfaces  in- 
tersect must  satisfy  their  two  equations,  that  is,  they  must 
satisfy 

w  =  0,     d^u  .  5a  +  d^u .  5)3  +  &c.  =  0, 

or,  if  the  surfaces  be  consecutive, 

u^Oj     daU  +  m.dpU^O^ 

S3 
whence  m  =  the  limit  of  ^— ;    but,   since  m  may  have  any 

value,  this  latter  equation  resolves  itself  into 
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these  then,  together  with  t^  =  0,  are  the  three  equations  for 
determining  the  curve  of  intersection  of  two  consecutive 
surfaces;  from  whence  we  may  obtain  its  two  equations, 
involving  only  one  of  the  parameters,  and  finally,  by  elimi- 
nating that  parameter,  we  may  obtain  the  equation  to  the 
surface  generated  by  the  perpetual  intersections  of  the  first 
series  of  surfaces. 

Ex.  1.  To  find  the  equation  to  the  surface  touched  by 
a  series  of  planes  so  drawn,  that  the  product  of  the  per- 
pendiculars let  fall  upon  any  one  from  two  fixed  points  is 
invariable. 

Let  the  line  joining  the  two  points  be  the  axis  of  a?,  2  a  its 
length,  and  the  origin  in  its  middle  point ;  %^Aaf-{-  By  +  c 
the  equation  to  one  of  the  planes;  then  the  lengths  of  the 
perpendiculars  are 

c  +  Aa  c  —  Aa 

^/l+A'+B''       y/l  +  A'  +  B"' 

^"*  ^'^'    =  If  suppose,  or  c^^  6^(1  +  A^+  B")  +  A'^aK 


l  +  A'^+B' 


Hence,  differentiating  the  equation  to  the  plane,  successively 
with  respect  to  A  and  S,  considering  c  as  a  function  of 
A  and  B  by  virtue  of  the  above  equation,  we  have 

A  A 

.*.  0  =  a?  +  (a^  +  6^)  — ,     or  a?  =  -  (a^  H-  6^)  — , 
c  c 

B  B 

0  =  y  +  6^-,  or  2/=  -6^—; 

c  c 

,,    ,,A'      l?B'  -•{a^  +  h^)A^'h^B^^c^      6« 

.-.  ijf  =  -  iqr^lf) +c= =  — ; 

^  c  c  c  c 

■^         V*      ^      (a''^b')A'+b'B'+b'     ^ 


**  a'+b^      b^      b^  <? 

the  equation  to  a  prolate  spheroid,  whose  axis  coincides  with 
the  line  joining  the  two  given  points. 
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•P*  f/*  A* 

Ex.  2.    Let  the  equation  to  a  surface  be  —  +  — +  —  =  i, 
^  a*      6-      c-       ' 

to  find  the  equation  to  the  surface  which  it  touches  in  all  the 

positions  it  can  assume,  subject  to  the  condition  a*+&*+c"aBJfe", 

a  constant  quantity. 

Differentiating  the  equation  to  the  surface  successivdj 
with  respect  to  a  and  6,  r^arding  e  as  a  function  o[  a 
and  6,  by  virtue  €i  the  equation  <^  condition,  we  have 


«♦-■ 


°'  0"'" = S'  ^-^'y  G)'*" = ?'  (I) 


.-.  «-^»  +  «■+•  +  y*+»  =  *■+%  the  equation  required. 

If  m  =  n  s  1,  the  equation  becomes  \/z  +  \/]r  +  V^«  V^ 
and  agrees  with  Prob.  7-  Art.  120;  if  m=n=:2,  it  is  s+jr+y=i» 
which  shews  that  if  a  series  of  surfaces  of  the  second  order 
have  the  sum  of  the  squares  of  their  axes  constant,  they  are 
all  touched  by  a  plane. 

Similarly,  if  the  equation  of  condition  be  abc  « 1^,  it  aiay 
be  shewn  that  the  equation  to  the  envdoping  sur£KC  is 


MffZ 


■{?)  = 


and  if  M «  1,   we  find    xyz  =  —  f<v   the  equation   to  the 

surface  touched  by  a  saries  of  {danes  which  form  wiA  the 
co-ordinate   planes    a    pyramid    of   constant    Tolume.     TW 
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surface  represented  by- the  equation  tX^y;^  =  a  constant,  has 
also  the  property  that  the -tangent  plane  at  any  point  a?,  jT,  z, 
forms  with  the  co-ordinate  planes  a  pyramid  of  smaller 
volume  than  any  other  plane  drawn  through  the  point  of 
contact,  its  equation  being 

a/      /      z' 

-  +  ~  +  -  p  3  ; 

iH       y       % 

it  may  easily  be  shewn  that  this  is  the  equation  to  the  tangent 
plane  of  any  surface  whatever,  which  forms  with  the  coK)rdinate 
planes  the  least  possible  pyramid,  a?,  y,  ^,  being  the  co-ordinates 
of  the  point  of  contact. 

Ex.  3.  To  find  the  equation  to  the  surface  touched  by  a 
series  of  planes  which  cut  off  from  a  given  right  cone,  an 
oblique  cone,  such  that  its  volume  is  constant,  or  such  that 
the  transverse  axis  of  its  elliptic  base  is  constant. 

If  the  volume  of  the  oblique  cone  be  constant,  then  by  a 
property  of  conic  sections  the  transverse  axis  of  the  elliptic  base 
is  also  constant,' suppose  it  .•.  =  2cy  and  let  j3  =  semi-vertical 
angle  of  the  cone ;  then  it  will  be  found  that  the  equation  to 
the  touched*  surface  is 

i2^  =  (cot/3y(a;2  +  /-fc^), 

the  origin  being  at  the  vertex ;  which  belongs  to  an  hyperbo- 
loid  of  revolution  about  the  axis  of  the  cone,  and  to  which 
the  surface  of  the  cone  is  an  asymptote,  the  -^  axes  of  the 
generating  hyperbola  being  c  and  c  cot)3;  dso  the  point 
of  contact  is  the  center  of  i  the  elliptic  section. 

In  like  manner  if  a  series  of  planes  cut  off  from  a  parabo- 
loid of  revolution  a  segment  ^of  constant  volume,  the  surface 
touched  by  them  is  a  similar  and  equal  paraboloid  about  the 
same  axis. 

Ex.  4.  To  find  the  equation  to  the  surface  which  is 
always  t  touched  by  a  plane^  whose  equation  is 

,mx-\-  ny  -f  ^^  =  i) ......  (l ), 

Mm 
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m  and  n  being  independent  parameters,  and  I  and  v  func- 
tions of  m  and  n  determined  by  the  equations 

i»*  +  n*  +  r=l (2), 

Differentiating  (1)  with  respect  to  m  and  n,  and  taking 
account  of  (2),  we  have 

.r  +  «  (  -  yj  -  4««,  y  +  »  f  -  -j  «  d.t>. 

But  differentiating  (3)  with  respect  to  m,  and  putting  fw 
d^v  the  value  found  above,  we  have,  making 


mr  n 


'  e 


therefore,  multiplying  by  m^  and  n\  and  adding, 
v^^a^     t>'-6*      t>*-c*  / 

.-.  -^ 5-i<  ( v]vj 

v^  -or         \m       I 

Therefore  multiplying  the  squares  of  these  three  equations 
by  /*,  m^,  »',  and  adding, 

^  =  ^»(^+j^+i^  +  u«-2««)v«    by  (1)  and  (2), 

or  1  =-4(r*-«*)t>*,     making  r*a:4?*  +  y*  +  «*. 
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Hence  (4)  becomes 


or 


and  adding  unity  to  each  side  of  these  equations  we  find 


r^  — V*      z  —  Iv^     V*      zv  —  Iv^^ 
therefore  eliminating  z  -  IVy  we  have 


similarly 


therefore   multiplying  by  «,  a?,  y,  respectively,  and  adding, 
we  have  the  required  equation  to  the  surface, 


r»-c«  '  r*-a«      ^-h^     r*-»* 
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ERRATA. 

Page  10,  line  12,   for    fig.  6    read  fig.  6  bis. 

46,  last  line    ....      -r^      -5. 

64,  line  22,    ....  Art. 25 Art.  27. 


,  76,  7,    ....      6«      y«. 


..9 


..104,  6,    ....=^+1    +^=1. 
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PREFACE. 


The  two  Memoirs  by  M.  Chasles,  "  On  the  Properties 
of  Cones  of  the  second  Degree,"  and  "  On  the  Spherical 
Conies,"  of  which  a  translation  is  now  presented  to  Eng- 
lish geometers,  were  printed  in  the  sixth  volume  of  the 
Transactions  of  the  Royal  Academy  of  Brussels.  Whe- 
ther they  are  considered  merely  as  exercises  of  pure 
geometry,  exhibiting  its  elegance  and  power  in  a  re- 
markable degree,  or  as  a  rich  and  early  contribution  to 
the  theory  of  spherical  curves,  they  possess  strong  claims 
on  the  attention  of  mathematicians. 

But,  published  as  they  were,  they  remained  unseen 
by  the  greater  number  of  our  geometers,  so  that  it 
appeared  highly  desirable  to  make  them  more  generally 
known  by  means  of  a  reprint  or  translation  ;  more  es- 
pecially as  there  is  no  detached  work  in  the  English 
language  treating  of  the  same  subject.  Most  readers 
would  doubtless  prefer  to  see  M.  Chasles'  Memoirs 
reprinted  in  their  original  language ;  but  the  small 
additional  trouble  which  the  translation  of  them  has 
cost,  will  not  have  been  vainly  incurred,  if  a  few  readers 
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benefit  by  it  who  are  not  perfectly  familiar  with  the 
French  idiom. 

The  matter  contained  in  the  Notes  and  Additions  by 
the  Translator  is  for  the  most  part  original.  Some  theo- 
rems relating  to  the  anharmonic  function  of  four  points 
and  to  the  involution  of  six  points,  have  been  borrowed 
from  the  notes  to  M.  Chasles'  admirable  Histoire  de  la 
Geometric. 

In  the  Appendix  will  be  found  the  outline  of  a 
system  of  analytic  geometry,  intended  to  accomplish  for 
the  surface  of  the  sphere  what  the  method  of  rectilinear 
coordinates  has  already  effected  for  the  plane.  The 
Author  has  barely  traced  this  outline  :  any  reader  tole- 
rably conversant  with  the  common  processes  of  algebraic 
geometry  will  be  able  to  fill  it  up ;  and  none  will  com- 
plain of  the  incompleteness  of  a  sketch  which  comprises 
in  five  and  twenty  pages  the  leading  principles  of  the 
algebraic  geometry  of  the  sphere,  and  their  application 
to  the  spherical  conies.  Those  who  are  anxious  to 
pursue  this  subject  farther,  will  find  formulae  for  the 
transformation  of  spherical  coordinates,  and  a  discussion 
of  the  general  equation  of  the  second  degree,  in  a  paper 
which  the  Author  had  the  honour  of  laying  before  the 
Royal  Irish  Academy  on  the  28th  of  June,  1841. 

The  twelfth  volume  of  the  Transactions  of  the  Royal 
Society  of  Edinburgh  contains  two  elaborate  papers  on 
the  use  of  spherical  coordinates,  by  Mr.  S.  T.  Davies. 
The  method  which  he  employs  leads  him  necessarily  to 
unsymmetrical  results,  just  such  as  we  should  meet  with, 
if,  in  the  analytic  geometry  of  the  plane,  we  restricted 
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PREFACE.  V 

ourselves  to  the  use  of  polar  coordinates  ;  aud,  in  fact, 
Mr.  Davies'  method  ought  to  be  called  that  of  spherical 
polar  coordinates.  Biit  it  may  often  be  used  with  ad- 
vantage ;  a  few  of  the  formulae  most  necessary  in  its 
application  are  therefore  given  in  the  thirteenth  section 
of  the  Appendix, 

After  the  Author  had  constructed  the  theory  of 
spherical  coordinates,  which  he  now  lays  before  the 
reader,  his  attention  was  directed,  by  a  note  attached  to 
one  of  Mr.  Davies'  papers,  to  articles  published  by  Pro- 
fessor Gudermann,  of  Cleves,  in  Crelle's  Journal  of 
Pure  and  Applied  Mathematics.  From  them  he  learned, 
to  his  regret,  he  must  own,  that  he  had  been  antici- 
pated in  the  choice  of  his  coordinates  by  Professor 
Gudermann,  who  has  employed  them  successfully  in 
investigating  general  properties  of  the  spherical  conies. 
However,  as  the  Author  has  not  yet  been  able  to  pro- 
cure the  work  on  Analytic  Spherics,  written  by  the  Pro- 
fessor, and  referred  to  in  the  papers  inserted  in  Crelle's 
Journal,  he  is  ignorant  as  to  whether  he  has  been  also 
anticipated  in  the  use  of  the  differential  calculus  in  dis- 
cussing curves  represented  by  an  equation  between 
spherical  coordinates,  and  in  the  invention  of  general 
formulae  for  the  transformation  of  such  coordinates. 
These  steps  being  made,  the  theory  is  complete,  and 
nothing  remains  but  to  apply  it. 

The  Author  had  intended  to  add  a  second  Appendix, 
containing  those  theorems  relative  to  the  plane  conic 
sections,  which  may  be  deduced  from  the  properties  of 
the  spherical  conies  stated  in  his  Notes  and  Additions, 


Digitized  by 


Google 


Digitized  by 


Google 


> 


ON 


THE  GENERAL  PROPERTIES 


CONES  OF  THE  SECOND  DEGREE. 


In  a  preceding  Memoir  on  the  general  properties  of  the  sur- 
faces of  revolution  of  the  second  degree,  inserted  by  order  of 
the  Royal  Academy  in  the  collection  of  its  memoirs,  we  de- 
monstrated various  properties  of  the  cones  of  the  second  degree, 
which  presented  themselves  as  immediate  consequences  of  the 
principles  which  we  had  founded  upon  the  polar  transforma- 
tions of  these,  cones  and  of  the  conic  sections. 
•  We  now  propose  to  discuss,  by  a  direct  method,  some  of  the 

general  properties  of  the  cones  of  the  second  degree.  We 
might  have  continued  to  employ  the  theory  of  polar  transfor- 
mations ;  but  there  is  a  n^ore  simple  mode  of  proceeding^,  alto- 
gether independent  of  this  theory.  This  mode  is  purely  geo- 
metrical, requiring  only  a  knowledge  of  the  most  elementary 
properties  of  the  circle. 

The  only  properties  of  the  cones  of  the  second  degree  which  >| 

we  shall  assume  as  known  are  the  two  following  :  \ 

^^  /.(jy"  In  every  cone  of  the  second  degree  there  are  three  rectan-  ^-^f 

^/'^-  gular  conjugate  axes*(?jrhere  are  also  two  series  of  circular  } 

sections,  situated  in  planes  parallel  to  two  fixed  planes." 

This  second  proposition,  which  we  receive  without  demon- 
stration, as  it  is  to  be  found  in  the  elementary  treatises  on 
surfaces  of  the  second  degree,  is  the  basis  of  our  entire  work  ;♦ 
and  the  numerous  theorems  to  which  we  shall  be  led  will  all 
be  deductions  from  this  principle ;  and  easy  deductions,  inas- 
much as.  they  will  appear  to  result  from  elementary  properties 
of  the  circle ;  so  that  we  might  say  that  our  various  theorems 

•  This  general  property  of  the  cones  of  the  second  degree  is  due,  I 
believe,  to  Descartes,  who  demonstrated  it  bv  the  new  principles  of  his 
geometry.  His  proof  is  to  be  found  in  the  6tn  vol.  of  his  Lettres  (12mo. 
ed.  1724,  1725.) 
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are,  as  it  were,  inscribed  upon  the  planes  of  the  circular  sections 
of  the  cones  of  the  second  degree. 

These  theorems  might  abo  be  demonstrated  by  algebraic 
analysis ;  but  this  method,  which  in  general  offers  so  great 
advantages,  loses  them  all  in  this  case,  since  it  often  requires 
very  temous  calculations,  and  exhibits  no  connexion  between 
the  different  propositions ;  so  that  it  is  only  useful  in  veri^ing 
those  which  are  already  known,  or  whose  truth  has  oeen 
otherwise  suggested  as  probable. 


SECTION  I. 

PRELIMINARY    CONSIDERATIONS. 

1.  A  cone  of  the  second  degree  is  one  which  has  a  conic 
\  section  for  its  |>aap. 

Let  there  be  two  tangent  planes ;  their  traces  on  the 
plane  of  the  conic  section  will  be  two  tangents  to  this  curve ; 
the  plane  containing  the  two  sides  of  the  cone  along  which 
it  is  touched  by  tne  tangent  planes,  will  meet  the  plane 
of  this  conic  section  in  the  chord  which  joins  the  points  of 
contact  of  the  two  tangents;  \hU  <;^^nrd  is  the  polar^  with 
relation  to  the  cnnic.  ^pcj^ot^.  of  the  point,  of  rnnrniirse  of 
the  two  tangents;  hence  we  say  that  the  plane  of  the  two 


sides^  along  which  t£e  two  taftgent  planes  touch  the  cone,  jg, 
tHe  polar  vlane^  with  relation  to  the  cone,  of  the  right  line  of 


intersecting  ^^  ^^f'^e  two  tangent  planes ;  and  this  rightiine 


is  called  the  pofar  of  the  plane  of  these  two  sides  of  contacj. 
It  is  well  known  that,  in  the  conic  section  which  is  the  base 


of  the  cone,  all  the  right  lines  drawn  through  the  same  point 
have  their  poles  upon  the  polar  of  this  point ;  it  follows,  tnere- 
fore,  that 

In  a  cone  of  the  second  degree^  all  the  planes  passing  through 
the  same  axis*  have  their  polars  situated  in  the  polar  plane  of 
this  axis, 
, .  _  Hence,  if,  in  the  polar  plane  of  any  axis,  we  draw  arbitrarily 
a  second  axis,  the  polar  plane  of  tms  latter  will  pass  through 
\  ,  \  the  first  axis ;  and  so  these  two  axes  are  called  conjugate :  their 
polar  planes  are  also  said  to  be  mutually  corrugate  ;  so  that'^ 
two  diametral  planes  of  a  cone  of  the  second  degtee  are 
conjugate,  when  the  polar  of  one  of  them  is  in  the  other  plane.  /f>^'" 

2.  Since  every  transversal  plane,  which  cuts  the  cone  in  a 
conic  section,  cuts  the  polar  plane  of  any  axis  in  a  right  line 

*  We  apply  the  name  **  axis"  to  every  right  line  passing  through  the 
vertex  of  tne  cone. 
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3 


which  is  the  polar,  with  relation  to  the  conic  section,  of  the 
point  where  this  plane  meets  this  axis,  it  follows  that  if  this 
transversal  plane  be  parallel  to  the  polar  plane  of  the  axis,  it 
will  cut  the  cone  in  a  conic  section  whosje^entrg  will  be  the 
point  wbere  it  cuts  thjs  ^^j^j  since  the  polar  of  this  point  will 
DC  at  an  infinite  distance. 

Hence,  the  polar  plane  of  any  axis  of  a  cone  is  such  that 
every  plane  which  is  parallel  to  it  cuts  the  cone  in  a  conic 
section  whose  centre  is  upon  this  axis  ;  and  conversely,  the_ 
volar  axis  of  a  olane  is  the  geometrical  locus  of  the  centres  of 
the  sections  made  in  the  cone  by  vlanes  parallel  to  this  plane, 

3.  Through  the  vertex  of  a  cone* of  the  secoMstegree,  we 
miffht  draw,  in  an  infinite  number  of  different  wa^^^three 
rignt  lines  such  that  each  of  them  should  be  the  polar  df<the  ^-W^».. 
plane  of  the  two  others.     For,  after  having  taken  the  pela»^ 


<^ 


diy^J 


flK'4s5r/: 


a^m^  L4t/*  f»%4^ 


Sti^tim 


plane  of  one  right  line,  let  us  take  the  polar  plane  of  a  second 
*  rij^ht  line  drawn  in  this  first  polar  plane ;  these  two  planes 

f^^  will  intersect  in  a  third  right  line,  which  will  be  the  polar  of 
the  plane  of  the  two  first ;  so  that  these  three  riffht  lines  wif 
*  "  '  e  so  related  to  each  other  that  each  of  them  will  be  the^lai 

the  plane  of  the  two  others ;  and  consequently,  each  of  '^^^^j}^ 
them  is  the  locus  of  the  centres  of  the  sections  made  in  the  ^^C~^«i 
cone  by  planes  parallel  to  the  plane  of  the  two  others :  these  ^^  aV^' 
three  right  lines  form  a  system  of  conjugate  a^es. 

Hence,  in  every  cone  of  the  second  degree  there  is  an  infinite 
number  of  systems  of  three  conjugate  axes.         ♦ 

4.  It  is  clear  that  three  conjugate  axes  meet  a  transversal 
,  in  three  points  of  which  each  is  the  pole  of  the  right 
which  joins  the  two  others,  with  relation  to  the  conic 
section  in  which  this  plane  cuts  the  cone ;  if,  therefore,  th 
plane  be  parallel  to  the  plane  of  two  of  the  three  conjugaf 
axes,  it  will  cut  the  two  other  faces  of  the  trihedral  angi 
formed  by  these  three  axes,  along  two  conjugate  diameters  of      j-^jfl- 
the  conic  section  in  which  this  plane  cuts  the  cone.  J^i^J^c:^' 

\\  j  {\^     These  properties  of  three  conjugate  axes  of  a  cone  of  the  yu  ^.j^^ 
|<  \j  Usecond  degree  shew  that  it  is  very  useful  in  analytic  geometry  ^^^^^'/-^ 
jC    jjto  take  three  conjugate  axes  for  the  three  axes  of  coordinates,yk-^-^»^«t/t^ 
^    f9^i  y^  ^>  because  then  the  equation  of  the  cone  contains  only 
^  Ithe  squares  of  the  three  coordinates.     For  every  plane  paral- 
O'd'^M^  *>  Ig^  to  the  plane  of  two  of  these  axes  will  cut  the  cone  in  a 
^  ^onic  section  which  will  have  its  centre  upon  the  third  axis^ 

and  two  conjugate  diameters  respectively  parallel  to  the  two 
first  axes;  consequently,  the  equation  of  the  projection  of 
this  conic  section  upon  the  plane  of  the  two  first  axes  will  be 
referred  to  two  conjugate  diameters,  and  will,  therefore,  con- 


Digitized  by 


Google 


4  ON  THB  OBNBRAL  PROPBRT1BS 

tain  only  the  squares  of  the  two  coordinates ;  which  proves 
that  the  equation  of  the  cone  itself  contains  only  the  squares 
of  the  three  coordinates. 

5.  It  IB  known  that,  amongst  all  the  systems  of  conjugate 
axes  belonging  to  a  cone  of  the  second  degree,  there  is  one  in 

A.^''- /••which  the  three  axes  are  rectangular,    llence,  every  plane 

^  ^'*- perpendicular  to  one  of  these  axes  cuts  the  cone  in  a  conic 

.A' /v.    section  which  has  its  centre  upon  this  axis,  and  its  prindpal 
diameters  parallel  to  the  two  other  axes. 

One  of  these  axes  lies  in  the  interior  of  the  cone,  and  every 
plane  which  is  perpendicular  to  it  cuts  the  cone  in  an  ellipse ; 
the  two  other  axes  are  odtside  the  cone,  and  every  plane  per- 
pendicular to  either  of  them  cuts  the  cone  in  a  nyperbola 
whose  asymptotes  are  parallel  to  the  two  sides  of  tne  cone, 
which  are  parallel  to  the  cutting  plane. 

Of  the  tnree  rectangpilar  conjugate  axes,  the  one  which  lies 

in  the  interior  of  the  cone  will  henceforward  be  designated  as 

^    ,  Ahe  principal  axis  of  the  cane;  that  which  is  paraUel  to  the 

major  axis  of  the  ellipse,  in  which  the  cone  is  cut  by  a  plane 

perpendicular  to  the  principal  axis,  will  be  called  the  nugor 

axis  of  the  cone ;  and  the  one  which  is  parallel  to  the  minor 

axis  of  this  ellipse,  will  be  denominated  the  minor  aocis  of 

the  cone. 

,  ^  ,  ^     The  plane  which  contains  the  principal  axis  and  the  major 

*  "  " '  ^    axis  will  be  the  plane  of  the  greatest  section  of  the  cone ;  me 

,     .  plane  which  contains  the  principal  axis  and  the  minor  axis 

will  be  the  plane  of  the  kast  section  of  the  cone ;  and  finally, 

the  plane  which  contains  the  major  and  the  minor  axes  will 

"*  be  tne  principcU  plane  of  the  cone. 

It  is  manifest,  that  the  principal  plane  does  not  cut  the  cone 
along  any  side ;  that,  among  all  planes  which  can  be  drawn 
through  the  principal  axis,  the  plane  of  the  greatest  section  is 
that  which  cuts  tne  cone  along  the  two  siaes  which  contain 
between  them  the  greatest  angle ;  and  that  the  plane  of  the 
least  section  is  that  which  cuts  it  along  the  two  sides  which 
contain  between  them  the  least  angle. 

The  tangent  planes  to  the  cone  passing  throus^h  the  axis 
major,  touch  it  along  the  two  sides  contained  in  tne  plane  of 
the  least  section ;  the  tangent  planes  passing  through  the 
minor  axis  touch  it  along  the  two  sides  contained  in  the  plane 
of  the  greatest  section  ;  and  finally,  through  the  prindpal  axis 
no  tangent  plane  can  be  drawn  to  the  cone. 

It  is  further  to  be  remarked,  that  every  plane  passing 
through  the  principal  axis  cuts  the  cone  idong  two  sides, 
which  make  equal  angles  with  this  axis ;  and  that  if  a  plane, 
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passing  through  the  major  or  minor  axis,  cuts  the  cone,  the 
two  sides  of  intersection  will  also  make  equal  angles  with  this 
axis. 

If  the  section  of  the  cone,  made  by  a  plane  perpendicular  to 
its  principal  axis,  be  a  circle,  instead  of  being  an  ellipse,  all 
the  sides  of  the  cone  will  make  the  same  angle  with  this  prin- 
cipal axis,  and  the  cone  will  be  one  of  revolution. 

6.  Let  there  be  a  cone  of  the  second  degree ;  through  its  ver- 
tex let  us  draw  right  lines  perpendicular  to  its  tangent  planes,  . 
they  will  form  a  second  cone,  which  will  be  of  the  second  oif^mY^A^^-'-i 
degree ;  since  every  plane  passing  through  its  vertex  can  only      Otn^^- 
cut  it  along  two  sides  ;  for  if  a  plane  were  to  cut  it  along  three 

sides,  these  sides  would  be  perpendicular  to  three  planes 
touching  the  proposed  cone,  which  planes  would  pass  through 
the  same  right  line  perpendicular  to  the  plane  of  the  three 
sides ;  which  is  impossible,  since  through  a  right  line  only  two 
tangent  planes  can  be  drawn  to  a  cone  of  the  second  degree. 
Consequently,  the  second  cone  is  of  the  second  degree. 

Two  adjacent  sides  of  this  cone,  that  is,  two  sides  infinitely 
near,  are  perpendicular  to  two  adjacent  planes  touching  the 
proposed  cone ;  the  plane  of  these  two  sides  is  perpendicular 
to  the  right  line  of  intersection  of  the  two  adjacent  tangent 
planes ;  that  is  to  say,  the  tangent  planes  to  the  second  cone 
are  perpendicular  to  the  sides  of  the  first ;  we  have,  therefore, 
the  following  theorem : 

The  right  lines  drawn  through  a  fixed  point 'perpendicular 
to  the  tangent  planes  to  a  cone  of  the  second  degree^  form  a 
second  cone  of  the  second  degree  ;  *A%. 

And  the  tangent  planes  to  this  second  cone  are  perpendicu^ 
lar  to  the  sides  of  the  first. 

7.  Hence,  to  each  side  a  in  the  first  of  the  two  cones  cor-- 
responds  a  plane  p  touching  the  second  cone,  which  pkme  is 
perpendicular  to  this  side  a. 

This  plane  p  touches  the  second  cone  exactly  along  the 
side  which  corresponds  to  the  plane  touching  the  first  cone 
along  the  side  a.  For  the  side  of  contact  of  the  plane  p  and 
of  the  second  cone  is  perpendicular  to  a  plane  touchmg  the 
first  cone ;  this  plane  will  necessarily  pass  through  the  per- 
pendicular to  the  plane  p,  which  is  the.side  a  of  the  first  cone; 
It  will  therefore  touch  this  cone  along  this  side  a.  There- 
fore, 

To  a  side  of  the  first  cone  and  to  the  tangent  plane  parsing 
through  this  side^  correspond  a  tangent  plane  to  the  second 
cone  and  the  side  of  contact  with  this  tangent  plane. 

8.  To  two  planes  touching  the  first  cone  correspond  two  sides 
of  the  second  cone ;  the  plane  of  these  two  sides  is  perpen- 
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dicular  to  the  riffht  line  of  intersection  of  the  two  tangent 
planes,  and  the  planes  touching  the  second  cone  along  these 
sides  are  perpendicular  to  the  sides  of  contact  of  the  two 
planes  touching  the  first  cone  ;  their  right  line  of  intersection 
IS  perpendicular  to  the  plane  of  these  two  sides  of  contact ; 
therefore, 

I  To  a  right  line  and  to  its  polar  plane j  taith  relation  to  the 

first  cone^  correspond  a  plane  and  its  polar ^  with  relation  to 
the  second  cone. 

9.  Hence  it  follows,  that  to  two  conjugate  axes  of  the  first 
cone  correspond  two  conjugate  planes  of  the  second  cone. 

For  the  polars  of  these  two  planes,  with  relation  to  the 
second  cone,  will  correspond  to  the  two  polar  planes  of  the 
two  axes  of  the  first  cone ;  these  two  planes  mutually  pass 
through  these  two  axes,  since  these  axes  are  conjugate  ;  there- 
fore, the  two  right  lines  which  correspond  to  these  planes  are 
mutually  in  the  diametral  planes  ot  the  second  cone,  which 
proves  that  these  two  planes  are  coniugate  (1). 

10.  To  two  right  lines  drawn  arbitrarily  through  the  vertex 
of  the  first  cone,  will  correspond  in  the  second  cone  two 
planes,  containing  between  them  an  angle  equal  to  the  sup- 
plement of  that  of  the  two  right  lines ;  the  intersection  of 
these  two  planes  will  be  perpendicular  to  the  plane  of  the 
two  right  Imes. 

jL^  i  .^.  These  relations  between  the  two  cones  are  the  same  as  those 

^^^^^^^^y^^  ®^^  between  two  supplementary  trihedral  angles,  or 

2!!^j!Si^^  between  two  supplementary  spherical  triangles ;  on  this  ao- 

M^fAi.         count  we  shall  call  the  two  cones  supplementary  one  to  the 

^  other. 

From  what  has  been  said,  it  is  plain  that  the  properties  rela- 
tive to  the  angles  contained  by  certain  planes  and  right  lines 
passing  through  the  vertex  of  the  first  cone  will  give  rise  to 
properties  of  corresponding  right  lines  and  planes  in  the  second 
cone  ;  so  that  the  properties  c^  cones  of  the  second  degree  are 
double,  as  well  as  those  of  spherical  triangles. 

11.  Let  us  suppose  that  tne  two  supplementary  cones  have 
the  same  vertex. 

J^£i^        To  three  conjugate  diameters  of  the  first  cone  will  evidently 

/'"^TJ/*  *"  *  Correspond  three  conjugate  diametral  planes  of  the  second 

f  ^<^^*^  ^  cone  (9).     Therefore,  to  the  three  rectangular  conjugate  dia- 

^^^^-'**^^  *^    meters  of  the  first  cone  will  correspond  the  three  rectangular 

^^^^**^*^^"l^ft5^gate  diametral  planes  of  the  second.     To  the  principal 

t  /,    ,/.  ^    ajng  of  the  first  cone  will  correspond  the  principal  plane  of  the 

...     second ;  so  that  the  two  cones  will  have  the  same  principal 

axis  and  the  same  principal  mane.      But  the  plane  of  Uie 

greatest  section  of  the  first  will  be  the  plane  of  tne  least  sec- 
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tion  of  the  second,  since  the  angle  between  the  two  sides  of 
the  second  cone  contained  in  this  plane  will  be  the  supplement 
of  the  angle  between  the  two  sides  of  the  first  cone  contained 
in  this  plane :  in  like  manner,  the  plane  of  the  least  section 
of  the  first  cone  will  be  the  plane  of  the  greatest  section  of 
the  second.  It  follows,  that  the  major  axis  of  the  first  cone 
will  be  the  minor  axis  of  the  second,  and  the  minor  axis  of 
the  first  cone  will  be  the  major  axis  of  the  second. 

12.  It  is  known  that  every  cone  of  the  second  degree  may 


be  cut  in  circular  sections  by  two  seri<^a  of  pianos  pfir;^]Tel  tn  I 
two  fixed  planes  ;  and  that  these  two  fixed  planes  being  drawn  I 
through  the  vertex  of  the  cone,  pass  through  its  major  axis, 


and  are  therefore  perpendicular  to  the  plane  of  the  least  secr  | 
tion.. 

As  these  two  fixed  planes  possess  a  great  number  of  proper- 
ties which  we  are  about  to  state,  we  are  under  the  necessity 
of  designating  them  by  a  particular  name,  and  we  shall  call 

them  ^jjgj^yyj^Hifii' 

Thus,  the  (^j/clic  planes  of  a  cone  of  the  second  degree  aiS 


if7a■:1r^^4:^^};^Hc^ll^Jrmag 


^  its  vertex,  and  parallel  to 

the  planes  of  the  circular  sections  of  the  cone. 

13.  Two  conjugate  axes  of  the  cone  contained  in  a  cyclic 
plane,  are  always  at  right  angles,  since  they  are  parallel  to 
two  conjugate  diameters  of  the  section  of  the  cone  made  by  a 

Elane  parallel  to  the  cyclic  plane,  this  section  being  a  circle  ; 
ence. 
The  cyclic  planes  of  a  cone  possess  this  characteristic  pro- 
perty, that 

Two  conjugate  axes  of  the  cone  contained  in  a  cyclic  plane 
are  always  at  right  angles, 

14.  To  the  cyclic  planes  of  a  cone  correspond,  in  the  sup- 
plementary cone,  two  right  lines  perpendicular  to  these  cjr^i^ 
planes.  Two  conjugate  axes  of  the  first  cone,  contained  in"^ 
cyclic  plane,  being  at  right  angles  (13),  we  infer  that  twA 
conjugate  planes  of  the  supplementary  cone,  passing  through^ 
one  of  the  two  right  lines  just  mentioned,  are'""'at-ri^^  an- 
gles- .  .  .         T^^^*"^^^ 

A  plane  perpendicular  to  one  of  these  right  lines  will  cut 

the  cone  m  a  conic  section^  and  the  two  conjugate  planes  in 
two  right  lines  perpendicular  to  each  other,  and  sucH  that  the 
3le  of  one  of  them,  with  relation  to  the  conic  section. 


pole 


JU 


upon  the  other  right  line  (H.     Thus,   the  point  wl^ 
cutting  plane  meets  the  rignt  line  in  question  iJ^jSttcn  that    x 
every  secant  passing  through  this  point  has  its  pole,  with,A^\ 
relation  to  the  conic  section,  upon  the  perpendicular  to  this  7  //^y^c*^^ 
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secant  passing  through  the  point.      This  proves  that  the 
point  is  aJbcuM  of  the  conic  section* 

Hence,  every  plane  perpendicular  to  one  of  the  two  right 
lines  just  mentioned  cuts  the  cone  in  a  conic  section,  one  of 
whose  foci  is  upon  this  ri&;ht  line. 

These  two  neht  lines,  being  perpendicular  to  the  two  cyclic 
planes  of  the  first  cone,  are  in  tne  plane  of  its  least  section 
(12),  and  are  consequently  in  the  plane  of  the  greatest  section 
of  the  supplementary  cone  (U).  We  have,  therefore,  this 
general  property  of  cones  : 

In  every  cone  of  the  second  degree  there  are  two  right  lines 
lying  in  the  plane  of  its  greatest  section^  which  possess  the 
property  that  every  plane  perpendicular  to  one  of  them  cuts 
the  cone  in  a  conic  section^  one  of  whose  foci  is  upon  this 
right  line. 

In  the  first  memoir  above  referred  to,  we  proved  the  exist- 
ence of  these  two  riffht  lines  by  means  of  the  theory  of  polar 
transformations,  and  we  called  them  focal  lines  in  conseauence 
of  the  characteristic  property  which  we  have  just  statea;  but 
we  did  not  there  observe  that  two  conjugate  planes  passing 
through  one  of  these  two  right  lines  are  always  at  right 
angles. 

15.  From  what  precedes  it  results,  that 

In  two  cones  of  the  second  degree^  supplementary  one  to  the 
other^  the  focal  lines  of  one  correspond  to  the  cyclic  planes  of 
the  other. 

This  theorem  is  very  important,  since  it  follows  firom  it  that 
the  properties  of  the  focal  lines  are  consequences  from  those 
of  the  cyclic  planes,  and  vice  versd. 

*  In  what  follows,  we  shall  not  take  for  granted  any  of  the  properties 
of  the  foci  of  the  conic  sections  ;  these  properties  might  even  be  deduced 
from  those  which  we  are  about  to  demonstrate  with  reference  to  the  cones 
of  the  second  degree.  However,  it  is  necessary  to  define  the  foci  of  a 
conic  section  by  some  one  of  their  properties.  That  which  we  have  em- 
ploved  here  to  characterize  these  points  is  not,  it  is  true,  the  most  gene- 
rally known  ;  but  it  is  known,  and  we  are  indebted  for  it  to  D6  Lahire  ; 
M.  Poncelet  has  proved  it,  and  has  applied  it  with  advantage  in  his 
**  Traite  des  Proprietes  Projectives"  (p.  260,  Nos..451  and  453.)  We 
shall  take  another  opportunity  of  showing  that  this  property  adapts  itself 
to  the  study  of  the  conic  sections  with  more  readiness  than  many  others 
equally  characteristic.  Moreover,  it  must  be  remarked,  that  we  here  define 
the  foci  of  a  conic  section  by  the  property  in  question  merely  to  justify 
the  designation  of  focal  lines,  which  we  adopt  for  the  two  axes  of  a  cone 
of  the  second  degree  perpendicular  to  the  cyclic  planes  of  the  supplemen- 
tary cone.  But  all  the  properties  of  these  two  axes  which  we  are  about 
to  prove  are  quite  independent  of  the  foci  of  the  conic  sections  ;  and  any 
one  of  these  properties  might  as  well  be  fixed  upon  to  justify  the  designa- 
tion of  focal  lines.    Jff  f/.mA^^^  A^^Ay^i  3Ti^^  /<f<il 
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Thus,  it  will  be  sufficient  for  us  to  prove  the  one,  and  merely 
to  state  the  others,  without  actually  giving  a  particular  demon- 
stration of  these  latter. 

16.  First,  let  us  lay  down  some  properties  of  the  circular 
sections  of  a  cone,  which  we  shall  have  to  make  constant 
use  of. 

When  we  consider  two  circular  sections  of  a  cone  whose 
planes  are  not  parallel,  we, call  them  antiparallel  or  subcon- 
trary  sections. 

Through  each  point  on  the  surface  of  a  cone  of  the  second 
degree,  two  subcontrary  sections  can  be  made  to  pass ;  for  it 
is  sufficient  to  draw  through  this  point  two  planes  parallel  to  i^ 
the  two  cyclic  planes  of  the  cone. 

17.  Every  sphere  passing  through  a  circular  section  of  a 
cone  cuts  this  cone  in  a  second  subcontrary  circular  sect,' 

For,  any  side  of  the  cone  penetrates  the  sphere  in  two  i 
the  rectangle  under  the  distances  of  which  from  the  vertex> 
the  cone  is  constant:  one  of  these  points  is  on  the  pla 


circle^  through  which  the  sphere  has  been  made  to  pa^li^jeon-  _Sf/ 
sequiktly,  die  other  point  is  upon  a  sphere  p^^iw^  through  ^XZi^  Av* 
the^ftiex  of  the  cone,  and  havmg  its  centr^/^^n/(!ne  perpen-2S*r/.^i-^y 
dici|»let  fall  from  the  vertex  upon  tWjrf^  of  this  circle ;  ^^^:*-^^*^^ 
(see-^e  note  fit  the  end  of  this  n<^8ir^f  the/intersection  of^^*^*  ^**^ 
the  first  sphere  and  the  cone  is  ijptJn  tluffsecoiftd  sphere,  whicl 
proves  that  thi|^tersection  is  a  circle,  ^he  plane  of  th|i 
second  circle  canbcit^'be  parallel  to  the  plane  of  the  first ; 
in  that  case  the  coi^ would  evidently  be  one  of  revolution. 
This  second  circle  ^^ therefore  a  subcontrary  section  with 
relation  to  the  first ^^Jle  theorem  is  therefore  demonstrated. 

It  follows  from  hence,  that 

A  sphere  can  be  made  to  pass  through  any  two  subcontrary 
sections  of  a  cone  of  the  second  degree* 

18.  Let  us  suppose  that  the  plane  of  one  of  the  two  circles 
approaches  indefinitely  towards  the  vertex  of  the  cone ;  as  this 
plane  is  always  parallel  to  a  cyclic  plane,  when  this  circle  de- 
generates into  a  point  which  is  tne  vertex  of  the  cone,  the 
sphere  will  touch  this  cyclic  plane ;  therefore, 

Every  sphere  parsing  through  a  circular  section  and  through 
the  vertex  of  a  cone  of  the  second  degree^  touches  a  cyclic 
plane  ; 

And  conversely. 

Every  sphere  passing  through  the  vertex  of  a  cone  of  the 
second  degree^  and  touching  a  cyclic  plane^  cuts  the  cone  in  a 
circle^  whose  plane  is  parallel  to  the  second  cyclic  plane  of 
the  cone. 
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SECTION  11. 

PROPERTIES  OF  THE  TWO  CYCLIC  PLANES  OF  A  CONE  CONSI- 
DERED SIMULTANEOUSLY;  AND  PROPERTIES  OF  THE  TWO 
FOCAL  LINES  OF  A  CONE  CONSIDERED  SIMULTANEOUSLY. 

19.  The  properties  of  the  cyclic  planes  of  a  cone  are  of  two 
kinds;  some  have  reference  to  these  two  planes  considered 
simultaneously,  others  to  only  one  of  these  planes.  It  is  as 
easy  to  state  the  one  as  the  other ;  but  as  the  former  appear 
in  some  degree  to  be  more  characteristic,  we  shall  commence 
with  them. 

The  two  focal  lines  of  a  cone,  as  appears  from  theorem 
(15),  will  be  found  to  possess  properties  corresponding  to  those 
of  the  two  cyclic  planes. 

20.  Let  there  be  a  cone  of  the  second  degree ;  let  it  be  cut 
by  two  planes  parallel  to  its  two  cyclic  planes ;  the  sections 
will  be  two  circles  lying  on  the  same  sphere  (17).  Each  side 
of  the  cone  meets  tnese  circles,  and  tne  tangent  plane  to  the 
cone  along  this  side  cuts  their  planes  in  two  right  lines  which 
are  the  tangents  to  these  circles,  passing  through  the  points 
where  the  side  meets  them :  these  two  right  lines  are  there- 
fore tanfi^ents  to  the  sphere  which  passes  through  the  two  cir- 
cles. Now,  two  taneents  to  a  sphere  lying  in  the  same  plane 
make  equal  angles  with  the  chord  which  joins  the  two  points 
of  contact;  here  this  chord  is  the  side  of  the  cone ;  the  two 
tangents  are  respectively  parallel  to  the  two  right  lines  in 
which  the  tangent  plane  intersects  the  two  cyclic  planes.  We 
have,  therefore,  the  following  property  of  the  cyclic  planes, 
and,  consequently,  the  property  of  the  focal  lines  stated  in  the 
second  column : 

Every  tangent  plane  to  a  cone  of  The  planes  passing  through  the 

the  second  degree  intersects  the  two  two  focal  lines  of  a  cone  of  Uie  se- 

cyclieplanes  in  two  right  lines,  which  cond  d^pree  and  through  any  side 

make  equal  angles  with  the  side  of  whatever,  make  equal  angles  with 

the  cone  along  which  it  i^  touched  the  plane  touching  the  cone  aloi^ 

by  the  tangent  plane.  that  side(a). 

(a)  This  theorem  and  the  second  in  No.  24,  have  been  ahready  given  by 
M.  Magnus,  of  Berlin  ( Annales  de  Mathematiques,  August,  1825.)  As  to 
all  the  other  properties  of  the  cones  of  the  second  degree  contained  in  this 
memoir,  we  believe  they  are  quite  new,  with  the  exception  of  some  which 
we  have  already  stated  in  our  Memoir  on  the  surfaces  of  revolution  of  the 
second  degree,  inserted  in  the  5th  vol.  of  the  New  Memoirs  of  the  Royal 
Academy  of  Brussels. 
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21.  Conversely, 

If  a  cone  be  such  that  its  tangent        If  a  cone  be  such  that  the  planes 

plane,  passing  through  any  side,  in-  passing  through  two  fixed  axes  and 

tersects  two   fixed    planes  in  two  through  any  side  whatever,  make 

ri^ht    lines,    making   equal  angles  equal  angles  with  the  plane  toucb- 

with  that  side,  this  cone  is  of  the  ing  the  cone  along  that  side,  this 

second  degree.  cone  is  of  the  second  degree. 

In  order  to  demonstrate  the  first  theorem,  let  us  draw  two 
planes  p,  p^  parallel  to  the  two  fixed  planes.  LetM,  m^  m'^,  m"', 
be  the  points  where  four  consecutive  sides  infinitely  near  to 
one  another  meet  the  first  plane  p,  and  let  »^,  m'^  m'\  m/"^ 
be  the  points  where  these  same  sides  meet  the  second  plane  p^ 

Let  us  imagine  the  circle  which  passes  through  the  three 
points  M,  m',  m^',  to  be  the  base  of  a  second  cone,havmg  the  same 
vertex  s,  as  the  proposed  cone ;  the  section  of  this  cone  made 
by  the  second  plane  p'  will  pass  through  the  points  m,  m\  m"y 
and  this  curve  will  be  a  circle ;  for  (by  hypothesis)  the  two 
right  lines  mm',  mm!^  making  equal  angles  with  the  side  SMm, 
the  plane  of  the  circular  section  of  the  second  cone  passing 
through  the  point  m  will  pass  through  the  right  line  mm\  as 
appears  from  the  preceding  theorem ;  the  two  tangents  m'm^', 
m'm"  also  making  equal  angles  with  the  side  sm'w  ,  the  plane 
of  this  circular  section  will  fikewise  pass  through  the  tangent 
m'm" ;  this  plane  will,  therefore,  be  exactly  the  plane  of  the 
three  points  m,  w',  w"  ;  so  that  p,  p'  will  be  the  planes  of  two 
subcontrary  sections  of  the  second  cone:  the  tangents  to  these 
two  sections  passing  through  the  points  m'',  m",  will,  there- 
fore, make  equal  angles  with  the  side  %^'m"  (20) ;  but  the 
two  right  lines  ia."ia!*'^  m"m"'  make  (by  hypothesis)  equal 
angles  with  that  side;  these  two  right  lines  are,  therefore, 
actually  the  tangents  to  the  two  circular  sections  of  the  second 
cone :  for,  through  the  two  points  m",  m"  only  two  right  lines 
can  be  drawn  in  the  planes  p,  p^  which  make  e(|ual  angles  with 
the  side  SM^'m^',  since  these  two  right  lines  mtersect  at  the 
point  where  the  plane,  drawn  at  right  angles  to  this  side 
through  the  middle  point  of  the  segment  m'W,  meets  the  in- 
tersection of  the  two  planes  p,  p'. 

Hence,  it  is  proved  that  the  circle  passing  through  three 
points  infinitely  near,  m,  m^  m^',  assumed  in  the  section  of  the 
proposed  cone  made  by  a  plane  parallel  to  one  of  the  two  fixed 
planes,  passes  always  through  a  fourth  point  ia"'  of  this  curve 
infinitely  near  the  former ;  for  the  same  reason,  this  circle, 
passing  through  the  three  consecutive  points  m',  m'',  m^^',  will 
pass  through  a  fifth  point,  and  again,  through  a  sixth ;  which 
proves  that  this  base  is  itself  a  circle ;  or,  in  other  words,  the 
osculating  circle  of  this  curve  has  at  every  point  in  it  a  con- 
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tact  with  it  of  the  third  order,  from  which  it  follows  that  this 
curve  can  only  be  a  circle.  Thus  we  have  proved  the  first 
theorem,  and  consequently  the  second. 

22.  The  two  theorems  (20)  are  particular  cases  of  the  fol- 
lowing : 

Every  plane  passing  through  two  The  planes  passing  through  the 
sides  of  a  cone  of  the  second  degree  two  focil  lines  of  a  cone  of  the  se- 
intersects  the  cyclic  planes  in  two  cond  de^ee  and  through  the  right 
right  lines  which  respectively  make  line  of  intersection  of  two  tangent 
equal  angles  with  these  two  sides.        planes  to  the  cone  respectively  make 

equal  angles  with  these  two  tangent 
planes. 

It  is  sufficient  to  prove  the  first  of  these  two  theorems. 
For  this  purpose,  let  us  take  two  subcontrary  sections  of 
the  cone  ;  the  plane  of  the  two  sides  cuts  the  planes  of  these 
two  circles  alon^  two  chords,  which  form,  with  the  portions  of 
the  two  sides  lymg  between  these  chords,  a  plane  quadrilate- 
ral, inscribed  in  the  circle  in  which  the  plane  of  this  quadrila- 
teral intersects  the  sphere,  on  the  surface  of  which  are  the  two 
subcontrary  sections ;  two  opposite  angles  of  this  Quadrilate- 
ral are,  therefore,  supplemental  one  to  the  other ;  nence  the 
two  chords  respectively  make  equal  angles  with  the  two  sides 
of  the  cone.  These  chords  are  parallel  to  the  right  lines  in 
which  the  plane  of  the  two  sides  intersects  the  two  cyclic 
planes;  the  first  theorem  is,  therefore,  proved;  the  second 
follows  from  it. 

In  the  memoir  above  referred  to  we  had  already  proved  these 
two  theorems  in  two  different  ways ;  first,  as  a  consequence 
from  the  properties  of  the  lines  of  curvature  of  a  hyperboloid 
of  one  sheet ;  and  again,  as  a  consequence  from  the  proper- 
ties of  surfaces  of  revolution  of  the  second  degpree. 

23.  Two  planes  touching  a  cone  The  four  vector  planes,  passing 
of  the  second  d^ee  along  any  two  through  the  two  focal  lines  of  a 
sides,  intersect  the  two  cjrclic  planes  cone  of  the  second  degree  and 
in  four  right  lines,  which  are  the  through  any  two  sides  of  the  cone, 
generatrices  of  the  same  cone  of  re-  are  tangents  to  the  same  cone  of  re- 
volution, whose  axis  of  revolution  volution,  whose  axis  of  revolution  is 
is  perpendicular  to  the  plane  of  the  the  right  line  of  intersection  of  the 
two  sides  of  contact.  two  planes  touching  the  proposed 

cone  along  the  two  sides. 

Let  us  prove  the  first  theorem. 

The  first  tangent  plane  intersects  the  two  cyclic  planes  in 
two  right  lines,  making  equal  angles  with  the  side  of  contact 
(20)  ;  therefore,  these  two  right  unes  make  equal  angles  with 
every  plane  passing  through  this  side ;  consequently,  they 
make  equal  angles  with  the  plane  of  the  two  sides.     In  like 
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manner  the  second  tangent  plane  intersects  the  two  cyclic 
planes  in  two  right  lines,  whicn  make  equal  angles  with  this 
same  plane  of  the  two  sides. 

Now  let  us  imagine  a  plane  parallel  to  one  of  the  cyclic 
planes ;  it  will  cut  the  cone  in  a  circle,  and  the  two  tangent 
planes  to  the  cone  in  two  tangents  to  this  circle ;  these  two 
tangents  will  be  parallel  to  the  two  right  lines  in  which  the 
cycUc  plane  intersects  the  two  tangent  planes ;  but  these  two 
tangents  make  equal  angles  with  the  chord  which  joins  their 
points  of  contact,  and,  consequently,  they  make  equal  angles 
with  every  plane  passing  through  this  right  line ;  they,  there- 
fore, make  equal  angles  with  the  plane  of  the  two  sides  of 
contact  with  the  tangent  planes. 

Hence,  it  follows,  that  the  four  right  lines  of  intersection 
of  the  two  cyclic  planes  with  the  two  tangent  planes,  make 
equal  angles  with  the  plane  of  the  two  sides ;  consequently, 
they  make  equal  angles  with  the  right  line  perpendicular  to 
this  plane,  which  proves  that  they  are  generatrices  of  the  same 
right  cone,  whose  axis  of  revolution  is  perpendicular  to  the 
plane  of  the  two  sides  of  contact,    q.  e.  d. 

24.  The  sum  or  the  difference         The  sum  or  the  difference  of  the 

of  the  angles,  which  each  tangent  angles,  which  each  side  of  a  cone  of 

plane  to  a  cone  of  the  second  degree  the  second  degree  makes  with  its 

makes  with  the  two  cyclic  planes,  is  two  focal  lines,  is    constant.    (See 

constant.  note  to  20.) 

These  two  theorems  may  be  respectively  deduced  from  the 
two  preceding  ones  in  the  same  manner :  we  mean  to  prove  the 
second,  since  the  figure  it  requires  is  easily  constructed. 

Let  there  be  a  sphere,  whose  centre  is  at  the  vertex  of  a 
cone,  it  will  meet  the  two  focal  lines,  (supposed  to  be  prolonged 
within  a  single  sheet  of  the  cone,)  in  two  points  f,  f'  ;  it  will 
meet  any  two  sides  of  the  cone  in  two  pomts,  w,  n;  and  the 
four  vector  planes  passing  through  these  sides,  in  four  arcs  of 
^reat  circles,  which  will  touch  a  small  circle  of  the  sphere 
formed  by  the  intersection  of  the  sphere  with  the  right  cone,  to 
which  the  four  vector  planes  are  tangents.  (23,  second  column.) 

As  the  arcs  Fm,  f'wi,  f»,  t%  measure  the  angles  which 
the  two  focal  lines  make  with  the  two  sides  of  the  cone,  our 
object  is  to  prove  that  the  sum  of  the  first  two  is  equal  to  the 
sum  of  the  two  latter. 

Let  a,  a',  6,  b\  be  the  points  where  these  four  arcs  respec- 
tively touch  the  small  circle. 

The  two  arcs  ma,  ma'  are  equal,  as  being  drawn  from  the 
same  point  m,  to  touch  the  smsdl  circle ; .  hence  we  conclude 
that  FW  +  f'w  =:  Fa  +  F'a'. 

In  like  manner,  the  arcs  nby  nb'  are  equal,^  and  it  follows 
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that  Fit  +  F^it  zi  Tb  +  v'V ;  now,  the  arcs  ra  and  Tb  are  equal, 
the  arcs  v'a'  and  y'V  are  also  equal ;  the  two  right  hand  mem- 
bers of  the  two  equations  are  therefore  equal,  and,  consequently, 
the  first  members  are  likewise  equal  to  one  another  ;  which 
was  to  be  proved. 

The  angles  made  by  the  two  generatrices  of  the  cone  with  a 
focal  line,  are  the  supplements  of  the  angles  made  by  these 
generatrices  with  the  production  of  this  focal  line  within  the 
second  sheet  of  the  cone ;  so  that  the  difference  of  the  angles 
made  by  a  side  of  the  cone  with  one  focal  line  and  with  the 
production  of  the  other  focal  line,  is  also  a  constant  quantity ; 
It  was  for  this  reason  that  in  the  enunciation  of  the  theorem 
we  said,  the  sum  or  the  difference  of  the  angles  made  by  each 
side  with  the  two  focal  lines.     Thus  the  theorem  is  proved. 

25.  It  is  known,  that  if,  in  a  spherical  triangle,  one  angle 
be  invariable,  and  also  the  product  of  the  trigonometric  tan- 
gents of  the  halves  of  the  sides  containing  it ;  the  area  of  the 
triangle  will  remain  constant,  ^Legendre  s  Geometry  ;  Note 
on  the  Area  of  the  Spherical  Tnangle.)  From  the  first  of  the 
two  preceding  theorems  we  may,  therefore,  deduce  the  first, 
and,  consequently,  the  second  of  the  two  following  ones : 

In  every  cone  of  the  second  de-  In  every  cone  of  the  second  de- 
gree, each  tangent  plane  intersects  gree,  the  vector  planes,  passing 
the  two  cyclic  planes  in  two  right  through  the  two  n>cal  lines  and 
lines  such  that  the  product  of  the  through  any  side  of  the  cone,  are 
tangents  of  the  semi-angles,  which  such  XheX  the  product  of  the  tan- 
they  make  with  the  intersection  of  gents  of  the  semi-angles,  which  they 
the  two  cyclic  planes,  is  constant.  make  with  the  plane  of  the  two  fo- 
cal lines,  is  constant. 

It  would  be  easy  to  prove  these  two  theorems  directly, 
without  making  use  of  the  proposition  in  spherical  trigono- 
metry to  which  we  referred ;  but  as  this  proposition  is  to  be 
found  in  an  elementary  work  familiar  to  all  geometers,  we  may 
be  allowed,  in  order  to  save  time,  to  avail  ourselves  of  it ;  more- 
over, we  shall  hereafter  ^ve  the  direct  proof  of  which  we 
speak,  and  which  will  exhibit  the  two  theorems  above  stated, 
as  depending  upon  the  most  elementary  principles  of  geometry. 

26.  Let  tnere  be  two  subcontrary  sections  of  a  cone  of  the 
second  degree;  each  side  of  the  cone  meets  these  two  circles 
in  two  points,  the  rectangle  under  the  distances  of  which 
from  the  vertex  of  the  cone,  is  invariable,  whatever  be  this 
side,  since  these  two  circles  are  upon  the  same  sphere  (17). 
If  from  the  vertex  of  the  cone,  perpendiculars  be  let  fall  on  the 
planes  of  the  two  circles,  they  wiU  be  respectively  equal  to 
these  two  distances,  respectively  multiplied  by  the  smes  of  the 
angles,  which  the  side  of  the  cone  makes  with  the  planes  of 
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the  two  circles ;  therefore,  the  rectangle  under  the  two  per- 
pendiculars will  be  equal  to  the  rectangle  under  the  two  dis- 
tances, multiplied  by  the  product  of  the  two  sines.  Now,  the 
perpendiculars  will  be  the  same,  whatever  side  of  the  cone  we 
consider ;  the  rectangle  under  the  two  distances  is  also  the 
same,  as  we  have  just  shown ;  therefore,  the  product  of  the 
two  sines  is  constant ;  but  the  planes  of  the  two  circles  are 
parallel  to  the  two  cyclic  planes  of  the  cone ;  we  have,  there- 
fore, the  first  of  the  two  following  theorems,  and,  conse- 
quently, the  second. 

In  every  cone  of  the  second  de-  In  every  cone  of  the  second  de- 
gree, the  product  of  the  sines  of  the  gree,  the  product  of  the  sines  of  the 
angles,  which  each  side  makes  with  angles,  which  each  tangent  plane 
the  two  cyclic  planes,  is  constant.        makes  with  the  two  focal  lines,  is 

constant. 

27.  If  from  a  point  o,  taken  arbitrarily,  perpendiculars  be 
let  fall  upon  the  tangent  planes  to  a  cone  of  tne  second  de- 
gree, they  will  form  a  second  cone  of  the  second  degree,  which 
will  be  the  supplementary  one  to  the  first  (10).  The  feet  of 
these  perpendiculars  will  be  upon  the  sphere  whose  diameter 
is  the  right  line  joining  the  point  o  with  the  vertex  of  the 
given  cone,  since  the  nght  line  drawn  from  this  vertex  to  the 
foot  of  each  perpendicular,  makes  a  right  angle  with  that  per- 
pendicular. Hence  the  feet  of  the  perpendiculars  will  be  upon 
the  curve  of  intersection  of  the  sphere  and  the  second  cone. 

Let  us  suppose  the  point  o  to  be  upon  a  focal  line  of  the 
given  cone.  This  right  line  is  perpendicular  to  a  cyclic 
plane  of  the  second  cone  (15) ;  the  sphere  whose  centre  is 
upon  this  right  line  will,  therefore,  touch  this  cyclic  plane, 
wnich  proves  that  it  will  intersect  the  second  cone  in  a  circle 
lying  in  a  plane  parallel  to  the  second  cyclic  plane  of  this 
cone  (18);  this  second  cyclic  plane  is  perpendicular  to  the 
second  focal  line  of  the  given  cone  (15)  ;  we  have,  therefore, 
the  following  theorem : 

If  from  a  point  assumed  upon  a  focal  line  of  a  cone  of  the 
second  degree^  perpendiculars  be  let  fall  upon  the  tangent 
planes  to  this  cone,  their  feet  will  be  upon  a  circle^  the  plane 
of  which  will  be  perpendicular  to  the  second  focal  line  of  the 
cone, 

28.  The  right  lines  which  join  the  vertex  of  the  given 
cone  with  the  feet  of  the  perpendiculars  are  the  orthogonal 
projections  of  the  first  focal  hne  upon  the  tangent  planes ; 
these  right  lines  form  a  cone  having  for  its  base  the  circle 
which  is  the  locus  of  the  feet  of  the  perpendiculars.  This 
cone  is  evidently  symmetrical  on  each  side  of  the  plane  of  the 
greatest  section  of  the  given  cone  in  which  the  focal  line  lies  ; 
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and  it  touches  this  given  cone  along  the  two  sides  lying  in  this 
plane,  since  these  two  sides  are  the  projections  of  the  focal 
line  upon  the  tangent  planes  along  those  sides.  From  this 
position  of  the  cone  it  results,  that  tne  orthogonal  projections 
of  the  second  focal  line  upon  the  tangent  planes  will  be  upon 
this  same  cone.  This  cone  will  therdbre  pass,  as  appears  from 
the  theorem  which  we  have  just  proved,  through  a  second  circle 
lying  in  a  plane  perpendicular  to  the  second  focal  line ;  whence 
we  deduce  the  first  of  the  two  following  theorems,  and  conse- 
quently the  second : 

The  orthogonal  projections  of  the  If  a  right  angle,  having  the  same 
two  focal  lines  of  a  cone  of  the  se-  vertex  with  a  cone  of  toe  second 
cond  degree  upon  the  tangent  planes  degree,  turn  round  this  vertex,  so 
to  the  cone  form  a  second  cone  of  that  one  of  its  sides  moves  along 
the  second  degree,  which  has  a  dou-  either  of  the  two  cyclic  planes  of  the 
ble  contact  with  the  proposed  cone,  cone,  whilst  its  other  side  moves 
and  whose  cyclic  planes  are  perpen-  round  the  cone ;  the  plane  of  this 
dicular  to  the  focal  lines  of  the  lat-  angle  will  envelope  a  cone  of  the 
ter.  A   second  degree,  which  will  have  a 

double  contact  with  the  given  cone, 
and  whose  focal  lines  will  be  per- 
pendicular to  the  two  cyclic  planes 
of  the  latter. 

29.  Theorem  (27)  gives  rise  to  the  following,  which  is  the 
converse  of  it : 

If  through  the  different  points  of  a  circle  traced  upon  a 
cone  of  the  second  degree  planes  be  draum  perpendicular  to 
the  sides  passing  through  these  points,  these  planes  will  enve-^ 
lope  a  second  cone  of  the  second  degree^  one  of  whose  focal 
lines  will  pass  through  the  vertex  of  the  given  cone,  and  whose 
other  focal  line  will  be  perpendicular  to  the  plane  of  the  circle. 

30.  If  from  a  point  in  the  focal  line  of  a  cone,  perpendicu- 
lars be  let  fall  upon  two  tangent  planes,  the  right  line  joining 
their  feet  will  be  at  right  angles  with  the  right  line  of  inter- 
section of  the  two  tangent  planes;  now,  by  theorem  (27), 
the  former  right  line  will  also  be  at  right  angles  with  the 
second  focal  line  of  the  cone ;  it  is,  theretore,  perpendicular  to 
the  plane  passing  through  the  right  line  of  intersection  of  the 
two  tangent  planes  and  through  the  second  focal  line ;  there- 
fore. 

If  from  a  point  in  a  focal  Une  of  a  cone  of  the  second  de- 
gree, perpendiculars  be  let  fall  upon  two  tangent  planes,  the 
plane  passing  through  the  vertex  qf  the  cone  and  perpen-- 
dicular  to  the  right  line  joining  their  feet  will  pass  through 
the  second  Jbcal  line  of  the  cone. 

31.  This  may  be  otherwise  stated  in  the  first  of  the  two  fol- 
lowing theorems,  from  which  the  second  is  a  consequence  : 
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If  a  focal  line  of  a  cone  of  the  If  two  right  angles  have  each  a 

second  degree  he  orthogonally  pro-  side  upon  a  cyclic  plane  of  a  cone 

jected  upon  two  tangent  planes,  the  of  the  second  degree,   and  their 

plane  passing  throu^  the  right  line  two  other  sides  coincident  with  two 

of  intersection  of  the  two  tangent  sides  of  the  cone,  the  right  line  of 

planes,  and  perpendicular   to  the  intersection  of  their  planes  and  the 

plane  containing  tne  two  projections,  right  line  in  which  the  plane  of  the 

will  pass  through  the  second  focal  two  sides  intersects  the  second  cy- 

line.  clic  plane  will  he  at  right  angles. 

32.  Let  there  be  two  cones  of  the  second  degree,  having 
the  same  vertex  and  the  same  cyclic  planes;  if  a  common  tan- 
gent plane  be  drawn  to  them,  it  will  touch  the  two  cones  along 
two  sides,  each  of  which  will  make  equal  angles  with  the  two 
right  lines  in  which  this  tangent  plane  intersects  the  two 
cyclic  planes  (20.)  These  two  sides  will  therefore  bisect  both 
the  angle  and  the  supplement  of  the  angle  contained  by  these 
.two  right  lines,  whicn  proves  that  these  two  sides  are  at  right 
'angles.     We  have,  therefore,  the  two  following  theorems : 

When  two  cones  of  the  second  If  two  cones  of  the  second  degree, 

degree  have  the  same  vertex  and  which  have  the  same  vertex  and  the 

the  same  cyclic  planes,  if  a  common  same  focal  lines,  intersect  one  ano- 

tangent  plane  be  drawn  to  them,  ther,  their  tangent  planes  passing 

the  two  sides  of  contact  lying  in  this  through  each  side  of  intersection 

plane  will  be  at  right  angles  to  each  will  be  at  right  angles,  that  is  to 

other.  say,  the  two  cones  will  cut  one  ano- 
ther at  right  angles. 

M.  Dupin  and  M.  Binet,  Jun.  have  stated  the  general 
conditions  to  be  fulfilled  in  order  that  two  surfaces  of  the 
second  degree  may  cut  every  where  at  right  angles ;  but  they 
did  not  include  in  their  researches  the  case  of  two  conical  sur- 
faces, which  is  disposed  of  in  the  second  of  the  two  theorems 
just  proved.  (See  Developpemens  de  Geometric  de  Ch. 
Dupin,  and,  16«  cahier  des  Joumaux  deTecole  Poly  tech- 
nique.) 

These  two  theorems  may  be  employed  with  great  advan- 
tage in  different  investigations,  as  we  shall  hereafter  have 
occasion  to  show. 


SECTION  III. 

PROPERTIES  OF  A  CONE  OF  THE  SECOND  DEGREE  RELATING 
TO  A  SINGLE  CYCLIC  PLANE;  AND  PROPERTIES  RELATING 
TO    A   SINGLE    FOCAL    LINE. 

33.  The  properties  of  a  cone  of  the  second  degree  relating 
to  a  sinffle  cyclic  plane,  which  we  are  about  to  prove,  are 
deducea  immediately  from  the  properties  of  the  circle ;  and 
those  relative  to  a  single  focal  line  may  be  shewn  to  depend 
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upon  the  former  by  reference  to  the  Bupplementary  cone. 
Hence,  we  shall  content  ourselves  with  merely  writing  them 
aloneside  of  the  former. 

T%e  right  line  polar  to  a  plane,  with  relation  to  a  cone, 
p^isses,  as  we  have  stated  ^2,)  through  the  centre  of  the  sec- 
tion made  in  the  cone  by  this  plane  or  oy  any  other  parallel  to 
it.  Hence,  the  polar  of  a  cyclic  plane  is  the  right  Bne  which 
is  the  locus  of  the  centres  of  the  circular  sections  of  the  cone 
lying  in  planes  parallel  to  this  cyclic  plane. 

We  have  seen  that,  to  a  cyclic  plane  and  to  its  polar,  corres- 
pond, in  the  supplementary  cone,  a  focal  line  and  its  polar 
plane  (14.)  We  shall  call  this  polar  plane  the  director  plane 
of  the  cone,  a  name  analogous  to  that  of  directrix  in  the  conic 
sections.  A  cone  has  two  director  planes,  but  we  must  always 
be  understood  to  refer  to  that  whicn  corresponds  to  the  fo<^ 
line  which  we  are  considering. 

34.  Let  us  begin  with  two  theorems,  the  second  of  which 
is  remarkable  for  its  analogy  to  the  leading  property  of  the 
directrices  of  the  conic  sections. 

In  every  cone  of  the  second  de-  In  every  cone  of  the  second  de- 
gree the  ratio  of  the  sines  of  the  gree  the  ratio  of  the  sines  of  the 
angles  made  by  each  tangent  plane  axuB^les  which  each  side  makes  with 
with  a  cvclic  plane  and  with  the  a  &oal  line  and  with  the  director 
polar  of  this  cyclic  plane  is  constant.  pUme  is  constant. 

To  prove  the  first  of  these  two  theorems,  let  us  take  a  cone 
of  the  second  degree  and  a  secant  plane  parallel  to  one  of  its 
cyclic  planes ;  the  section  of  the  cone  will  be  drcle,  and  the 
axis  of  the  cone  passing  through  the  centre  of  this  circle  will 
be  the  polar  of  tne  cycuc  plane.  Let  there  be  a  tangent  plane 
to  the  cone,  and  from  the  centre  of  the  circle  let  us  (uop  a  per- 
pendicular on  this  plane;  the  sine  of  the  angle  made  by  this  tan- 
gent plane  with  the  plane  of  the  circle  is  equal  to  this  perpendi- 
cular divided  by  the  radius  of  the  circle ;  the  sine  of  the  angle 
made  by  the  tangent  plane  with  theaxis  ofthe  cone  terminatingin 
thecentre  ofthe  circle  is  eqiud  to  this  same  perpendicular  divided 
by  the  length  of  this  axis.  From  the  form  of  these  expres- 
sions for  the  sines  of  the  two  angles,  it  appears  that  their  ratio 
is  independent  ofthe  perpendicular,  and  contains  only  the 
radius  of  the  circle  and  the  distance  of  its  centre  £rom  the  ver- 
tex of  the  cone.  Hence,  this  ratio  is  constant,  whatever  be 
the  tangent  plane  to  the  cone:  which  proves  the  first  ofthe 
two  theorems  above  stated ;  the  second  is  deduced  from  it  by 
reference  to  the  supplementary  cone. 

35.  In  what  follows  we  shall  still  consider,  as  we  have  just 
done,  a  circular  section  of  the  cone,  and  we  shall  regard  the 
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points  and  right  lines  lying  in  the  plane  of  this  section  as  the 
intersections  of  this  plane,  with  right  lines  and  planes  passing 
throuffh  the  vertex  of  the  cone ;  and,  in  order  to  apply  to  the 
cone  me  various  properties  of  the  circle,  in  place  of  the  right 
lines  lying  in  the  plane  of  this  circle,  we  shall  substitute,  in 
the  statement  of  our  theorems,  the  traces  upon  the  cyclic  plane 
of  the  planes  passing  through  these  right  lines  and  through 
the  vertex  of  the  cone. 

36.  Thus,  in  order  to  transfer  to  the  cone,  this  property  of 
the  circle,  "  a  radius  is  perpendicular  to  the  tangent  passing 
through  its  extremity,"  we  shall  consider  the  tangent  and 
the  radius  as  being  the  traces  of  a  tangent  plane  to  the  cone 
and  of  a  plane  passing  through  the  side  of  contact  and  through 
the  polar  of  the  cychc  plane  (since  this  polar  passes  through 
the  centre  of  the  circle  J)  and  we  shall  remark  that  these  two 
traces  are  respectively  parallel  to  the  traces  of  the  same  two 
planes  upon  tne  cychc  plane  parallel  to  the  plane  of  the  cir- 
cle ;  whence  we  have  the  first  of  the  two  following  theorems, 
and,  consequently,  the  second. 


The  tangent  plane  to  a  cone  of 
the  second  degree,  and  the  plane 
passing  through  the  side  of  contact 
and  through  the  polar  of  a  cyclic 
plane,  meet  this  cyclic  plane  in  two 
ri^ht  lines  which  are  at  right  angles 
with  each  other. 


If  through  a  focal  line  of  a  cone 
of  the  second  degree  two  vector 
planes  he  drawn,  of  which  the  first 
passes  through  any  side  of  the  cone, 
and  the  second  through  the  right 
line  in  which  the  plane  touching  the 
cone  along  that  side  meets  the  di- 
rector plane,  these  two  vector  planes 
will  be  at  right  angles. 

37.  Two  tangents  to  a  circle  make  equal  angles  with  the 
chord  which  joins  the  two  points  of  contact.  Hence  we  infer, 
in  accordance  with  what  has  been  said  (35,)  that 


Two  tangent  planes  to  a  cone  of 
the  second  degree  and  the  plane  of 
the  two  sides  of  contact  intersect  a 
cyclic  plane  in  three  right  lines,  the 
third  of  which  bisects  the  angle  be- 
tween the  first  two. 


If  through  a  focal  line  of  a  cone 
of  the  second  degree  vector  planes  be 
drawn  respectively  passing  through 
two  sides  of  the  cone  and  through 
the  right  line  of  intersection  of  the 
two  planes  touching  the  cone  along 
these  sides,  the  third  vector  plane 
will  bisect  the  angle  between  the 
first  two. 

38.  Two  tangents  to  a  circle  make  equal  angles  with  the 
right  line  which  joins  their  point  of  concourse  with  the  cen- 
tre of  the  circle.     Hence  we  infer,  that 

Two  tangent  planes  to  a  cone  of  The  vector  planes  passing  through 

the  second  degree,  and  the  plane  a  focal  line  of  a  cone  of  the  second 

passing  through  their  right  line  of  degree  and  through  two  sides  make 

intersection  and  through  the  polar  equal  angles  with  the  vector  plane 
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of  a  cyclic  plane,  meet  that  cyclic 
plane  in  three  right  linesy  the  third 
c^  which  bisects  the  angle  between 
the  first  two. 


passing  through  the  right  line  in 
which  the  plane  of  the  two  sides  in- 
tersects the  director  plane. 


39.  The  light  line  drawn  iiom  the  centre  of  a  circle  to  the 
point  of  concourse  of  two  tangents  is  perpendicular  to  the 
chord  which  joins  the  two  points  of  contad;,  and  passes  through 
the  middle  of  this  chord.  Let  it  be  obserred,  that  the  midSe 
point  of  a  right  line  is  the  harmonic  conju^^U;e  to  a  point  in 
this  line  lying  at  an  infinite  distance,  and  that  the  four  right 
lines  drawn  from  any  point  whatsoeyer  to  four  harmonic  points 
form  a  harmonic  pencd ;  and  we  shall  hare  the  first  of  the  two 
following  theorems,  andi,  consequently,  the  second. 


The  plane  passing  through  the 
polar  or  a  cycUc  plane  of  a  cone  of 
the  second  degree  and  through  the 
right  line  of  intersection  of  two  tan- 
gent planes  to  the  cone,  and  the 
plane  of  the  two  sides  of  contact,  meet 
the  cyclic  plane  in  two  ri^ht  lines 
which  are  at  right  angles  with  each 
other; 

And  the  rieht  lines,  in  which  the 
the  plane  of  the  two  sides  meets  the 
CTchc  plane  and  tiie  plane  passing 
tfarongn  its  polar  and  through  the 
right  line  of  intersection  of  the  two 
tangent  planes,  are  harmonic  conju- 
gates with  relation  to  the  two  sides. 


40.  If  the  plane  of  the  two  Mes 
passes  through  the  polar  of  the  cycUe 
plane,  the  right  line  of  intersection  of 
the  tvoo  tangent  planes  will  be  in  this 
cyclic  plane;  therefore. 

If  tnrough  a  riffht  line  lying  in 
the  cyclic  plane  ofa  cone  of  the  se- 
cond degree  two  tangent  planes  be 
drawn  to  the  cone,  the  plane  of  the 
two  sides  of  contact  will  intersect 
the  cyclic  plane  in  a  second  right 
line  which  will  be  at  right  angles  to 
the  former. 


Two  vector  planes  passing  through 
a  focal  line  of  a  cone  of  the  second 
degree  will  be  at  right  angles,  if  one 
passes  through  the  right  line  of  in- 
tersection of  two  tangent  planes  to 
the  cone,  and  the  oth^  through  the 
right  line  in  which  the  plane  of  the 
two  sides  of  contact  meets  the  direc- 
tor plane; 

And  the  two  planes  drawn 
through  the  rig^t  line  of  inter- 
section of  the  two  tangent  planes, 
and  passing,  the  first  through  the 
focal  line,  and  the  other  through  the 
right  line  in  which  the  plane  of  the 
two  sides  meets  the  director  plane, 
are  harmonic  conjugates  with  rela- 
tion to  the  two  tangent  planes. 

If  the  right  Une  of  intersection  of 
the  two  tangent  planes  he  in  the  di- 
rector plane,  the  plane  of  the  two 
sides  of  contact  win  pass  tnrongh  the 
focal  tine  ;  therefore. 

If  a  cone  of  the  second  degree  be 
out  by  a  transversal  plane  passing 
through  a  focal  line,  the  planes 
touchmg  the  cone  along  the  two 
sides  lying  in  this  plane  will  inter- 
sect on  the  director  plane ;  and  the 
plane  passing  through  the  focal  line 
and  tnrough  the  right  line  of  Inter- 
section of  the  two  tangent  planes 
will  be  perpendicular  to  the  trans- 
versal plane. 


41.  When  a  quadrilateral  is  inscribed  in  a  circle  two  oppo- 
site angles  are  always  supplemental  one  to  the  other.  Hence 
we  infer,  that 
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When  a  tetrahedral  angle  is  in- 
scribed in  a  cone  of  the  second 
degree^  the  angle  between  the  traces 
of  two  of  its  adjacent  faces  upon  a 
cyclic  plane  of  the  cone  is  supple- 
mental to  the  angle  contained  by  the 
traces  upon  the  same  cyclic  plane  of 
the  two  other  faces. 


When  a  tetrahedral  angle  is  cir- 
cumscribed about  a  cone  of  the 
second  degree,  the  vector  planes, 
passing  through  a  focal  line  and 
through  two  adjacent  ed^es  of  the 
tetrahedral  angle^  contam  an  an- 
gle which  is  supplemental  to  the 
angle  contained  by  the  vector  planes 
passing  through  the  two  other  edges. 


42.  All  the  angles  whose  vertices  are  upon  the  circumfe- 
rence of  a  circle,  and  whose  sides  pass  through  the  extremities 
of  the  same  chord,  are  equal  (we  mean  the  acute  angle  con- 
tained between  the  two  sides,  otherwise  two  angles  would  be 
supplemental  one  to  the  other,  when  their  vertices  were  on 
opposite  sides  of  the  chord  ;)  if  this  chord  pass  through  the 
centre  of  the  circle  all  the  angles  are  right.  Hence  we  infer, 
that 


If  through  two  fixed  sides  of  a 
cone  of  the  second  degree,  two 
planes  be  drawn,  intersecting  along 
any  third  side  of  the  cone,  the  traces 
of  these  planes  upon  a  cyclic  plane 
wiU  contain  between  them  an  aii^le 
of  invariable  magnitude. 


This  angle  will  be  right  if  the 
plane  of  the  two  fixed  sides  passes 
through  the  polar  of  the  cyclic 
plane. 

43.  The  polar  of  a  cyclic  plane  is 
in  the  plane  of  the  least  section  of 
the  cone.  Hence  we  infer  from  the 
secondpart  of  the  preceding  theorem, 
that 


If  throi^h  the  two  sides  of  a  cone 
of  the  seccmd  degree  lyit^  in  the 
plane  of  its  least  section  two  planes 
be  drawn  intersecting  along  Sny  side 
whatever  of  the  cone,  tliev  traces 
upon  one  of  the  cyclic  planes  will  be 
at  right  angles. 


Two  fixed  tangent  planes  being 
drawn  to  a  cone  of  the  second  de- 
gree, and  also  any  third  tangent 
plane  whatever,  the  vector  planes 
passing  through  a  focal  line  and 
through  the  two  right  lines  in  which 
the  two  fixed  planes  are  intersected 
by  the  third  tangent  plane  will  con- 
tain between  them  an  angle  of  inva- 
riable magnitude,  whatever  be  this 
third  tangent  plane. 

This  angle  will  be  right  if  the 
right  line  of  intersection  of  the  two 
fixed  tangent  planes  be  in  the  direc- 
tor plane  corresponding  to  the  focal 
line. 

The  director  plane  passes  through 
the  minor  axis  of  the  cone ;  the  tv)o 
planes  touching  the  cone  along  the 
sides  lying  in  the  plane  of  the  great- 
est section  also  pa^s  through  the  mi- 
nor axis;  they  therefore  intersect 
upon  the  director  plane.  Hence  we 
infer  from  the  second  part  of  the 
preceding  theorem,  that 

Every  tangent  plane  to  a  cone  of 
the  second  degree  intersects  the 
two  tangent  planes  that  are  perpen- 
dicular to  tibe  plane  of  the  greatest 
section  in  two  right  lines  such  that 
the  vector  planes,  passing  through 
a  focal  line  and  through  these  two 
right  lines,  are  at  right  angles  to 
each  other. 
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44.  From  the  two  theorems  (42,)  the  following  imme- 
diately result : 

If  in  a  cyclic  plane  of  a  oone  of        If  round  a  A>cal  line  of  a  cone  of 

the  second  d^^ree,  an  angle  of  in-  the  second  degree,  as  an  e^^  a 

rariaUe  magnitude,  and  haying  the  dihedral  angle  <^  invariable  magni- 

same  vertex  with  the  cmie^  be  made  tnde   be  made  to  tmm ;    and  if 

to  tmm ;  the  plane  passinflr  through  through  the  right  line  in  which  one 

(me  ride  of  the  angle,  ana  through  of  its  faces  meets   a  fixed  tangent 

a  fixed  side  of  the  cone,  will  pass  plane  to  the  cone  a  second  tai^ent 

through  a  second   ride;    l^ld  the  plane  to  the  oone  be  drawn,  this 

plane   determined  by  this  second  second  plane  will  meet  the  second 

•  side  of  the  cone  and  bj  the  second  hce  of  the  dihedral  angle  in  a  right 

side  of  the  moveable  angle  will  torn  line    which  will  always  be  in  the 

romid  a  fixed  ride  of  the  cone.  same  tangent  plane  to  the  cone. 

45.  K,  from  the  vertex  of  a  cone,  a  perpendicular  be  let 
&11  upon  the  plane  of  a  circular  section  of  the  cone,  and  two 
parallel  tangents  be  drawn  to  this  circle,  the  sum  of  the  distances 
of  the  foot  of  the  perpendicular  from  the  two  tangents,  will  be 
constant  and  equal  to  the  diameter  of  the  circle ;  but,  these 
distances  may  be  taken  as  the  trifi'onometric  tangents  of  tiie 
angles,  which  the  two  tangent  planes  to  the  cone,  passing 
through  the  two  tangents  to  the  circle,  make  with  tne  per- 
dicular  let  fall  from  tne  vertex  of  the  cone,  and  these  trigo- 
nometric tangents  are  equal  to  the  reciprocals  of  the  trigo- 
nometric tangents  of  the  angles  whicn  the  two  tangent 
planes  make  with  the  plane  of  the  circle,  or  with  the  cyclic 
plane  to  which  the  plane  of  the  circle  is  parallel ;  hence  we 
infer,  that 

If,  through  a  riffht  line  lying  in  Every  plane  pasring  through  a 
a  cyclic  pume  of  a  cone  of  the  focal  line  of  a  cone  of  the  second 
second  degree,  two  tangent  planes  d^ee  cuts  the  cone  alon^  two 
be  drawn  to  the  cone,  the  sum  of  Bides  such  that  the  sum  of  tne  re- 
the  reciprocals  of  the  trigonometric  ciprocals  of  the  trigonometric  tan- 
tangents  of  the  angles  which  they  gents  of  the  angles  which  they  make 
make  with  the  cycuc  plane  will  be  with  this  focal  une  is  constant, 
constant. 

SECTION  IV. 

GBOMBTRIC  LOCI  RELATING  TO  THB  CYCLIC  PLANBS,  AND  TO 
THB  FOCAL  LINBS  OF  CONES  OF  THB  SECOND  DEGREE. 

46.  If  the  sides  of  an  angle  of  invariable  magnitude^  con* 
tained  in  a  given  plane,  turn  round  two  fixed  points,  its 
vertex  generates  an  arc  of  a  circle ;  hence  we  infer,  that 

If  round  two  fixed  right  lines  Beine  given  two  fixed  planes  and 
which  intersect,  two  planes  be  made    a  right  line  passing  through  a  point 
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to  turn,  so  that  their  traces  upon 
a  fixed  plane  passing  through  the 
point  of  intersection  of  the  two  right 
lines  may  contain  an  angle  of  invaria- 
ble magnitude,  the  intersection  of  the 
two  moveable  planes  will  generate  a 
cone  of  the  second  d^^ree,  which  will 
have  the  fixed  plane  fbr  one  of  its 
cyclic  planes,  and  which  will  pass 
through  the  two  fixed  right  lines. 


in  their  intersection,  if  round  this 
right  line  two  planes  be  made  to 
turn,  containing  between  them  an 
angle  of  invariable  magnitude,  the 
two  right  lines  in  which  these  planes 
will  respectively  intersect  the  two 
fibced  planes  will  determine  a  move- 
able plane,  which  will  envelope  a 
cone  of  the  second  degree,  in  wnich 
the  fixed  rieht  line  will  be  a  focal 
line,  and  which  will  touch  the  two 
fixed  planes. 

It  is  scarcely  necessary  to  mention,  that,  as  upon  a  given 
right  line,  two  arcs  of  circles  can  be  described  capable  of 
containing  the  same  angle;  so,  in  each  of  these  two  propo- 
sitions, there  are  two  cones  perfectly  equal. 

We  might  have  deduced  these  two  propositions  directly 
from  the  two  theorems  (42.) 

47.  The  vertex  of  an  angle  of  invariable  magnitude,  whose 
sides  touch  a  circle,  generates  a  second  circle ;  aiid  the  chord 
which  joins  the  point  of  contact  of  the  two  sides,  envelopes  a 
third  circle ;  these  three  circles  are  concentric ;  whence  we 
infer,  that 


.  If  two  tangent  planes  to  a  cone  of 
the  second  degree  move  in  such  a 
way  that  their  traces  upon  a  cyclic 
plane  contain  between  them  an  angle 
of  invariable  magnitude,  the  inter- 
section of  these  two  planes  will 
generate  a  second  cone  of  the 
second  dc^ee. 

The  plane  of  the  two  sides  of 
contact  of  the  two  tangent  planes  will 
envelope  a  third  cone  of  the  secoiul 
d^ree» 

The  cyclic  plane  in  questionwill  be 
a  cyclic  plane  of  the  two  new  cones, 
and  this  plane  will  have  the  same 
polar  in  the  three  cones. 


If  a  dihedral  angle  of  invariable 
magnitude  turn  round  a  focal  line 
of  a  cone  of  the  second  degree,  as 
an  edge,  the  plane  of  the  two  sides 
along  which  its  faces  will  meet  the 
cone  will  envelope  a  second  cone  of 
the  second  degree. 

The  planes  touching  the  given 
cone  along  these  two  sides  will  in- 
tersect upon  a  third  cone  of  the 
second    degree. 

The  focal  line,  round  which  the 
dihedral  angle  turns,  will  be  a  focal 
line  of  the  two  new  cones ;  and  the 
corresponding  director  plane  will  be 
the  same  in  the  three  cones. 


48.  If  an  anffle  of  invariable  magnitude  turn  round  its 
vertex,  which  lies  upon  the  circumference  of  a  circle,  the 
chord  intercepted  between  its  sides  will  always  be  a  tangent 
to  another  circle  concentric  with  the  former  ;  therefore. 


If  round  a  side  of  a  cone  of  the 
second  degree  two  planes  be  made 
to  turn,  whose  traces  upon  a  cyclic 
plane  contsdn  between  them  an 
angle  of  invariable  magnitude,  the 


If  round  a  focal  line  of  a  cone  of 
the  second  degree  a  dihedral  angle 
of  invariable  magnitude  be  made  to 
turn,  and  if  through  the  right  lines 
in  which  the  faces  of  this  angle  meet 
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plane  of  the  two  sides  aloag  which 
these  two  planes  meet  the  cone  will 
envelope  a  seomidcone  of  the  second 
degree,  which  will  have  the  same 
cjclic  plane  widi  the  given  one ; 
and  this  i4ane  will  have  the  same 
polar  in  the  two  cones. 


49.  Let  as  take  a  eone  of  the  second  degree,  and  cut  it  by 
any  plane  whatsoerer,  the  curve  of  intersection  will  be  a 
conic  section ;  and  it  is  known,  that  the  vertices  of  all  the 
rifi^ht  angles,  circumscribed  about  this  curve,  are  upon  a  circle 
which  has  the  same  centre  with  it ;  whence  we  inter,  that 


a  fixed  plane  touching  the  cone  two 
other  tangent  fJanes  to  the  cone 
be  drawn,  their  right  line  of  inter- 
section will  generate  a  second  cone 
of  the  seooiM  degree,  in  which  the 
edge  of  the  dihedral  ang^  will  be  a 
food  line,  and  the  corre^NMMfing 
director  pUne  will  be  the  same  in 
the  two 


If  two  tangent  planes  be  drawn 
to  a  cone  of  the  second  degree,  so 
that  their  traces  npon  a  fixed  plane 
may  contain  between  them  a  right 
angle,  the  intersection  of  these  two 
plimes  will  generate  a  second  cone 
of  the  second  degree,  one  of  whose 
cyclic  planes  wifl  be  parallel  to  the 
fixed  plane. 

This  plane  will  have  the  same 
polar  in  the  two  cones. 


If  two  rectangular  planes  torn 
round  a  fixed  right  fine  passing 
through  the  vertex  of  a  cone  of  the 
second  degree,  the  sides  along  which 
these  two  planes  cnt  the  cone,  taken 
two  by  two,  will  determine  four 
planes  which  will  envelope  a  second 
cone  of  the  second  d^ree,  in  which 
the  fixed  right  line  will  be  a  focal 
line. 

This  right  line  wiU  have  the  same 
polar  plane  with  relation  to  tiie 
two  cones. 


50.  If  the  fixed  plane,  in  the  former  of  these  two  theo- 
rems, be  one  of  the  three  rectangular  conjugate  planes  of 
the  given  cone,  the  second  cone  will  evidently  be  one  of 
revolution  round  the  axis  perpendicular  to  this  plane ;  there- 
fore, 


If  two  tangent  planes  be  made  to 
revolve  round  a  cone  of  the  second 
degree,  so  that  their  traces  upon 
one  of  the  three  rectangular  conju- 
gate planes  of  the  cone  shall  always 
be  at  right  angles,  the  intersection 
of  these  two  planes  will  generate  a 
cone  of  revolution  round  the  axis 
perpendicular  to  that  plane. 


If  round  one  of  the  three  rectan- 
gular conjugate  axes  of  a  cone  of 
the  second  dWree  two  rectangular 
planes  be  made  to  turn,  the  sides 
along  which  these  two  planes  will 
intersect  the  cone,  taken  two  by  two, 
will  determine  four  planes  which 
will  envelope  a  cone  of  revolution 
round  that  axis. 


51.  It  is  known,  that  if  the  vertex  of  an  angle  of  invariable 
magnitude  traverse  a  right  line,  whilst  one  of  its  sides  turns 
round  a  fixed  point,  its  other  side  envelopes  a  parabola  touch- 
ing the  right  line  traversed  by  the  vertex  of  the  angle.  This 
proposition  will  help  us  in  the  proof  of  the  following  theo- 


rems : 
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If  the  faces  of  a  variable  dihedral        Two  fixed  planes  being  drawn  so 

angle  inscribed  in  a  cone  of  the  se-  as  to  touch  a  cone  of  the  second 

cond  degree  turn  round  two  fixed  degree,  a  third  moveable  tangent 

sides  of  the  cone,  the  plane  determin-  plime  will  intersect  them  in  two 

ed  by  the  two  right  lines  in  which  right  lines,  and  the  planes  respeo- 

these  faces  intersect  the  two   cy-  tively  passi^  through  these  two 

clic  planes  of  the  cone  will  enve-  right  Imes,  axid  through  the  two 

lope  a  second  cone  of  the  second  focal  lines  of  the  cone,  will  intersect 

degree  touching  these  two  cyclic  in  a  right  line,  which  will  generate 

planes.  a  cone  of  the  second  degree  passing 

through  these  two  focal  lines. 

It  is  su£Scient  to  prove  the  first  of  these  two  theorems, 
since  the  second  may  oe  deduced  from  it  by  reference  to  the 
supplementary  cone. 

Let  us  draw  a  transversal  plane  parallel  to  a  cyclic  plane  of 
the  given  cone ;  this  plane  will  intersect  the  conie  in  a  circle, 
the  second  cyclic  plane  in  a  right  line  d,  and  the  faces  of  the 
dihedral  angle  in  two  right  lines,  l,  h\  which  will  pass  through 
two  fixed  points  in  the  circle,  and  will  intersect  in  any  thurd 
point  of  this  circle ;  the  plane,  of  which  we  seek  the  enveloping 
surface,  will  be  cut  by  the  transversal  plane  in  a  right  line 
which  will  pass  through  the  two  points  in  which  the  two  right 
lines,  L,  l',  respectively  meet  the  traces  of  the  two  cyclic 
planes  upon  the  transversal  plane ;  one  of  these  traces  is  the 
rig^t  line  d,  the  other  is  at  an  infinite  distance.  If,  there- 
fore, through  the  point  in  which  the  right  line  l  meets  the 
ri^ht  line  D,  we  draw  a  right  line  parallel  to  the  right  line  l', 
this  parallel  will  be  the  trace  of  the  plane  whose  enveloping 
surface  we  are  seeking.  Now,  this  trace  envelopes  a  para- 
bola 5  for  it  makes  with  the  right  line  l  an  angle  which  is  of 
invariable  magnitude,  as  being  equal  to  the  angle  between  the 
two  right  lines,  l,  l'  ;  the  vertex  of  this  angle  moves  along 
the  fixed  right  line  d  ;  its  side  L  turns  round  a  fixed  point  in 
the  circle;  therefore,  its  second  side  envelopes  a  parabola 
touching  die  right  line  D ;  which  proves  that  the  moveable 
plane  envelopes  a  cone  of  the  second  degree  touching  the 
cyclic  plane,  which  intersects  the  transversal  plane  in  the  right 
line  D.  In  like  manner  it  may  be  proved  that  this  cone  will 
touch  the  second  cyclic  plane;  the  theorem  is  therefore 
proved. 

52.    If,  round  two  fixed  right  If,  round  a  point  assumed  in  the  in- 

lines  which  meet  another,  two  rec-  tersection  of  two  fixed  planes,  aright 

tan^ular  planes  be  made  to  turn,  angle  be  made  to  turn,  whose  sides 

their  intersection  will  generate  a  move  in  the  two  fixed  planes,  the 

cone  of  the  second  degree,  which  plane  of  this  angle  will  envelope  a 

will    pass  through  the  two  fixed  cone  of  the  second  degree,  which 

ri^ht  lines,  and  whose  cyclic  planes  will  touch  the  two  fixed  planes,  and 

will  be  perpendicular  to  these  two  whose  focal  lines  will  be  perpendicu- 

right  lines.  lar  to  these  two  planes. 
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For,  let  us  draw  through  the  ver» 
tex  of  the  moveable  angle  a  right 
line  perpendicular  to  one  of  the  two 
fixed  ptemcB ;  it  will  be  perpendicw- 
kar  to  the  side  of  the  angle  which 
moves  in  this  ptane;  the  plane  de- 
termined by  this  right  line  and  by  the 
other  side,  tmU,  therefore,  be  perpen- 
dicular to  the  former  side ;  whence 
it  follows,  that  the  planes  passing 
through  thd  right  line  and  through 
the  tvoo  sides  of  the  angle  wiU  be 
rectangular,  Now,  we  have  seen  that, 
when  two  rectangular  planes  turn 
round  a  fixed  right  line,  the  two 
right  lines,  in  which  they  intersect 
two  fixed  planes  passing  through  a 
point  in  this  right  line,  are  in  a  plane 
which  envelopes  a  cone  of  the  second 
degree,  in  which  the  fixed  right  line 
is  a  focal  line  (46,  second  column ;) 
which  proves  the  theorem. 

It  would  have  been  sufficient  to  prove  one  of  these  two 
theorems,  since  either  might  be  deduced  from  the  other  by 
reference  to  the  supplementary  cone. 


For,  when  two  planes  are  rectan- 
gular,  every  plane  perpendicular  to 
one  of  them  intersects  them  in  two 
rittht  lines  which  are  at  right  an- 
gles to  each  other;  therefore,  a 
transversal  plane  perpendicular  to 
one  of  the  hoo  fixed  right  tines  in- 
tersects the  two  moveable  planes  in 
two  right  lines  which  are  at  right 
angles  to  each  other ;  now,  these  two 
right  lines  pass  through  the  two  fixed 
points  in  which  the  transversal  plane 
meets  the  two  fixed  right  lines ;  their 
point  of  intersection  will,  therefore, 
generate  a  circle  which  passes  through 
these  two  points,  and  along  whtch 
moves  the  right  line  of  intersection 
of  the  two  moveable  planes ;  which 
proves  the  theorem. 


53.  If^  round  a  fixed  point»  a  right 
line  be  made  to  turn,  which  makes* 
with  two  fixed  planes,  angles^  the 
product  of  whose  sines  is  constant, 
this  right  line  will  generate  a  cone  of 
the  second  degree  whose  two  cyclic 
planes  will  be  parallel  to  the  two 
£^yen  planes. 


If,  round  a  fixed  point,  a  plane  be 
made  to  turn,  which  makes,  with 
two  given  right  lines,  angles,  the 
product  of  whose  sines  is  constant, 
this  plane  will  envelope  a  cone  of 
the  second  dmree  whose  focal  lines 
will  be  parallel  to  the  two  given  right 
lines. 


These  two  propositions  are  evidently  the  converses  of  the 
two  theorems  (26.) 

It  is  sufficient  to  prove  the  first. 

For  this  puroose,  let  us  take  o  as  the  fixed  point ;  m,  m,  as 
the  points  in  wnich  a  side  of  the  cone  generated  by  the  moving 
right  line  meets  the  two  fixed  planes ;  and  p,  />,  as  the  feet  of 
the  perpendiculars  let  fall  from  the  point  o  upon  these  planes; 
the  sines  of  the  angles  which  this  side  makes  with  these  planes 
are  respectively  equal  ^  ^>  ^  5  the  product  of  these  two  ratios 
ought  therefore  to  be  constant.  Now,  the  numerators  are  con- 
stanty  whatever  side  of  the  cone  we  consider ;  therefore,  the  rect- 
angle under  the  two  lines,  cm,  cm,  is  constant ;  which  proves 
that  the  point  m  being  upon  a  plane,  the  point  m  is  necessarily 
upon  a  sphere,  (Note  at  the  end  of  the  Memoir ;)  this  point  m 
lies,  therefore,  on  the  intersection  of  the  second  riven  plane 
and  this  sphere.     Hence,  the  cone  generated  by  the  moving 
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riffht  line  is  cut  in  circular  sections  by  the  two  fixed  planes; 
which  proves  the  theorem. 

54.  Aplaneandaright  line  being  A  ri^ht  line  and  a*  plane  being 
given,  if  round  their  point  of  inter-  given,  if  round  their  point  of  inter- 
section we  conceive  a  plane  to  turn  section  we  conceive  a  right  line  to 
which  makes,  with  the  eiven  plane  turn  which  makes,  with  the  given 
and  right  line,  angles,  uie  ratio  of  right  line  and  plane,  angles,  the 
whose  sines  is  constant,  this  plane  ratio  of  whose  sines  is  constant, 
will  envelope  a  cone  of  the  second  this  right  line  will  generate  a  cone 
degree,  which  will  have  the  given  of  the  second  degree,  in  which  the 
plane  for  one  of  its  cyclic  planes ;  given  right  line  will  be  a  focal  line, 
and  the  given  right  line  will  be  the  and  the  eiven  plane  will  be  the  di- 
polar of  this  cyclic  plane  with  rela-  rector  plane  corresponding  to  that 
tion  to  the  cone.  focal  line. 

These  two  propositions  are  the  converses  of  the  two  theo- 
rems (34.) 

It  is  sufficient  to  prove  the  first. 

For  this  purpose,  let  us  draw  a  transversal  plane  parallel  to 
the  given  plane ;  it  will  meet  the  given  right  line  in  a  point  a, 
and  the  moveable  plane  in  a  ri^ht  line  d. 

The  sine  of  the  angle  which  this  moveable  plane  makes 
with  the  fixed  right  line  is  equal  to  the  perpendicular  let  fall 
fi-om  the  point  a  upon  the  moveable  plane  divided  by  ao 
(o  being  the  point  of  intersection  of  the  given  plane  and 
right  line,  round  which  the  moveable  plane  turns  ;^  the  sine  of 
the  angle  which  this  moveable  plane  makes  with  tne  transver- 
sal plane  is  equal  to  the  same  perpendicular  divided  by  the 
distance  of  the  point  a  from  the  right  line  d.  The  ratio  of 
the  two  sines  is  tnerefore  equal  to  this  distance  of  the  point 
a  from  the  right  line  d,  divided  by  the  distance  oa  ;  this 
ratio  is  constant  by  hypothesis ;  the  distance  oa  is  likewise 
constant;  consequently,  the  distance  of  the  point  a  firom 
the  right  line  d  is  constant ;  thus,  the  trace  of  the  move- 
able plane  upon  the  transversal  plane  is  always  at  the  same 
distance  from  the  point  a  ;  which  proves  that  this  trace  enve- 
lopes a  circle  whose  centre  is  at  tne  point  a  ;  the  cone  enve- 
loping the  moveable  plane  is  therefore  one  of  the  second  de- 
gree, having  a  cyclic  plane  parallel  to  the  transversal  plane, 
and  the  right  line  oa  is  the  polar  of  this  cyclic  plane ;  which 
proves  the  theorem. 

55.  In  the  second  of  the  two  preceding  theorems  it  is  to  be 
observed,  that  if  from  a  point  in  the  moveable  right  line  per- 
pendiculars be  let  fall  on  the  ^ven  right  line  and  plane,  the 
ratio  of  these  perpendiculars  will  be  the  same  as  the  ratio  of 
the  sines  of  the  angles  which  the  moveable  right  line  makes 
with  the  given  right  line  and  plane.  We  have,  therefore,  the 
following  theorem  : 
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The  geometric  hcus  of  a  point  whose  distances  from  a  fixed 
right  line  and  plane  are  in  a  given  ratio^  is  a  cone  of  the  se^ 
cond  degree^  which  has  the  given  right  line  and  plane  for  a 
focal  line  and  its  corresponding  director  plane. 

If  the  ratio  of  the  distances  be  one  of  equality,  we  infer 
that 

The  surface^  in  which  every  point  is  equidistant  from  a 
given  right  line  and  plane^  is  a  cone  of  the  second  degree^ 
having  the  pven  right  line  and  plane  for  a  focal  line  and  its 
corresponding  director  plane. 

M.  Hachette  has  employed  this  theorem  iri  the  descriptive 
solution  of  the  question:  "to  find  the  centre  of  a  s{)here 
touching  a  plane  and  circumscribed  about  a  hyperboloid  of 
revolution."  (See  M.  Quetelet's  Correspondance  Mathe- 
matique  et  Physique,  Vol.  IV.  p.  285.)  As  M.  Hachette's 
proof  is  extremely  simple,  we  subjoin  it. 

Let  a  transversal  plane  be  drawn  parallel  to  the  given  plane, 
and  let  a  right  circular  cylinder  be  described,  having  for  its 
axis  the  given  right  line,  and  for  its  radius  the  distance  of  the 
transversal  plane  from  the  given  plane.  The  transversal  plane 
intersects  tne  cylinder  in  an  eUipse,  every  point  of  which  is 
equidistant  from  the  given  right  line  and  plane.  Hence  we 
perceive,  that  on  the  cone  whose  base  is  this  ellipse,  and  whose 
vertex  is  the  point  of  concourse  of  the  given  riffht  line  and 
plane,  every  point  is  equidistant  from  this  right  line  and 
plane. 

SECTION  V. 

PROBLEMS  RELATING  TO  THE  CYCLIC  PLANES  AND  TO  THE 
FOCAL  LINES  OF  CONES  OF  THE  SECOND  DEGREE;  AND 
GENERAL  PROPERTIES  OF  TRIHEDRAL  AND  TETRAHEDRAL 
ANGLES. 

56.  When  the  vertex  and  a  cyclic  plane  ofa  cone  of  the 
second  deffree  are  given,  only  tliree  other  conditions  are  re- 
quired to  determine  this  cone. 

For,  if  a  transversal  plane  be  drawn  parallel  to  the  given 
cyclic  plane,  this  plane  wul  intersect  the  cone  in  a  circle,  which 
it  will  De  necessary  to  determine.  For  this  purpose  we  require 
three  conditions.  Hence,  the  modes  of  describing  a  circle 
subject  to  three  given  conditions,  will  become  applicable  to 
the  analogous  questions  relating  to  a  cone  of  the  second  de- 
gree, of  wnich  we  have  the  vertex  and  one  cyclic  plane  g^ven. 

By  reference  to  the  supplementary  cone,  it  appears  that  the 
vertex  and  a  focal^  Une  of  a  cone  of  the  secona  degree  being 
given,  we  require  three  other  conditions  to  determine  this 
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eone ;  and  the  modes  of  construction,  will  correspcmd  to  those 
relating  to  the  analogous  questions  on  cones  of  the  second  de- 
gree, of  which  the  vertex  and  a  cyclic  plane  are  given. 

57.  The  centre  of  a  circle  which  passes  through  two  riven 
points  is  upon  the  perpendicular  erected  at  the  middle  pomt  of 
the  right  line  connecting  the  two  points.  Hence,  in  accor* 
dance  with  what  has  been  already  said  (39)  we  deduce  *  the 
two  following  theorems : 


If  a  cyclic  plane  and  two  sides  of  a 
cone  of  the  second  degree  be  given^ 
the  polar  of  this  cyclic  plane  is  upon 
a  plane  determined  by  die  two  fol- 
lowing conditions : 


1.  Its  trace  upon  the  plane  of 
the  two  sides  must  be  the  harmonic 
(»njugate>  with  relation  to  the  two 
udes,  of  the  right  line  in  which  the 
plane  of  these  two  sides  intersects 
the  cyclic  plane. 

2.  Its  trace  upon  the  cyclic  plane 
must  be  perpendicular  to  this  right 
line  of  intersection. 


If  a  focal  line  and  two  tangent 
planes  <^ a  cone  of  the  secondde- 
gree  be  given^  the  director  plane 
corresponding  to  this  focal  line, 
will  pass  through  a  right  line  which 
is  the  intersection  of  the  two  fol- 
lowio^  planes : 

1.  The  plane  which  passes  through 
the  intersection  of  the  two  given 
tangent  planes,  and  is  the  harmonic 
conjugate,  with  relation  to  these  two 
planes,  of  the  plane  passing  through 
thi?  intersectibn  and  through  the 
focal  line. 

2.  The  plane  passing  through 
this  focal  line  at  right  angles  with 
this  latter  plane. 

68.  The  centre  of  a  circle  touching  two  right  lines  is  upon 
the  right  line  which  bisects  the  angle  or  the  supplement  of  the 
angle Tbetween  them.     Hence  we  infer,  that 

If  a  cyclic  plane  and  two  tangent  If  a  focal  line  and  two  sides  of  a 
planes  of  a  cone  of  the  second  de-    cone  of  the  second  degree  be  ^ven. 


gree  be  giyen,  the  polar  of  this  cy. 
clic  plane  lies  in  the  plane  which 
passes  through  the  intersection  of 
the  two  tangent  planes,  and  whose 
trace  upon  the  cyclic  plane  bisects 
the  angle  or  the  supplement  of  the 
angle  between  the  traces  of  the 
two  tangent  planes  upon  this  cyclic 
plane. 

59.  Problem. — Given  three  sides 
and  a  cyclic  plane  of  a  cone  of  the  se- 
cond degree,  to  determine  the  polar 
of  this  cyclic  plane. 


the  director  plane  corresponding  to 
this  focal  line  passes  through  the  right 
line  in  which  the  plane  of  the  two 
sides  meets  the  vector  plane  bisect- 
ing the  angle  or  the  supplement  of 
the  angle  between  the  two  vector 
planes  passing  through  the  focal 
line  and  through  the  two  sides. 

Problem, — Given  three  tangent 
planes  and  a  focal  line  of  a  cone  of 
the  second  degree,  to  determine  the 
director  plane  corresponding  to  this 
focal  line. 


The  solutions  of  these  two  problems  are  evidently  furnished 
by  the  two  theorems  (57 ;)  it  is,  therefore,  unnecessary  to 


give  them 

Problem. — Given  three  tangent 
planes  and  a  cyclic  plane  of  a  cone 
of  the  second  degpree,  to  determine 
the  polar  of  that  cyclic  plane. 


Problem, — Given  three  sides  and  a 
focal  line  of  a  cone  of  the  second 
degree,  to  determine  the  director 
plane  of  the  cone  corresponding  to 
that  focal  line. 
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The  solutions  of  these  two  problems  are  evidently  furnished 
by  the  two  theorems  (68 ;)  it  is,  therefore,  unnecessary  for  us  to 
give  them.  But  it  ought  to  be  remarked,  that  just  as  the 
problem  of  describing  a  circle  touching  three  given  riffht  lines 
nas  four  solutions,  so  each  of  these  two  problems  will  likewise 
admit  of  four  solutions. 

61.  From  what  has  been  said  it  is  plain,  that  the  solution 
of  this  question,  **  to  describe  a  circle  touching  three  circles 
lying  in  the  same  plane,"  furnishes  immediate^  the  solutions 
of  the  two  following  problems : 


ProftZ^m.— Given  three  cones  of 
the  second  degree,  having  the  same 
vertex  and  a  common  cyclic  plane, 
to  describe  a  fourth  cone  of  the 
second  decree,  touching  these  three 
cones,  and  having  the  same  cjclic 
plane  with  them. 


Problem. — Given  three  cones  of 
the  second  degree,  having  the  same 
vertex  and  the  same  focal  line,  to 
determine  a  fourth  cone  of  the  se- 
cond degree  touching  these  three 
cones,  and  having  the  same  focal 
line  with  them. 


Each  of  these  problems,  generally  speaking,  admits  of  eight 
solutions.  The  given  cones  may  become  planes  or  right  lines,  in 
the  same  way  as  we  have  shewn,  (Annates  de  Matbematiques 
de  M.  Gergonne,)  that,  in  the  construction  of  a  circle  touching 
three  given  circles,  these  latter  may  become  right  lines  or 
points. 


62.  We  have  seen  (59,)  that  when  we 
have  a  trihedral  angle  and  a  plane 
passifig  through  its  vertex,  this  plane 
may  be  consiaered  as  the  cyclic  plane 
of  a  cone  of  the  second  degree,  three 
of  whose  generatrices  are  the  three 
edges  of  the  trihedral  angle ;  con- 
sequently, we  infer  from  theorem  22, 
that 

If,  being  given  a  trihedral  angle 
and  a  transversal  plane  passmo^ 
through  its  vertex,  we  draw  m  each 
face  of  this  anele  a  right  linethrough 
the  vertex,  which  makes,  with  one 
of  the  two  edges  lying  in  this  face, 
an  angle  equal  to  that  contained  be- 
tween the  other  edge  and  the  trace 
of  the  transversal  plane  upon  this 
face,  the  three  right  lines  thus 
drawn  in  the  tlu*ee  faces  are  in  the 
same  plane. 

This  plane  and  the  given  trans- 
versal plane  are  the  cyclic  planes 
of  a  cone  of  the  second  degree, 
circumscribed  about  the  trihedral 
angle. 


We  have  seen  (59,)  that  when  toe 
have  a  trihedral  angle  and  a  right 
line  passing  through  its  vertex,  this 
right  line  may  be  considered  as  the 
focal  line  of  a  cone  of  the  second 
degree  touching  the  three  faces  of 
the  trihedral  angle  ;  consequently, 
we  infer  from  theorem  22,  tnat 

If,  being  sriven  a  trihedral  angle 
and  a  right  line  passing  through  its 
vertex,  we  draw  through  each  edge 
of  this  trihedral  angle  a  plane,  mak- 
ing, with  one  of  the  two  faces  ad- 
jacent to  this  edge,  an  angle  equal 
to  that  which  the  other  face  makes 
with  the  plane  determined  by  the 
same  edge  and  by  the  given  right 
line,  the  three  planes  tJous  drawn 
pass  through  the  same  right  line. 

This  right  line  and  the  given  right 
line  are  the  focal  lines  of  a  cone  of 
the  second  degree  inscribed  in  the 
trihedral  angle. 
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63.  This  theorem  leads  to  the  solu- 
tion of  the  following  problem : 

Problem, — Given  tnree  sides  and 
cyclic  plane  of  a  cone  of  the  second 
degree,  to  determine  the  second  cy- 
clic plane  of  this  cone. 


This  theorem  leads  to  the  solution^ 
of  the  following  problem : 

Problem, — Given  three  tangent 
planes  and  a  focal  line  of  a  cone  of 
the  second  decree,  to  determine  the 
second  focal  Ime  of  this  cone. 


64,  Theorems  (28)  give  rise  to  the  two  following : 


Aright  line  heing drawn  through 
the  vertex  of  a  trihedral  angle,  if  it 
he  projected  orthogonally  upon  the 
three  faces  of  the  angle,  and  through 
the  three  projections  a  cone  be 
made  to  pass,  one  of  whose  cyclic 
planes  is  perpendicular  to  the  given 
right  line,  this  cone  will  intersect 
the  three  faces  of  the  trihedral  an- 
gle in  three  new  right  lines,  and  the 
planes  passing  through  these  right 
lines  and  respectively  perpendicular 
to  the  three  faces  will  intersect  in 
the  same  right  line,  which  will  be 
perpendictdar  to  the  second  cyclic 
plane  of  the  cone. 


A  plane  being  drawn  through  the 
vertex  of  a  trihedral  angle,  if  in 
this  plane  we  draw  three  right  lines 
passing  through  the  vertex,  and  re- 
spectively perpendicular  to  the  three 
edges  of  tha  angle,  each  edge  and 
its  perpendicular  will  determine  a 
plane ;  if  a  cone  of  the  second 
degree  be  described  touching  the 
three  planes  thus  determined,  and 
having  for  a  focal  line  the  perpen- 
dicular to  the  given  plane,  tnrough 
the  edges  of  the  trihedral  angle 
three  new  tangent  planes  to  the  cone 
may  be  drawn,  and  the  right  lines 
drawn  in  these  planes  respectively 
perpendicular  to  the  three  edges, 
will  all  three  be  in  a  new  plane  per- 
pendicular to  the  second  focal  line 
of  the  cone. 


66,  Theorem  (30)  leads  to  the  following  : 

If  from  any  point  perpendiculars  be  let  fall  upon  the  three 
faces  of  a  trihedral  anglcj  and  through  each  edge  of  the  angle 
a  plane  be  drawn  perpendicular  to  the  right  line  joining  the 
feet  of  the  perpendiculars  upon  the  two  faces  adjacent  to  this 
edgcy  the  three  planes  thus  drawn  will  intersect  in  the  same 
right  line. 

66.  Theorems  (31)  lead  to  the  following  : 


A  right  line  being  drawn  through 
the  vertex  of  a  trihedral  angle,  its 
orthogonal  projections  on  the  faces 
of  this  angle  will  be  the  edges  of  a 
second  trmedral  angle ;  the  planes, 
passing  through  the  edges  of  the 
first  angle,  and  respectively  perpen- 
dicular to  the  faces  of  the  second, 
will  pass  through  the  same  right 
line. 


A  plane  being  drawn  through 
the  vertex  of  a  trihedral  angle, 
three  right  lines  drawn  in  this  plane 
perpendicular  to  the  three  edges  of 
the  angle  will  respectively  deter- 
mine with  these  edges  three  planes 
forming  a  second  trihedral  angle ; 
the  three  right  lines  drawn  in  the 
faces  of  the  first  angle,  and  respec- 
tively perpendicular  to  the  three 
edges  of  the  second,  will  all  three 
be  in  the  same  plane. 


67.   It  is  known  that  the  circle  circumscribed  about  a  tri- 
angle, whose  three  sides  touch  a  parabola,  passes  through  the 
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foctu  of  that  ctmre.  (Traite  des  Proprietes  ProjectiTes  de  M. 
Poncelet,  p.  268.)  Hence  we  inter  the  first,  and  conse- 
quently, the  second,  of  the  two  following  theorems : 


If  iboot  a  cone  of  the  second  de- 
gree  sereral  trihedral  angles  he 
circtnnscrihedf  andas  manj  cones  of 
the  second  d^ee  he  respectiyelj 
circtnnscribed  about  these  trihedral 
angles  having  all  of  them  a  plane 
touching  the  ffiven  cone  for  their 
common  cychc  plane»  all  these 
cones  will  pass  through  a  common 
generatrix. 

68.  From  what  precedes  we  infer 
by  meani  of  theorem  28,  second 
column^  that 

A  cone  of  the  second  degree  being 
giyen>  if  anj  trihedral  angle  be  cir- 
cumscribed about  it,  and  in  a  fixed 
plane  touching  the  cone  three  right 
lines  be  taken  maldnff  right  an- 
gles with  the  three  e^es  of  the 
trihedral  angle,  and  if  we  further 
conceive  a  cone  touching  the  planes 
of  these  three  angles  and  having  for 
its  focal  line  the  perpendicular  to 
the  fixed  tangent  plane,  this  new 
cone  will  toucn  a  fixed  plane,  what- 
ever be  the  trihedral  angle  circum- 
scribed about  the  given  cone. 


If  in  a  cone  of  the  seccmd  degree 
several  trihedral  angles  be  inscribed^ 
and  as  many  cones  of  the  second 
degree  be  respectively  inscribed  in 
these  trihedral  angles,  having  all 
of  them  a  side  of  the  nven  cone  fcv 
their  common  focal  hne,  all  these 
cones  will  touch  the  same  plane. 


From  what  precedes  we  infer  by 
means  of  theorem  28,  Jirst  cohmn, 
that 

A  cone  of  the  second  degree  be- 
ing given,  if  any  trihedral  angle  be 
inscribed  in  it,  and  through  a  fixed 
side  of  the  cone  three  planes  be 
drawn  respectively  perpendicular  to 
the  faces  of  this  angle,  and  if  we 
further  conceive  a  cone  of  the  se- 
cond degpree  to  be  described  pass- 
ing through  theur  three  right  lines 
of  intersection  with  these  mces,  and 
having  one  of  its  cyclic  planes  per- 
pendictdar  to  the  nxed  side  of  the 
given  cone,  this  new  cone  will  pass 
through  a  fixed  right  line,  whatever 
be  the  trihedral  angle  inscribed  in 
the  given  cone. 


69.  These  two  theorems  lead  to  the  two  following  proper- 
ties of  tetrahedral  angles : 


If  a  tetrahedral  angle  be  given, 
and  also,  a  fixed  plane  passing 
throt^h  its  vertex,  the  planes  of  the 
four  races  of  the  tetrahedral  angle, 
taken  three  by  three,  will  form  £ur 
trihedral  angles:  now,  if  in  the 
given  plane  ri^ht  lines  be  taken  mak- 
ing right  angles  with  the  edges  of 
these  trihedral  angles,  and  a  cone 
of  the  second  degree  be  described, 
touching  the  planes  of  the  three  ris^ht 
angles  corresponding  to  each  trme- 
dral  angle,  and  having  one  of  its  fo- 
cal lines  perpendicular  to  the  given 
plane,  the  four  cones  thus  determined 
will  all  touch  the  same  plane. 


If  a  tetrahedral  angle  be  given, 
and  also,  a  fixed  right  line  passing 
through  its  vertex*  the  four  edges 
of  this  angle,  taken  three  by  three, 
will  determine  four  trihedral  angles: 
now,  if  through  the  given  right  line 
planes  be  drawn  perpendicular  to 
the  &ces  of  each  of  these  trihedi*al 
angles,  and  through  the  right  lines 
of  mtersection  of  these  planes  wiA 
these  faces  a  cone  of  the  second  de- 
gree be  described,  having  one  of  its 
cvclic  planes  perpendicular  to  the 

fiven  right  line,  the  four  cones  thus 
etermined  will  pass  through  a  com- 
mon g^eratrix. 
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ORGANIC    DESCRIPTION   OF    CONES  OF   THE    SECOND  DEGREE. 

70.  The  organic  description  of  the  conic  sections  given 
by  Newton,  is  founded  upon  the  following  theorem  : 

If  any  two  constant  angles  turn  round  two  fixed  points  as 
vertices,  so  that  two  of  their  sides^  intersect  upon  a  given  right 
line,  the  point  of  intersection  of  their  two  other  sides  will 

fenerate  a  conic  section,  which  will  pass  through  the  two 
xed  points.  (See  Universal  Arithmetic,  Vol.  i. ;  and  Prin- 
cipia  Mathematica,  Lib.  i.  Lemma  21.) 

This  construction  of  the  conic  sections  by  points,  is  general. 

The  cones  of  the  second  degree  admit  of  a  similar  con- 
struction, by  which  their  sides  are  determined ;  and  also  of 
another  analogous  construction  by  which  their  tangent  planes 
may  be  determined. 

These  two  modes  of  describing  the  cones  of  the  second 
degree  are  included  in  the  two  following  theorems : 


71.  If  any  two  dihedral  angles  of 
invariable  magnitude  whose  edges 
are  fixed  and  meet  one  another,  turn 
round  these  edges  so  that  two  of 
their  faces  intersect  on  a  fixed  plane 
passing  through  the  point  of  mter- 
section  of  the  two  edges,  the  inter- 
section of  their  two  other  faces  will 
generate  a  cone  of  the  second  de- 
gree which  will  pass  through  the 
two  fixed  edges. 


For  let  us  conceive  a  cone  of  the 
second  degree,  whose  focal  lines  are 
the  edges  of  the  two  moveable  dihe- 
dral angles,  and  which  touches  the 
gived  fixed  plane. 

The  two  first  faces  of  the  two  di- 
hedral angles  intersect  upon  this 
plane,  by  hypothesis ;  through  their 
right  line  of  intersection,  let  us  draw 
a  plane  u,  touching  the  cone ;  this 
plane  meets  the  second  face  of  the 
first  angle  in  a  right  line  which  ge- 
nerates a  plane  v,  touching  the  cone. 
(44,  second  column,} 

In  like  manner,  the  plane  m  meets 
the  second  face  of  the  second  angle 
in  a  right  line  which  generates  ano- 
ther plane  y,  touching  the  cone. 


Ifany  two  plane  angles  of  invaria- 
ble magnitude  have  ror  their  com- 
mon vertex  afixed  pointround  which 
they  turn  in  two  given  planes,  in 
such  a  manner  that  the  plane  deter- 
mined by  two  of  their  sides  turns 
round  a  fixed  right  line  passing 
through  their  common  vertex,  the 
plane  determined  by  their  two  other 
sides  will  envelope  a  cone  of  the 
second  degree,  which  will  touch  the 
two  planes  in  which  the  two  angles 
respectively  move. 

For  let  us  conceive  a  cone  of  the 
second  degree,  whose  cyclic  planes  are 
the  two  planes  in  which  the  two  an- 
gles move,  and  which  passes  through 
the  fixed  right  line. 

The  plane  which  contains  the  two 
first  sides  of  the  two  angles  turns 
round  this  right  line,  and  cuts  the 
cone  along  another  side  u ;  the 
plane  determined  by  this  side  and  by 
the  second  side  of  the  first  angle 
turns  round  fixed  side  of  the  cone 
p.  (44,  first  column,) 

In  like  manner,  the  plane  deter- 
mined by  the  side  m  and  by  the 
second  side  of  the  second  ar^h  turns 
round  another  fixed  side  of  the  cone  p'. 
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Hence  the  two  second  faces  of  the 
two  dihedral  angles  meet  any  plane 
M  touching  the  cone  m  two  right 
Unes  contamedin  two  facedplanes  p, 
p',  touching  this  cone  ;  but  these  two 
faces  resfictioehf  pass  through  the 
two  edges  of  the  dihedral  angles 
which  are  thefacal  Unes  of  the  cone; 
therefore,  their  right  Une  of  inter" 
section  generates  a  cone  of  the  se- 
cond degree,  passing  through  these 
two  fixed  edges.  (51 ,  second  column,') 

Q.  E.  Du 


Hence  the  two  second  sides  of  the 
two  angles  are  respectively  in  two 
planes  which  turn  round  two  faced 
sides  of  the  cone  p>  p',  and  which 
intersect  upon  another  indefinite  side 
u ;  but  these  two  sides  are  remec- 
tivehf  in  the  two  cyclic  planes  of  the 
cone ;  therefore,  their  plane  will  en- 
velope a  cone  of  the  second  degree, 
touching  these  two  cyclic  planes,  (51, 
farst  cohtmn,)  q.  b.  d. 


It  would  have  been  suffident  to  demonstrate  one  of  these 
two  theorems,  since  the  other  might  have  been  deduced  from 
it  by  reference  to  the  supplementary  cone. 

The  first  part  of  our  proof  of  the  first  theorem  is  analogous 
to  the  method  which  M.  Poncelet  has  employed  in  proving 
the  theorem  of  Newton.  (Traite  des  Proprietes  Projectives, 
p.  274.)  It  is  satis&ctory  to  make  this  comparison,  since  it 
tumishes  an  example  of  the  advantages  attending  die  modes 
of  proof  adopted  in  that  learned  work,  when  applied  to 
questions  in  the  geometry  of  three  dimensions  as  well  as  to 
tnose  of  plane  geometry. 


72.  ProftZ^m.— -Given  five  sides  of 
a  cone  of  the  second  d^ee>  to  de> 
termine  sl\  the  other  sides  of  the 
cone  bj  the  movement  of  two  dihe> 
dral  angles  round  their  edges. 

Let  A,  B,  c,  D,  E,  be  the  Jive  given 
sides;  let  us  tahe  the  first  two  a,  b, 
tu  the  edges  of  the  two  moveable  dU 
hedral  angles,  and  conceive  that  when 
two  faces  of  these  angles  simulta- 
neously coincide  with  tM  plane  of  the 
two  sides  a,  b,  their  two  other  faces 
intersect  eUong  the  third  side  c  ;  so 
that  these  two  angles  are  perfectly 
determined. 

Now  let  them  be  turned  round 
their  edstes  Ay  b,  so  that  their  two 
faces,  which  before  passed  through 
the  side  c,  may  intersect  along  the 
fourth  side  d,  and  again  along  the 
fifth  Me  E ;  thexr  two  fast  faces 
which  originally  coincided  with  the 
plane  of  the  two  edges  a,  b,  will 
successively  intersect  in  two  right 
lines  D'y  e\ 

Let  the  right  line  of  intersection 


Proft/em.— Given  five  tangent 
planes  to  a  cone  of  the  second  de- 
gree^ to  determine  all  the  other  tan- 
gent planes  hj  the  movement  of  two 
angles  in  their  respective  planes. 

JLet  A,  By  c,  J),  E,  be  the  five  given 
planes:  let  us  take  the  fast  two  a,  b, 
as  the  planes  of  the  two  moveable 
angles  ;  the  third  plane  c,  wiU  tnter" 
s^  them  in  two  right  lines  which 
will  make  two  angles  with  the  right 
Une  of  inter sectum  with  these  two 
planes ;  these  wiU  be  the  two  movea- 
ble  angles. 

Now  let  them  be  turned  round 
their  common  vertex  in  their  respeC' 
live  planes  a,  b,  so  that  their  two 
sides,  which  before  were  contained  in 
the  plane  c,  may  lie  in  the  plane  n, 
anaa^ain  in  the  plane  e  ;  Meir  two 
fast  sides  which  originally  coincided 
with  the  right  Une  of  intersection  of 
the  two  planes  a,  b,  wiU  successivehf 
determine  two  planes  d',  e'. 

Let  the  plane  of  the  same  two 
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of  the  same  two  faces  traverse  the  sides  turn  round  the  right  line  of 

plane  determined  by  the  two  right  intersection  of  these  two  planes  d',  e', 

lines  d',  b',  the  right  line  oftntersec-  the  plane  of  the  two  other  sides  of 

tion  of  the  two  other  faces  will  gene-  the  two  moveable  angles  will  etssume 

rate  the  required  cone  ;  as  appears  all  the  positions  of  the  planes  touch- 

from  the  preceding  theorem,  ing  the  required  cone;  as  appears 

from  the  preceding  theorenu 

SECTION  VIL 

PROPERTIES  OF  HTPERBOLOIDS  DEDUCED  FROM  THOSE  OF 
CONES  OF  THB  SECOND  DEGREE. 

73.  It  is  known  that  a  hyperboloid,  whether  of  one  or  of 
two  sheets,  and  its  asymptotic  cone  have  the  same  systems  of 
conjugate  diameters.  iNow,  we  have  proved  that  in  every 
cone  of  the  second  degree  there  are  two  axes  such  that  two 
conjugate  planes  passing  through  either  of  them,  are  always 
at  right  angles  (14)  ;  it  follows,  therefore,  that 

In  every  hyperboloid^  whether  of  one  or  of  two  sheets^  there 
are  two  diameters  such  that  two  conjugate  planes  passing 
through  either  of  them  are  always  at  right  angles  (a). 

These  two  diameters  are  the  focal  Imes  of  the  asymptotic 
cone  of  the  hyperboloid. 

74.  These  right  lines  lie  within  the  cone ;  consequently 
they  meet  the  hyperboloid  if  it  be  one  of  two  sheets,  and  do 
not  meet  it  if  it  be  of  one  sheet.  About  a  hyperboloid  of  one 
sheet,  two  cylinders  might  therefore  be  circumscribed,  having 
their  generatrices  parallel  to  the  two  right  lines  in  question. 

Two  planes  passing  through  either  of  these  right  lines,  and 
mutually  conjugate  with  relation  to  the  hyperboloid,  will 
also  be  conjugate  with  relation  to  the  circumscribed  cylinder, 
whose  generatrices  are  parallel  to  this  right  line.  A  trans- 
versal plane  perpendicular  to  this  right  line  will  cut  the 
cylinder  in  a  conic  section,  and  will  intersect  the  two  conju- 
gate planes  along  two  conjugate  diameters  of  that  curve ; 
now  tnese  two  diameters  will  be  at  right  angles ;  the  conic 
section  will  therefore  be  a  circle ;  whence  we  infer,  that 

About  every  hyperboloid  of  one  sheet  two  cylinders  may 
be  circumscribedf  whose  bases  upon  planes  perpendicular  to 
their  generatrices  are  circles  (6). 

(a)  There  are  two  similar  right  lines  in  the  ellipsoid ;  as  we  shall  show 
hereafter^  when  proving  a  more  general  property  of  the  snrfaces  of  the 
second  degree. 

(b)  This  equally  applies  to  the  ellipsoid. 
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The  axes  of  these  cylinders  are  the  Jbcal  lines  of  the 
asymptotic  cone  of  the  hyperboloid. 

75.  These  cybnders  possess  two  characteristic  properties 
which  are  easily  deduced  from  two  properties  of  cones  of  the 
second  decree.  For  it  is  well  known  that  the  sides  of  the 
asymptotic  cone  of  a  hyperboloid  of  one  sheet  are  parallel  to 
the  generatrices  of  the  hyperboloid ;  we  infer,  therefore,  from 
theorem  (34,)  second  column,  in  consequence  of  what  has 
been  just  stated,  that, 

In  every  hyperboloid  of  one  sheets  the  ratio  of  the  sines  of 
the  angles  made  by  each  generatrix  with  the  axis  of  either 
of  the  two  circumscribed  right  circular  cylinders^  and  with 
the  diametral  plane  conjugate  to  that  aocisj  is  constant. 

76.  Theorem  (24,)  second  column,  leads  to  the  following : 
In  every  hyperboloid  of  one  sheets  the  sum  or  the  difference 

of  the  angles  made  by  each  generatrix  with  the  two  axes  of 
the  circumscribed  right  circulwr  cylinders,  is  constant. 

77*  The  properties  of  the  cones  of  the  second  degree  lead 
also  to  two  theorems  relative  to  the  subcontrary  sections  of 
the  hyperboloid  of  one  sheet. 

For  every  transversal  plane  intersects  a  hyperboloid,  and  its 
asymptotic  cone  in  two  smiilar,  and  similarly  placed  conic  sec- 
tions. This  may  be  easily  shown,  for  where  two  surfaces  of  the 
second  degree  touch  one  another  along  a  plane  curve,  every 

5 lane  intersects  them  in  two  conic  sections,  which  have  a 
ouble  contact  on  the  right  line  in  which  this  plane  meets  the 
plane  of  the  curve  of  contact  of  the  two  surfaces.  If  the 
plane  of  this  curve  be  at  an  infinite  distance,  the  two  conic 
sections  will  have  a  double  contact  on  a  right  line  Ijring  at  an 
infinite  distance,  which  indicates  that  the  two  conic  sections 
are  similar,  similarly  placed,  and  concentric. 

Hence,  it  follows,  that  the  planes  of  the  circular  sections  of 
a  hyperboloid  are  parallel  to  tne  cyclic  planes  of  its  asymp- 
totic cone. 

78.  Consequently,  theorem  (26,)  first  column,  leads  to  the 
following : 

In  every  hyperboloid  of  one  sheet,  the  product  of  the  sines 
of  the  angles  made  by  each  generatrix  with  the  planes  of  the 
subcontrary  sections,  is  constant. 

79.  Every  plane  touching  a  hyperboloid  of  one  sheet  passes 
through  two  generatrices,  and  the  plane  passing  through  the 
centre  of  the  hyperboloid  intersects  the  asymptotic  cone  along 
two  sides  parallel  to  these  two  generatrices ;  consequently, 
theorem  (22,)  first  column,  leads  to  the  following : 

In  every  hyperboloid  of  one  sheet,  the  tangents  drawn  at 
any  point  on  its  surface  to  the  two  circular  sections  passing 
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through  this  poin^e^ectively  make  equal  angles  with  the 
two  generatrices  which  meet  in  this  point. 

Note  referred  to  in  Nos.  17  and  53. 

Theorem. — If  from  a  faced  point  radii  he  drawn,  terminating  at  dif- 
ferent points  of  a  given  pUme,  and  points  he  assumed  on  these  radii,  whose 
distances  from  the  fixed  point  are  reciprocally  proportional  to  the  radii, 
these  points  will  all  he  on  a  sphere  which  will  pass  through  the  fixed 
point,  and  whose  centre  wiU  be  on  the  perpendicular  let  f(Sl  from  this 
point  upon  the  plane. 

For,  let  o  be  the  fixed  pomt,  p  the  foot  of  the  perpendicular  let  fall 
from  this  point  upon  the  given  plane>  and  m  any  point  whatever  in  the  plane ; 
let  us  assume  upon  the  radu.  op,  om,  two  points  p,  m,  such  that  op,09?»,  may  be 
reciprocally  proportional  to  op,  om>  that  is  to  say,  such  that  we  shall  nave 
OP.  op  —  c^,  OM.om = c^i  (a  being  a  constant  right  line ;)  the  triangles  opm 
opm,  are  plidnly  similar,  the  angle  m  is,  therefore,  a  right  angle ;  which 
proves  that  the  point  m  is  upon  the  sphere  described  upon  op  as  diameter. 

Q.  E.  D. 
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SECTION  I. 


PRBLIMINARY   CONSIDERATIONS. 

1.  Let  there  be  a  cone  of  the  second  degree  having  its  ver- 
tex at  the  centre  of  a  sphere.  The  curve  of  intersection  of 
these  two  surfaces  is  a  line  qf  curvature  of  the  cone,  since  it 
is  every  where  normal  to  the  generatrices  of  the  cone,  which 
are  also  lines  of  curvature. 

By  the  intersection  of  the  sphere  with  the  two  sheets  of 
the  cone,  we  obtain  two  curves,  which  return  into  them- 
selves, and  which  are  evidently  symmetrical  with  relation  to 
the  three  principal  planes  of  the  cone,  in  the  same  manner  as 
the  cone  itself  is  symmetrical  with  relation  to  these  three 
planes.  These  two  curves  are  also  symmetrical  with  relation 
to  the  three  great  circles  in  which  these  planes  intersect  the 
sphere. 

Each  of  these  two  curves  is  of  double  curvature,  unless  the 
cone  be  one  of  revolution,  in  which  case  they  are  both  circles 
of  the  sphere.  These  two  curves,  in  the  general  case  of  any 
cone  of  the  second  degree,  have  the  form  of  an  ellipse, 
and  differ  less  from  this  curve  as  the  radius  of  the  sphere  be- 
comes greater.     On  this  account  we  may  be  permitted  to  p^il] 

"    3f  th  


each  of  these  r>|irvP|  a  .jj^her 

2.  Let  the  prmcipai  plane  oi  tnecone  be  drawn,  and  let 
us  only  consider  the  hemisphere  and  the  sheet  of  the  cone 
situated  above  this  plane ;  tnis  sheet  will  determine  a  spheri- 
cal ellipse  upon  the  surface  of  the  sphere ;  the  principal  axis 
of  the  cone  will  penetrate  the  sphere  in  a  point  which  will  be 
the  centre  of  this  ellipse;  for  it  will  bisect  every  arc  of  a 
great  circle  passing  through  this  point  and  included  within 
Uie  curve ;  since  tne  arc  of  a  great  circle,  included  between 
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two  points  on,  a  sphere,  measures  the  angle  contained  by  two 
right  lines  drawn  from  the  vertex  of  the  cone  to  these  two 
points. 

Every  arc  of  a  great  circle  passing  through  the  centre  and 
terminated  by  the  curve  b  a  digf^^trnl  arc  of  the  curve. 

The  greatest  and  the  least  of  the  diametral  arcs  of  the  ellipse, 
which  we  shall  call  its  yrtncipcU  diametral  arcs,  are  contained 
in  the  planes  of  the  greatest  ana  least  sections  of  the  cone. 
These  arcs  terminate  m  four  points  of  the  ellipse,  which  may 
be  called  its  vertices. 

The  two  focal  lines  of  the  cone  will  penetrate  the  hemi- 
sphere, on  which  is  traced  the  spherical  ellipse  which  we  are 
now  considering,  in  two  points  which  may  be  called  the 
Jbci  of  the  ellipse,  on  account  of  the  similarity  which  may  be 
shown  to  exist  between  their  properties  and  those  of  the  foci 
of  plane  ellipses. 

Lastly,  the  two  cyclic  planes  of  the  cone  will  intersect  the 
same  hemisphere  in  two  great  semi-circles,  which  will  have 
the  major  axis  of  the  cone  for  their  common  diameter.  This 
major  axis  lies  in  the  plane  of  the  greatest  diametral  arc  of  the 
ellipse;  and  these  two  g^reat  semi-circles  are  perpendicular  to 
the  least  diametral  arc,  and  never  meet  the  ellipse.  In  order  - 
to  indicate  their  origin,  let  us  call  these  two  arcs  the  cyclic 
arcs  of  the  spherical  ellipse. 

3.  Now  let  us  draw  the  plane  of  the  least  section  of  the 
cone.  It  is  clear  that  this  plane  will  divide  the  complete  inter- 
section of  the  cone  and  sphere  into  two  equal  parts,  symme- 
trically placed  with  relation  to  this  plane. 

Let  us  consider  the  part  of  this  intersection  lying  on  one 
side  of  this  plane  :  it  will  consist  of  two  branches  which  will 
be  halves  of  the  two  spherical  ellipses ;  these  two  branches 
being  symmetrical  with  respect  to  the  diametral  plane  perpen- 
dicubr  to  the  principal  axis  of  the  cone,  and  receding  more 
and  more  from  this  plane  as  the  distance  from  their  vertices  in- 
creases, form,  when  considered  together,  a  curve  which  may 
be  called  a  sifherical  hwerbola.  its  centre  is  the  point  where 
the  major  axis  of  the  cone  penetrates  the  liemisphere  on  which 
the  curve  is  traced ;  its  two  Jbci  are  the  points  where  the  two 
focal  lines  of  the  cone  penetrate  this  hemisphere.  The  curve 
has  but  two  vertices,  and  its  foci  lie  upon  the  arc  of  a  great 
circle  which  joins  them. 

Lastly,  the  two  cyclic  planes  of  the  cone  intersect  the 
hemisphere  in  two  great  semicircles,  which  pass  through  the 
centre  of  the  hyperbola,  and  make  equal  angles  with  the  arc 
which  joins  its  two  foci.  These  are  the  two  cyclic  arcs_pi 
the  hyperbola. 
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^  4.  Again,  let  us  consider  the  hemisphere  lying  on  either 
side  of  the  plane  of  the  greatest  section  of  the  cone,  that  is, 
the  plane  containing  the  two  focal  lines. 

On  this  hemisphere  we  shall  have  two  halves  of  the  two 
spherical  ellipses.  These  two  curves  turn  their  concave  parts 
towards  each  other,  and  approach  towards  the  principal  plane 
of  the'cone  as  the  distance  from  their  vertices  increases. 

These  two  branches  taken  together  form  a  third  sp^oiea  o( 
spherical  curve.  This  curve  has  a  rfnfrf^  which  is  the  point 
of  intersection  of  the  sphere  with  the  minor  axis  of  the  cone  ; 
it  has  four  Jbci  which  are  in  the  plane  of  the  greatest  section 
of  the  cone,  and  two  cyclic  arcs  which  lie  between  the  two 
branches  of  the  curve,  and  are  perpendicular  to  the  arc  of  the 
great  circle  which  joins  its  two  vertices. 

The  three  curves  which  we  have  just  been  considering,  are 
portions  of  the  same  curve  which  arises  from  the  complete 
intersection  of  the  sphere  with  a  cone  of  the  second  degree, 
having  its  vertex  at  the  centre  of  the  sphere.  We  may, 
therefo^^^  dftfti|ynate  them  all  by  the  common  name  oTspher^ 

5.  The  Spherical  conies  possess  a  great  number  of  pro- 
perties, of  which  the  most  part  are  very  remarkable. 

It  is  to  be  observed,  that  all  these  properties  are  double^ 
that  is  to  say,  to  every  proposition  relative  to  the  spherical 
conies,  there  always  corresponds  a  second  proposition  relative 
to  these  same  curves. 

This  results  from  the  fact,  that  the  properties  of  the  cones 
of  the  second  degree  are  double,  as  we  have  already  proved. 
(See  section  10  of  the  preceding  Memoir.)  But  we  may  also 
prove  this  general  principle  by  observing,  that  to  any  figure 
traced  upon  the  surface  of  the  sphere  there  always  corres- 
ponds a  second  figure,  which  is  the  envelope  of  the  arcs  of 
great  circles,  whose  planes  are  perpendicular  to  the  radii  of 
the  sphere  drawn  to  the  diflferent  points  of  the  first  figure. 
Each  property  of  the  first  figure  nas,  therefore,  always  a 
corresponding  property  in  the  second  figure ;  but  if  the  first 
figure  be  a  cordc^  tne  second  will  also  be  a  conic\  arising  from 
the  intersection  of  the  sphere  with  the  cone  supplementary  to 
that  on  which  the  first  conic  lies ;  which  proves  the  principle 
that  has  been  stated. 

We  may  call  the  two  conies  supplementary^  as  well  as  the 
two  cones ;  the  cyclic  arcs  of  either  of  them  are  in  the  dia- 
metral planes  perpendicular  to  the  diameters  of  the  sphere 
passing  through  the  foci  of  the  other. 

.6.  Among  the  numerous  properties  of  the  spherical  conies 
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there  are  two  whidi  hsre  been  already  given  by  M.  Maffnne, 
of  Berlin.  (See  Annales  de  Math^mat^nes,  Angaat,  1825.) 
Theyare  the  two  following: 

^*  The  sum  or  the  difference  of  the  two  radii  vectores  drawn 
from  the  two  foci  of  a  s[dierical  conic  to  any  point  in  it  is 
constant. 

*^  The  two  radii  rectores  drawn  to  any  point  of  the  conic 
make  equal  angles  with  the  arc  of  a  gpneat  cirde  touching  the 
curve  at  that  point." 

7.  It  is  evident  that,  by  reference  to  the  supplementary  conic 
whose  properties  we  have  just  stated,  we  mu^ht  immediately 
deduce  from  these  two  propositions  the  folfowing  theorems 
which  appear  to  us  to  possess  an  equal  degree  of  int^est : 

**  In  every  spherical  conic  there  are  two  arcs  of  great  circles 
such  that  the  sum  or  the  difference  of  the  angles,  wUch  each 
arc  of  a  great  circle  touching  the  conic  makes  with  them,  is 
constant. 

*^  Every  arc  of  a  great  drcle,  touching  the  conic  and  tar- 
minated  by  these  two  fixed  arcs,  is  bisected  at  its  point  of 
contact  with  the  conic." 

The  former  of  these  two  propositions  shows  that, 

*^*  The  envelope  of  the  bases  of  all  the  spherical  triangles, 
which  have  a  common  vertical  angle  and  the  same  area,  is  a 
spherical  conic." 

8.  This  latter,  and  the  preceding  theor^n,  are  exactly  ana* 
loeous  to  the  following  well-known  properties  of  thenyper- 
bda: 

**  The  envelope  of  the  bases  of  all  the  plane  triangles,  which 
have  a  common  vertical  angle  and  the  same  area,  is  a  hyper-* 
bola. 

*^  The  portion  of  any  tangent  to  a  hyperbola  intercepted  by 
the  two  asymptotes  is  bisected  at  the  point  of  contact  with 
the  curve. 

We  shall  find  the  same  analogy  between  several  other  pro- 
perties of  the  spherical  conies  and  those  of  the  hyperbola,  so 
that  the  cyclic  arcs  of  the  spherical  conies  will  be  found  to 
bear  the  same  relation  to  those  curves  that  its  asymptotes  do 
to  the  hyperbola. 

As  to  the  two  theorems  of  M.  Magnus,  they  bear  a  striking 
similarity  to  the  known  properties  of  the  fod  of  the  conic 
sections :  the  same  may  oe  observed  of  all  the  other  pro- 
perties of  the  foci  of  these  curves. 

In  &ct,  we  shall  show  in  the  last  section  of  this  Memoir,  how 
the  properties  of  the  foci  of  the  conic  sections  and  those  of 
the  asymptotes  of  the  hyperbola  may  be  ccmsidered  as  conse- 
quences from  those  which  we  prove  with  relation  to  the  foci 
and  the  cyclic  arcs  of  the  spherical  conies. 
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But  as  these  properties  of  the  foci  of  the  spherical  conies  may 
be  applied  to  ail  the  plane  conic  [sections,  it  might  naturally 
be  supposed  that  those  of  the  cyclic  arcs  ought,  in  like  man- 
ner, to  have  corresponding  ones  in  every  plane  conic  section ; 
they  therefore  ^de  us  to  the  discovery  of  a  new  class  of 
general  properties  of  the  plane  conic  sections,  of  which  those 
of  the  asymptotes  of  the  hyperbola  are  only  particular  cases. 

We  shall  make  these  new  properties  of  the  plane  ccmic 
sections,  the  subject  of  a  separate  memoir,  as  we  mean  to  couple 
with  them  the  analogous  properties  of  the  surfaces  of  the 
second  degree. 

9.  It  is  surprising  that  the  elegance  of  M.  Magnus's  two 
propositions  has  not  yet  directed  the  attention  of  geometers 
to  researches  of  this  land,  and  that  the  theory  of  the  spherical 
ccmics  has  yet  to  be  constructed,  although,  in  consequeaee  of 
the  duality  of  all  the  propositions  of  spherical  geometry,  it 
admits  perhaps  of  a  wiaer  extension  than  that  of  the  plane 
conic  sections. 

We  do  not,  indeed,  pretend  to  lay  before  the  reader  a  theory 
of  these  conies;  but  we  propose  merely  to  state  a  certain 
number  of  those  among  their  propa*ties  which  relate  to  the 
foci  and  to  the  cyclic  aresy  and  which  result  immediately  from 
those  which  we  have  proved  relative  to  the  cones  of  the 
second  degree.  It  is  manifest  that  various  other  known  pro- 
perties of  the  cones  of  the  second  degree,  would  furnish,  in 
like  manner,  and  without  difficulty,  properties  of  the  spherical 
conies,  which  ought  to  find  a  place  m  a  treatise  on  these 
curves. 

10.  A  spherical  ellipse  and  a  spherical  hyperbola  have  each 
only  two  foci;  but  a  complete  spherical  conic  has  four  foci 
placed  at  the  extremities  of  two  diameters  of  the  sphere.  In 
the  theorems  relating  to  two  foci,  we  must  always  be  under- 
stood to  refer  to  two  loci  assumed  respectively  on  these 
two  diameters,  and  not  to  two  foci  assumed  upon  the  same 
diameter;  for  the  two  foci  ought  to  belonff  to  the  two  focal 
lines  of  the  cone  on  which  the  conic  is  traced. 

But  it  will  be  more  simple  to  suppose,  in  all  that  follows, 
that  the  conic  is  a  single  spherical  ellipse  or  hyperbola,  and 
to  consider  upon  the  sphere  only  the  nemisphere  on  which 
this  ellipse  or  hyperbola  is  traced;  by  this  means  we  shall 
avoid  aU  ambiguity ;  an  arc  of  a  great  circle  touching  the 
curve  will  have  only  one  point  of  contact  with  it,  whust  it 
would  touch  it  in  two  points,  were  we  to  consider  the  com- 
plete conic;  any  two  ares  of  great  circles  will  intersect  in  only 
one  point,  since  we  consider  only  one-half  of  the  sphere ;  for 
the  same  reason  three  arcs  of  great  circles  will  intersect  two 
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by  two  in  only  three  points,  and  wiU  form  but  a  single  spheri- 
cal triangle. 

As  we  shall  only  have  to  speak  of  arcs  of  great  circles, 
we  may  be  allowed,  for  the  sake  of  brevity,  to  use  merely 
the  word  arc  ;  and  it  must  be  fully  understood  that  we  only 
mean  arcs  of  ereat  circles. 

We  shall  c^  the  angle  formed  by  two  arcs  of  great  circles 
a  spherical  angle  ;  their  point  of  intersection  will  w  the  vertex 
of  the  an^le.  We  shall  call  every  arc  of  a  great  circle  passing 
through  we  focus  of  a  conic  a  vector  arc. 

The  properties  of  the  spherical  conies  which  we  are  about 
to  state  bemg  all  immediate  conseauences  from  those  of  the 
cones  of  the  second  degree,  which  we  have  proved  in  the 
preceding  Memoir,  it  wifi  be  sufficient  to  eive  the  enunciations 
of  them,  indicating,  in  the  case  of  each,  the  corresponding 
property  of  the  cones  of  the  second  degree  (a). 

SECTION  II. 

PBOPERTIBS  RBLATINO  TO  THB  TWO  CTCLIC  ARCS  OF  A 
SPHERICAL  conic;  AND  PROPERTIES  RELATING  TO  ITS 
TWO   FOCI. 

11.  The  two  theorems  (20  a,)  lead  to  the  following : 

Every  arc  of  a  great  circle  touch-        The  vector  arcs,  drawn  from  the 

ing  a  spherical  conic  intersects  the  two  foci  of  a  spherical  conic  to  any 

two  cyclic  arcs  in  two  points^  which  point  on  the    curve*   make  equal 

are  equally  distant  from  the  point  angles  with  the  arc  of  a  great  circle 

of  contact  with  this  tangent  arc.  touching  the  conic  at  that  point. 

12.  Conversely, 

If  a  curve  traced  upon  a  sphere  If  a  curve  traced  upon  a  sphere 
be  such  that  every  arc  of  a  great  be  such  that  the  arcs  of  great  circles, 
circle,  touching  the  curve  and  ter-  drawn  from  two  fixed  points  to  any 
minated  by  two  fixed  arcs  of  great  point  in  the  curve^make  equal  angles 
circles,  is  bisected  at  the  point  with  the  arc  of  a  great  circle  touch- 
where  it  touches  the  curve,  this  ing  the  curve  at  that  point,  this 
curve  is  a  spherical  conic.  curve  is  a  spherical  conic. 

This  follows  from  the  two  theorems  (21  a.) 

13.  The  two  theorems  (22  a,)  lead  to  the  following,  of 
which  the  two  in  No.  11  are  only  particular  cases  : 

Every  arc  of  a  great  circle  inter-  The  two  vector  arcs,  drawn  from 
sects  a  spherical  conic  in  two  points    the  two  foci  of  a  spherical  conic  to 

(a)  We  shall  use  numbers,  followed  by  the  letter  a,  in  referring  to  the 
paragraphs  of  the  preceding  Memoir. 
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which  are  e<]uaUy  distant  from  the 
points  in  which  tnis  arc  respectively 
cuts  the  two  cyclic  arcs. 


the  point  of  intersection  of  two  arcs 
touching  the  curve,  respectively  make 
equal  angles  with  these  tangent 
arcs. 


14.  Theorems  (23  a,)  lead  to  the  following 


The  planes  of  two  arcs  touch- 
ing a  spherical  conic  intersect  the 
planes  of  the  two  cyclic  arcs  in  four 
ri^ht  lines,  which  are  the  genera- 
trices of  a  right  cone  whose  axis  of 
revolution  is  perpendicular  to  the 
plane  of  the  great  circle  passing 
through  the  two  points  of  contact 
of  the  tangent  arcs. 


The  planes  of  four  vector  arcs 
drawn  from  the  two  foci  of  a  sphe- 
rical conic  to  any  two  points  of  the 
curve  will  all  touch  the  same  right 
cone  whose  axis  of  revolution  is  the 
right  line  of  intersection  of  the  planes 
ofthe  two  arcs  touching  the  conic  at 
these  two  points. 


15.  Theorems  (24  o,)  lead  to  the  foUowhig : 


The  sum  or  the  difference  of  the 
aaffles  which  each  arc  touching  a 
spherical  conic  makes  with  the  two 
cyclic  arcs  is  constant. 


The  sum  or  the  difference  ofthe 
vector  arcs  drawn  from  the  two  foci 
of  a  spherical  conic  to  any  point  of 
the  curve  is  constant. 


16.  Theorems  (!25  a,)  lead  to  the  following : 


Every  arc  of  a  great  circle  touch* 
ing  a  spherical  conic  intersects  the 
two  cyclic  arcs  in  two  points,  such 
that  the  product  of  the  trigonome- 
tric tangents  of  the  semi-arcs  lying 
between  these  points  and  the  point 
of  intersection  of  the  two  cyclic 
arcs  is  constant. 


The  vector  arcs,  drawn  from  the 
two  foci  of  a  spherical  conic  to  any 
point  of  the  curve,  make,  with  the 
diametral  arc  which  joins  the  two 
foci,  two  angles,  such  that  the 
product  of  the  trigonometric  tan- 
gents of  their  halves  is  constant. 


17.  Theorems  (26  a,)  lead  to  the  following : 

In  every  spherical  conic  the  pro-  In  every  spherical  conic  the  pro- 
duct of  the  smes  of  the  arcs  of  great  duct  of  the  smes  of  the  arcs  of  great 
circles  drawn  from  any  point  of  the  circles  drawn  from  the  two  foci  at 
e^rve  at  right  angles  with  the  two  right  angles  with  any  arc  touching 
cyclic  arcs  is  constant.  the  curve  is  constant. 

18.  The  two  theorems  (28  a,  second  and  first  columns,) 
respectively  lead  to  the  two  following : 


A  spherical  conic  and  its  two 
cyclic  arcs  being  given,  if  one  ex- 
tremity of  an  arc  of  90**  traverse 
either  of  the  two  cyclic  arcs  whilst 
the  other  extremity  moves  along 
the  conic,  this  quaarantal  arc  will 
envelope  a  second  spherical  conic, 


If  from  the  foci  of  a  spherical 
conic  arcs  be  drawn  perpendicular 
to  the  arcs  touchii^  the  curve,  their 
respective  points  of  intersection  with 
these  tangent  arcs  will  be  upon  a 
second  spherical  conic,  which  will 
have  a  double  contact  with  the  given 
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which  win  have  a  d^mble  contact  one^  and  who«e  cyclic  arcs  will  be 

with  the  ffiTSB  ime,  and  whoee  foci  in  the  planes  perpendicular  to  the 

will  be  the  extremities  of  the  radii  radii    of  the   sphere  which    pass 

of  the  sphere  perpendicular  to  the  through  the  two  fod  of  the  given 

planes  of  the  cyclic   arcs   of  the  conic 
given  conic. 

19*  The  two  theorems  (31  a,  second  and  first  columns,) 
respectively  lead  to  the  following : 


A  spherical  conic  and  one  of  its 
cgrdic  arcs  being  given,  if  between 
thb  arc  and  the  curve,  two  arcs  of 
90<»  be  inserted,  and  from  their 
point  of  intersection  a  third  qua- 
drantal  arc  be  drawn  terminating  in 
the  arc  which  joins  those  two  ex- 
tremities of  the  two  former  ones 
which  lie  upon  the  conic,  this  ex- 
tremity of  the  third  arc  will  fall 
upon  tile  second  cyclic  arc  of  the 


If  from  a  focus  of  a  spherical 
conic  two  arcs  be  drawn  perpen> 
dicular  to  two  arcs  touchmg  the 
curve,  and  if  the  feet  of  the  two 
perp^idicular  arcs  be  joined  by  an 
arc  of  a  great  circle,  the  arc  drawn 
at  right  angles  with  this  latter  from 
the  point  of  concourse  of  the  two 
tangent  ares  will  pass  through  the 
second  focus  of  the  curve. 


20.  Theorems  (32  a,)  lead  to  the  following : 


If  two  spherical  conies  have  the 
same  cychc  arcs,  and  a  common 
tangent  arc  be  drawn  to  them,  the 
part  of  this  arc  intercepted  between 
the  two  points  of  contact  will  be  a 
quadrant. 


If  two  opherical  conies  which  have 
the  same  toci  intersect,  they  will  be 
at  right  angles  to  each  other  at 
each  point  <^  intersection. 


SECTION    III. 

PROPERTIES  OF  THE  SPHERICAL  CONICS  RELATING  TO  A 
SINGLE  CYCLIC  ARC  ;  AND  PROPERTIES  RELATING  TO  A 
SINGLE  FOCUS. 

21.  If  through  any  point  on  the  surfitce  of  a  sphere  two  arcs 
of  great  circles  be  drawn  touching  a  spherical  conic,  the  arc 
of  a  fi^eat  circle  joining  the  two  points  of  contact,  may  be 
called  the  polar  arc  of  the  point  with  relation  to  the  conic ; 
and  conversely,  this  point  will  be  called  the  pole  of  its  polar 
arc. 

From  the  properties  of  rifi^ht  lines  and  polar  planes  in  cones 
of  the  second  deg^ree  which  nave  been  stated  (1  a,)  it  evidently 
foUows,  that 

The  polar  arcs  qf  all  the  points  qf  any  arc  qf  a  great 
circle^  with  relation  to  a  spherical  conic^  pass  all  of  them 
through  the  same  pointy  which  is  the  pole  of  that  arc  ;  and 
conversely. 
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The  poles  of  all  the  arcs  of  great  circles  passing  through 
the  same  point,  taken  with  relation  to  a  spherical  conic,  are 
all  of  them  upon  the  same  arc  of  a  great  circle  which  is  the 
polar  arc  of  the  fixed  point. 

To  the  polar  arcs  of  its  foci  we  give  the  name  of  director 
arcs  of  a  spherical  conic. 

22.  Hence,  the  two  theorems  (34,  a,)  lead  to  the  following : 

In  every  spherical  conic,  the  ratio 
of  the  sines  of  the  arcs  which  measure 
the  distances  of  each  point  on  the 
curve  from  a  focus  and  from  its  cor- 
responding director  arc  is  constant. 


In  every  spherical  conic,  the  sine 
of  the  angle  which  each  tangent  arc 
to  the  curve  makes  with  a  cyclic 
arc  has  a  constant  ratio  to  the  sine 
of  the  distance  of  this  tangent  arc 
from  the  pole  of  the  cyclic  arc. 


23.  Theorems  (36,  o,)  lead  to  the  following  \ 


Every  arc  touching  a  spherical 
conic,  and  the  arc  drawn  through 
its  point  of  contact  and  through  the 
pole  of  a  cyclic  arc  of  the  conic, 
meet  that  cyclic  arc  in  two  points 
the  distance  between  which  is  90o. 


The  two  vector  arcs  drawn  from 
one  focus  of  a  spherical  conic  to 
anv  point  of  the  curve  and  to  the 
pomt  where  its  tangent  arc  at  the 
former  point  meets  the  director 
arc,  are  always  at  right  angles. 


24.  Theorems  (37,  a,)  lead  to  the  following : 


Two  tangent  arcs  to  a  spherical 
xionic,  and  the  arc  which  joins  their 
points  of  contact  with  the  curve,  in- 
tersect the  cvclic  arc  in  three  points, 
the  third  of  which  bisects  the  dis- 
tance between  the  first  two. 


The  vector  arcs  drawn  from  a 
focus  of  a  spherical  conic  to  two 
points  of  the  curve  make  equal 
angles  with  the  vector  arc  drawn  to 
the  point  of  intersection  of  the  two 
arcs  touching  the  conic  at  those  two 
points. 


25.  Theorems  (38,  a,)  lead  to  the  following  ; 


Two  tangent  arcs  to  a  spherical 
conic,  and  the  arc  passing  through 
their  point  of  intersection  and 
through  the  pole  of  a  cyclic  arc, 
meet  that  arc  in  three  points  the 
third  of  which  bisects  the  distance 
between  the  other  two. 


The  vector  arcs  drawn  from  a 
focus  of  a  spherical  conic  to  two 
points  on  the  curve  make  equal 
angles  with  the  vector  arc  drawn 
to  the  point  in  whi(^  the  arc  joining 
the  two  points  on  the  curve  meets 
the  director  arc. 


26.  Theorems  (39,  a,)  lead  to  the  following  : 


The  arc  passing  through  the  pole 
of  a  cyclic  arc  ofa  spherical  conic, 
and  tnrough  the  point  of  inter- 
section of  two  arcs  touching  the 
curve,  and  the  arc  passing  through 
the  two  points  of  contact  of  these 
tangent  arcs,  meet  the  cyclic  arc  in 
two  points,  the  distance  between 
which  is  90*. 


The  two  vector  arcs  drawn  from 
one  focus  of  a  spherical  conic  to 
the  point  of  intersection  of  two  arcs 
toucnine  the  curve,  and  to  the  point 
in  which  the  arc  passing  through 
the  two  points  of  contact  meets  the 
director  arc,  are  at  right  angles. 
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The  pomts  in  which  the  arc  join- 
ing the  two  points  of  contact  meets 
the  cyclic  arc>  and  the  arc  which  joins 
its  pole  with  the  point  of  concourse 
of  the  two  tangent  arcs^  are  hannonio 
eoi^jngates  with  relation  to  the  two 
points  of  contact. 


The  two  arcs  passii^  through  the 
point  of  concourse  of  the  two  tan« 
gent  arcs^  and  passings  the  one 
throuffh  the  focus  of  the  conicy  and 
the  otner  through  the  point  in  which 
the  arc  whic^  joins  the  two  points 
of  contact  meets  the  director  arc, 
are  harmonic  conjugates  with  re- 
lation to  the  two  tangent  arcs. 


27*  The  two  theorems  (40,  a,)  lead  to  the  following: 


If  through  a  point  assumed  upon 
acyclic  arc  of  a  spherical  conic  two 
arcs  be  drawn  touching  the  conic, 
the  arc  joining  the  two  points  of 
contact  will  meet  the  cyclic  arc  in  a 
point  whose  distance  m>m  the  for- 
meris  90<>. 


If  through  a  focus  of  a  spherical 
conic  a  transrersal  arc  be  drawn,  its 
pole  with  relation  to  the  conic  will 
oe  upon  tiie  director  arc,  and  the 
arc  drawn  from  the  focus  to  this 
pole  wiU  be  perpendicular  to  the 
transversal  arc. 


28.  Theorems  (41,  a,)  lead  to  the  following : 


When  a  spherical  quadrilateral  is 
mscribed  in  a  spherical  conic,  the 
portion  of  a  cyclic  arc  of  the 
conic  included  between  two  ad- 
jacent sides  of  the  quadrilateral  is 
supplonental  to  the  arc  included  be- 
tween the  two  other  sides. 


Whoi  a  spherical  quadrilateral  is 
circumscribed  about  a  spherical 
conic,  the  angle  between  the  two 
vector  arcs  drawn  from  one  focus 
to  two  adjacent  vertices  of  the 
quadrilateral  is  supplemental  to 
the  angle  between  the  two  vector 
arcs  c&awn  to  the  two  other  ver- 
tices. 


29.  Theorems  (42,  a,)  lead  to  the  following : 


If  through  two  fixed  points  on  a 
spherical  conic  two  arcs  be  drawn 
which  intersect  in  any  third  point 
of  the  curve,  the  segment  which 
they  will  intercept  upon  a  cyclic 
arc  will  be  of  invariable  magnitude.  . 

This  segment' will  be  a  quadrant, 
if  the  arc  which  joins  the  two  fixed 
points  passes  through  the  pole  of  the 
cyclic  arc. 


Two  fixed  arcs  being  drawn 
touching  a  spherical  conic,  and  any 
third  tangent  arc  intersecting  the 
two  former  in  two  points,  tiie  vector 
arcs  drawn  from  a  focus  of  the  conic 
to  these  two  points  will  contain  be- 
tween them  a  constant  anffle. 

This  angle  will  be  right,  if  the 
point  of  concourse  of  the  two  fixed 
tangent  arcs  be  upon  the  director 
arc  corresponding  to  the  focus. 


30.  The  two  theorems  (43,  a,)  lead  to  the  following : 


If  through  the  two  vertices  which 
are  at  the  extremities  of  tiie  least  dia- 
metral arc  of  a  spherical  ellipse  two 
arcs  be  drawn  intersecting  in  any 
third  point  of  the  curve,  the  segment 
intercepted  between  these  two  arcs 
upon  a  cyclic  arc  will  be  a  quadrant. 


Every  arc  touching  a  spherical 
conic  cuts  the  arcs  touching  the 
curve  at  the  two  vertices  which 
are  at  the  extremities  of  its  greatest 
diametral  arc  in  two  points  such 
that  the  two  vector  arcs  drawn  from 
a  focus  to  these  two  points  are  at 
right  angles. 
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31.  Theorems  (44,  a,)  lead  to  the  following  * 


If  upon  a  cyclic  arc  of  a  spherical 
conic  a  segment  of  given  magnitude 
be  arbitrarily  assumed,  and  through 
one  of  its  extremities  and  a  fixed 
point  of  the  curve  an  arc  be  drawn 
meeting  the  curve  in  a  second  point, 
the  arc  drawn  through  this  second 
point  and  throt^h  the  other  extre- 
mity of  the  segment  will  pass  through 
a  fixed  point  on  the  come. 


If  roimd  a  focus  of  a  sphericaf 
conic,  as  vertex,  a  spherical  angle  of 
invariable  magnitude  be  made  to 
tum,and  through  the  point  where  one 
of  its  sides  meets  a  fixed  arc  touch' 
ing  the  curve,  a  second  tangent  ard 
be  drawn,  this  arc  will  meet  the 
second  side  of  the  angle  in  a  point 
the  geometric  locus  of  which  will 
be  an  arc  touching  the  conic. 


32«  Theorems  (45,  o,)  lead  to  the  follbwing : 


If  through  a  point  assumed  arbi- 
trarily on  a  cychc  arc  of  a  spherical 
conic  two  arcs  be  drawn  touching 
the  curve,  the  sum  of  the  trigono- 
metric co^anKents  of  the  angles 
which  they  m&e  with  the  cyclic  arc 
will  be  ccmstant. 


If  through  a  focus  of  a  spherical 
conic  an  arc  be  drawn  arbitrarily 
meeting  it  in  two  points,  the  sum  of 
the  trigonometric  co-tangents  of  the 
arcs  lying  between  the  foci  and 
these  two  points  will  be  constant. 


SECTION  IV. 


GEOMETRIC   LOCI   RELATING   TO   THB    CYCLIC    ARCS   AND    TO 
THB    FOCI    OF   THB    SPHBRICAL    CONICS. 

33.  Theorems  (46  a,)  lead  to  the  foUowmg : 


If  the  sides  of  a  spherical  angle 
of  variable  magnituoe  pass  always 
through  two  fixed  points  on  the  sur- 
face of  a  sphere,  wnilst  the  segment 
intercepted  between  its  sides  upon 
an  arc  of  a  given  great  circle  is  of 
a  constant  length,  the  vertex  of  this 
an^le  will  generate  a  spherical  conic 
which  will  have  the  fixed  arc  for  a 
cyclic  arc,  and  which  will  pass 
through  the  two  fixed  points. 


Two  fixed  arcs  and  a  point  being 
given  on  a  sphere,  if  round  this 
point  as  vertec  a  spherical  angle  of 
mvariable  magnitude  be  made  to 
turn,  and  if  the  two  points  in  which 
its  sides  respectively  meet  the  two 
fixed  arcs  be  joined  by  an  arc  of  a 
great  circle,  this  arc  inll  envelope  a 
spherical  conic  which  will  have  the 
nxed  point  for  a  focus,  and  which 
will  touch  the  two  fixed  arcs. 


34.  Theorems  (47  a,)  lead  to  the  followmg  : 


If  two  tangent  arcs  be  drawn  to  a 
spherical  conic  so  that  the  segment 
intercepted  between  them  upon  a 
cyclic  arc  of  the  conic  may  be  of  a 


If  an  angle  of  invariable  magni- 
tude be  made  to  turn  round  a  focus 
of  a  spherical  ccmic  as  vertex,  th^  arc 
joining  the  two  points  in  which  its 
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constant  length,  the  geometric  locus 
of  the  point  of  concourse  of  these 
two  arcs  will  be  a  second  spherical 
conic. 

The  arc  joining  the  two  points 
of  contact  of  these  two  arcs  with  the 
giren  conic  will  anTelope  a  third 
conic. 

The  cyclic  arc  in  question  will  be 
a  cyclic  arc  of  the  two  new  conies, 
and  this  arc  will  have  the  same  pole 
with  relation  to  the  three  conies. 


sides  meet  the  curve  wiU  envelope 
a  second  conic. 


The  tai^ent  arcs  to  the  given 
conic  at  these  two  points  will  inter- 
sect upon  a  third  conic. 

The  focus  in  question  will  also  be 
a  focus  of  the  two  new  conies,  and 
the  corresponding  director  arc  will 
be  the  same  in  the  three  c<mics. 


35.  Theorems  (48,  a,)  lead  to  the  foUowing : 


If  round  a  fixed  point  assumed  on 
a  spherical  conic  a  spherical  angle 
of  variable  magnitude  be  made  to 
turn,  whose  sides  intercept  upon  a 
cyclic  arc  of  the  curve  a  se^ent  of 
a  constant  lei^^»  the  arc^ominff  the 
two  points  in  which  the  sides  of  this 
angle  meet  the  conic  will  envelope 
a  second  conic ;  the  cyclic  arc  upon 
which  the  segments  are  measured 
will  be  a  cyclic  arc  of  the  new  conic, 
and  it  will  have  the  same  pole  in 
the  two  curves. 


If  round  a  focus  of  a  spherical 
conic  as  vertex  a  sphmcal  angle  of 
invariable  magnitude  be  to  turn, 
and  through  the  two  points  in  which 
its  sides  meet  a  fixed  arc  touchii^ 
the  conic  two  arcs  be  drawn  touch- 
ing the  curve,  the  point  of  concourse 
of  these  two  arcs  will  generate  a 
second  conic;  the  focus  of  the 
given  conic  wUl  also  be  a  focus  of 
tiie  new  conic,  and  the  corresponding 
director  arc  will  be  the  same  in  the 
two  curves. 


36.  Theorems  (49,  a,)  lead  to  the  following : 


A  spherical  conic  and  a  fixed  arc 
arbitrarily  drawn  being  given,  if 
two  tangent  arcs  to  the  conic  be 
drawn  so  that  the  s^pnent  inter- 
cepted between  them  on  the  ^ven 
arc  may  be  a  quadrant,  the  pomt  of 
concourse  of  these  two  arcs  vrill 
generate  a  second  conic  which  vrill 
have  the  given  arc  for  a  cyclic  arc. 

This  arc  will  have  the  same  pole 
in  the  two  conies. 

37.  If  the  fixed  arc  he  one  of  the 
principal  diametral  arcs  of  the  come, 
the  theorem  may  he  thus  stated : 

If  a  variable  spherical  anffle,  cir- 
cumscribcd  about  a  spherical  conic, 
move  so  that  the  sepnent  inter- 
cepted between  its  sides  upon  a 
prmcipal  diametral  arc  of  the  conic 
may  always  be  a  <pulrant,  the 
vertex  of  this  angle  will  generate  a 
small  circle  of  the  sphere. 


A'spherical  conic  and  a  fixedpoint 
arbitrarily  assumed  on  the  sphere 
being  given,  if  round  this  pomt  as 
vertex  a  right  spherical  an^le  be 
made  to  turn,  and  if  the  pomts  in 
which  its  sides  meet  the  conic,  taken 
two  by  two,  be  joined  by  four  arcs, 
these  four  arcs  will  envelope  a 
second  conic  of  which  the  fixed  point 
vrill  be  a  focus. 

This  point  will  have  the  same 
polar  arc  in  the  two  curves. 

If  the  fixed  point  he  the  centre 
of  the  conic,  the  theorem  may  he  thus 
stated: 

If  a  right  spherical  angle  turn 
round  the  centre  of  a  spherical  conic 
as  vertex,  the  arc  joining  the  points 
in  which  its  two  sides  meet  the 
curve  will  envelope  a  small  circle  of 
the  sphere. 
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This  is  also  a  consequence  from  the  two  theorems  (50,  a.) 
38.  The  two  theorems  (61,  a,)  lead  to  the  following : 


If  round  two  fixed  points  on  a 
spherical  conic  two  arcs  be  made  to 
turn  intersecting  in  any  third  point 
of  the  curve,  these  arcs  will  re- 
spectively meet  the  two  cyclic  arcs 
of  the  conic  in  two  points,  and  the 
arc  joining  these  two  points  will 
envelope  a  spherical  conic  touching 
these  two  cyclic  arcs. 


Two  fixed  tangent  arcsbeing  drawn 
to  a  spherical  conic,  anv  third  tan- 
gent arc  will  intersect  them  in  two 
points,  and  the  arcs  respectively 
drawn  through  these  points  and 
through  the  two  foci  of  the 
conic  will  intersect  in  a  point  the 
geometric  locus  of  which  will  be  a 
spherical  conic  passing  through  the 
two  foci  of  the  given  one. . 


39.  Theorems  (52,  a,)  lead  to  the  following : 


If  roimd  two  fixed  points  two 
f  arcs  be  made  to  turn,  contdning  be- 
tween them  a  right  angle,  their 
point  of  intersection  will  generate  a 
spherical  conic  passing  through  the 
two  fixed  points,  and  whose  cyclic 
arcs  will  be  in  the  two  planes  per- 
pendicular to  the  radii  of  the  sphere 
drawn  to  the  two  fixed  points. 


If  the  extremities  of  an  arc  of  90<> 
move  along  the  sides  of  any  given 
spherical  angle,  this  moveable  arc 
will  envelope  a  spherical  conic  which 
will  touch  the  two  sides  of  the  angle, 
and  whose  foci  will  be  the  extremi- 
ties of  the  radii  of  the  sphere  per- 
pendicular to  the  planes  of  these 
sides. 


40.  Theorems  (53,  a,)  lead  to  the  following : 


Two  fixed  arcs  being  given  upon 
a  sphere,  if  a  point  be  sought  such 
that  the  product  of  the  sines  of  its 
distances  from  the  two  fixed  arcs 
may  be  constant,  the  geometric 
locus  of  this  point  will  be  a  spheri- 
cal conic  whose  cyclic  arcs  will  be 
the  two  given  arcs. 


Two  fixed  points  being  given  upon 
a  sphere,  if  an  arc  be  drawn  such 
that  the  product  of  the  sines  of  its 
distances  from  these  two  points 
may  be  constant,  this  arc  will 
envelope  a  spherical  come  whose 
foci  will  be  the  two  given  points. 


41.  Theorems  (64,  a,)  lead  to  the  following : 


An  arc  and  a  point  being  given 
upon  a  sphere,  if  an  arc  be  sought 
such  that  the  sine  of  the  angle  which 
it  maizes  with  the  given  arc,  and  the 
sine  of  its  distance  from  the  given 
point,  may  have  a  constant  ratio, 
this  arc  will  envelope  a  conic  which 
will  have  the  pven  arc  for  a  cyclic 
arc ;  and  the  eiven  point  will  be,  with 
relation  to  uiis  conic,  the  pole  of 
that  cyclic  arc. 

42.  If  in  the  second  theorem  the 
of  equality,  we  infer  from  it,  that 


A  point  and  an  arc  being  given 
upon  a  sphere,  if  a  point  be  sought 
such  that  the  sines  of  its  distances 
from  the  given  point  and  arc  may 
have  a  constant  ratio,  the  geometric 
locus  of  this  point  will  be  a  conic  of 
which  the  given  point  will  be  a  focus ; 
and  the  given  arc  will  be  the 
director  arc  corresponding  to  that 
focus. 


ratio  of  the  sines  be  one 
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The  spherical  curve  every  point  of  which  is  equi-^Ustant 
from  a  given  point  and  from  a  given  arc  of  a  great  circle  is 
a  conic  having  this  point  and  cure  fir  a  focus  and  its  cor- 
responding director  arc. 


SECTION  V, 


PROBLEMS  RELATING  TO  THE  CYCLIC  ARCS  AND  TO  THE 
FOCI  OF  THE  SPHERICAL  CONICS ;  AND  GENERAL  PRO- 
PERTIES OF  SPHERICAL  TRIANGLES  AND  QUADRILATE- 
RALS. 


43.  When  a  cyclic  arc  of  a  sphe- 
rioal  conic  is  given,  only  three  other 
oonditions  are  required  in  order  to 
determine  the  curve. 


When  a  focus  of  a  roherical  conic 
is  g^ven,  only  tibree  other  conditions 
are  required  in  order  to  determine 
the  curve. 


This  is  a  consequence  of  what  we  have  said,  with  reference 
to  cones  of  the  second  deg^ree  (56,  a.) 

44.  Theorems  (57,  a,)  lead  to  the  following : 


A  cyclic  arc  and  two  points  of  a 
spherical  conic  being  given,  the 
pole  of  this  cyclic  arc  lies  upon  the 
arc  which  passes  through  tne  two 
following  points : 

1.  The  point  which  b,  with  rela- 
tion to  the  two  given  points,  the 
harmonic  conjugate  of  that  in  which 
the  arc  joining  these  two  points 
meets  the  given  cyclic  arc. 


2.  The  point  on  the  cyclic  arc 
which  is  90o  distant  from  that  in 
which  this  arc  meets  the  arc  joining 
the  two  given  points. 


A  focus  and  two  tangent  arcs  to 
a  spherical  conic  being  given,  the 
director  arc  correspondi^  to  that 
focus  passes  through  the  point  of 
intersection  of  the  two  following 
arcs: 

1.  The  arc  which  passes  through 
the  point  of  concourse  of  the  two 
ffiven  tangents,  and  which  is  the 
harmonic  conjugate,  with  relation 
to  these  two  arcs,  of  the  arc  drawn 
through  this  point  of  concourse  and 
through  the  given  focus. 

2.  The  arc  drawn  through  this 
focus  perpendicular  to  this  latter 
arc  joining  the  focus  with  the  point 
of  concourse  of  the  two  tangent  arcs. 


45.  Theorems  (58,  a,)  lead  to  the  following : 


A  cyclic  arc  and  two  tangent  arcs 
to  a  spherical  conic  being  given. 

The  pole  of  that  cyclic  arc  lies 
upon  the  arc  drawn  through  tiie 
point  of  concourse  of  the  two  tan- 
gent arcs  and  through  the  middle 
of  the  arc  (or  the  supplement  of 
the  arc)  intercepted  upon  this  cyclic 


A  focus  and  two  points  on  a 
spherical  conic  being  given. 

The  director  arc  cmresponding 
to  that  focus  passes  through  the 
point  in  which  the  arc  joining  the 
two  given  points  meets  the  vector 
arc  which  bisects  the  angle  (or  the 
supi^ementof  the  angle)  contained 
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arc  between  the  two  given  tangent    between  the  two  vector  arcs  drawn 
arcs.  from  the  given  focus  to  the  two 

points  on  the  conic. 

46.  The  two  theorems  (44,)  respectively  contain  the  so- 
lutions of  the  two  following  problems  : 


Problem, — Given  three  points  and 
a  cyclic  arc  of  a  spherical  conic,  to 
determine  the  pole  of  this  cyclic 
arc. 


Problem, — Given  three  tangent 
arcs  and  a  focus  of  a  spherical  conic, 
to  determine  the  director  arc  corres- 
ponding to  this  focus. 


47.  The  two  theorems  (45,)  in  like  manner  enable  us  to 
resolve  the  two  following  problems,  each  of  which  admits  of 
four  solutions : 


Problem, — Given  three  tangent 
arcs  and  a  cyclic  arc  of  a  spherical 
conic,  to  determine  the  pole  of  this 
cyclic  arc. 


Problem, — Given  three  tangent 
arcs  and  a  focus  of  a  spherical  conic, 
to  determine  the  director  arc  cor- 
responding to  that  focus. 


48.  We  have  just  seen  (46,)  that 


A  spherical  triangle  being  given, 
and  also  any  arc  of  a  great  circle, 
this  arc  may  be  considered  as  a  cyclic 
arc  of  a  spherical  conic  passing 
through  the  three  vertices  of  the 
triangle. 


A  spherical  triangle  being  given, 
and  (uso  a  fixed  point  upon  the 
sphere,  this  point  may  be  considered 
as  the  focus  of  a  spherical  conic 
touching  the  three  sides  of  the  tri- 
angle. 


This  remark  will  aid  us  in  the  proof  of  some  general  pro- 
perties of  spherical  triangles  and  quadrilaterals. 


49.  Theorems  (13,)  lead,  as  appears  from  what  we  have 
just  said,  to  the  two  following  properties  of  spherical  triangles: 


If  a  spherical  triangle  and  a  trans- 
versal arc  be  given,  and  upon  each 
side  of  the  triangle  a  point  be  as- 
sumed whose  distonce  from  one  ex- 
tremity of  that  side  is  equal  to  the 
distance  of  the  other  extremity 
from  the  point  in  which  the  trans- 
versal arc  meets  the  side,  the  three 
points  thus  determined  upon  the 
^three  sides  of  the  triangle  will  lie 
upon  the  same  arc  of  a  great 
circle. 


A  spherical  triangle  being  given, 
if  through  a  fixed  point  an  arc  be 
drawn  to  each  vertex  of  the  triangle, 
and  through  that  vertex  a  second 
arc  be  drawn  which  makes  with  one 
of  the  adjacent  sides  of  the  triangle 
an  angle  equal  to  that  whichuie 
first  arc  makes  with  the  other  side, 
the  three  arcs  thus  drawn  will  pass 
through  the  same  point. 
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Thb  arc  and  the  j^ren  transrenal 
arc  will  be  the  cjcbc  arcs  of  a  conic 
circnmscribed  about  the  spherical 
triangle. 

50.  This  theorem  /urmshes  the 
solution  of  the  foUowtng 

Problem, — Given  three  points 
and  a  cyclic  arc  of  a  spherical  conic, 
to  determine  the  second  cyclic  arc 
of  this  curve. 


This  point  and  the  given  pmnt 
will  be  tne  foci  of  a  spherical  conic 
inscribed  in  the  given  triangle. 

This  theorem  fumuhes  the  «o- 
hUion  of  the  foUowing 

Problem, — Given  three  tangent 
arcs  and  a  focus  of  a  spherical  conic, 
to  determine  the  second  focus  of 
this  curve. 


51.  TheoFems  (18)  lead  to  the  two  following  properties  of 
spherical  triangles : 


A  spherical  triangle  and  a  trans- 
versal arc  being  given,  if  upon  this 
arc  three  points  be  assumed  which 
are  respectively  distant  by  90<*  from 
the  three  vertices  of  the  triangle,  and 
tiiese  points  be  connected*vnth  the 
three  vertices  by  three  arcs,  if  we  now 
describe  a  come  touching  these  last 
three  arcs  and  having  for  its  focus 
the  extremity  of  the  radius  of  the 
sphere  perpendicular  to  the  plane  of 
tne  given  transversal  arc,  and 
through  the  vertices  of  the  given 
triangle  draw  three  new  arcs  touch- 
ing uiis  conic,  and  if  we  assume 
upon  these  arcs  three  points  res- 
pectively distant  by  90<*  from  the 
vertices,  these  three  points  will  be 
upon  the  same  arc  of  a  great  circle. 

This  arc  will  be  in  the  plane  per- 
pendicular to  the  radius  of  the 
sphere  drawn  to  the  second  focus  of 
the  conic. 


If  from  a  point  assumed  arbi- 
trarily upon  a  sphere  three  arcs  be 
drawn  perpendicular  to  the  three 
sides  oi  a  spherical  triangle,  and 
through  the  feet  of  these  perpen- 
diculars a  spherical  conic  be  made 
to  pass,  which  has  for  a  cyclic  arc 
the  great  circle  contained  in  the 
plane  perpendicular  to  the  radius  of 
the  sphere  drawn  to  the  given  point, 
this  conic  will  meet  the  three  sides 
of  the  triangle  in  three  new  points 
such  that  the  arcs  drawn  through 
these  pouits  and  respectively  perpen- 
dicular to  the  three  ndes  will  pass 
through  the  same  point. 


This  point  will  be  the  extremity  of 
the  radius  perpendicular  to  the 
plane  of  the  second  cyclic  arc  of  the 


52.  Theorems  n9)  lead  to  the  two  following  properties 
of  spherical  triangles : 


A  triangle  and  an  arc  of  a  great 
circle  being  traced  upon  a  sphere, 
if  through  each  vertex  of  the  tri- 
angle an  arc  of  90^  be  drawn  termi- 
nated by  the  given  arc,  the  th^ee 
arcs  thus  drawn  will  form  a  second 
spherical  triangle;  if  through  the 
vertices  of  this  new  triangle  three 
arcs  of  90*»  be  drawn,  respectively 
terminated  bv  the  three  opposite 
sides  of  the  nrst  triangle,  the  ex- 
tremides  of  these  three  arcs  will  lie 
upon  the  same  arc  of  a  great  circle. 


If  from  a  point  assumed  upon  a 
sphere  arcs  be  drawn  perpendicular 
to  the  three  sides  of  a  spherical  tri- 
angle, their  feet  will  be  the  three 
vertices  of  a  new  triangle  inscribed 
in  the  first ;  and  if  from  the  ver- 
tices of  the  first  triangle  arcs  be 
drawn  respectively  perpendicular  to 
the  opposite  sides  of  the  second  tri- 
angle, these  three  arcs  will  pass 
through  the  same  point. 
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53.  The  two  theorems  (67  a,)  lead  to  the  foUowmg 


If  about  a  spherical  conic  any 
number  of  spherical  triangles  be 
circumscribed^  and  as  many  spheri- 
cal conies  be  circumscribed  about 
these  triangles,  having  all  of  them 
for  a  common  cyclic  arc  a  fixed 
tangent  arc  to  the  given  conic,  all 
these  curves  will  pass  through  the 
same  point. 


If  in  a  spherical  conic  any  num- 
ber of  spherical  triangles  be  in- 
scribed, and  as  many  spherical  co- 
nies be  inscribed  in  these  triangles, 
having  all  of  them  for  a  common 
focus,  a  fixed  point  on  the  given 
conic,  all  these  curves  will  touch 
the  same  arc  of  a  great  circle. 


54.    From  the  two  theorems  (68  a,)  we  deduoe  the  fol- 
lowing : 


A  spherical  conic  being  given,  if 
any  spherical  trianele  be  circum- 
scribed about  it,  ana  if  upon  a  fixed 
arc  touching  the  conic  three  points 
be  assimied  such  that  the  arcs  res- 
pectively drawn  from  these  points 
to  the  three  vertices  of  the  triangle 
may  be  quadrants  ;  and  if  we  fur- 
ther suppose  a  conic  to  be  described 
touching  these  three  arcs,  and  hay- 
ing for  its  focus  the  extremilj  of 
the  radius  of  the  sphere  perpenmcu- 
lar  to  the  plane  of  the  fixed  arc,  this 
new  conic  will  always  touch  the 
same  arc  of  a  great  circle,  whatever 
be  the  triangle  circumscribed  about 
the  given  conic. 

65.  The  two  theorems  (69  a,)  lead  to  the  two  following 
general  properties  of  spherical  quadrilaterals : 


If  from  a  fixed  point  assumed 
upon  a  spherical  conic,  three  arcs 
be  drawn  perpendicular  to  the  sides 
of  a  spherical  triangle  inscribed  in 
the  conic,  and  if  through  tihe  feet  of 
these  perpendiculars  a  spherical 
conic  be  made  to  pass,  having  for 
a  cvclic  arc  the  arc  of  a  great 
circle  lying  in  the  plane  perpendi- 
cular to  the  radius  of  the  sphero 
drawn  to  the  fixed  point  on  the 
given  conic,  this  new  conic  will  al- 
ways pass  through  a  fixed  point, 
whatever  be  the  triangle  inscribed 
in  the  given  conic. 


A  spherical  quadrilateral  being 
given,  its  sides,  taken  three  by  three, 
will  form  four  trianeles ;  if  tiirough 
the  vertices  of  each  of  these  tri- 
angles three  quadrantal  arcs  be 
drawn,  terminated  by  the  same 
given  arc  of  a  great  circle,  and  if  a 
conic  be  descrmed,  touching  these 
three  arcs,  and  having  fDr  a  foeus 
the  extremity  of  the  radius  of  the 
sphere  perpendicular  to  the  plane 
of  the  given  great  circle,  the  fbur 
conies  thus  determined  will  all 
touch  the  same  arc  of  a  great 
circle. 


^  A  spherical  quadrilateral  bemg 
given.  Its  four  vertices,  taken  three 
By  three,  will  determine  four  tri- 
angles ;  if  from  a  fixed  point  arcs  be 
drawn  perpendicular  to  the  three 
sides  of  each  of  these  triangles, 
and  if  through  the  three  points  in 
which  these  arcs  respectively  meet 
the  sides,  a  spherical  conic  be  made 
to  pass,  havmg  one  of  its  cyclic 
ares  in  the  plane  perpendicular  to 
the  radius  of  the  imhere  which  is 
drawn  to  the  given  nxed  point,  the 
four  ccmics  thus  determined  will  all 
pass  through  the  same  point. 
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SECTION  VI. 

ORGANIC  DESCRIPTION  OF  THB  SPHERICAL  CONICS. 

56.  The  two  theorems  (71  a,)  relatb^  to  the  description  of 
the  cones  of  the  second  degree,  respectively  lead  to  the  two 
following : 


If  any  two  spherical  angles,  each 
of  invanable  magnitude,  turn  round 
two  fixed  points  as  vertices^  so  that 
two  of  their  sides  intersect  on  a 
g^ven  fixed  arc,  the  point  of  inter- 
section of  their  two  other  sides  will 
generate  a  spherical  conic  which 
will  pass  through  the  two  fixed  ver- 
tices of  the  moveable  angles. 


If  along  two  given  fixed  arcs  any 
two  segments,  each  of  invariable 
magnitude,  be  made  to  move, 
so  that  the  arc  joining  two  of 
their  extremities  may  turn  round 
a  fixed  point,  the  arc  joining  their 
two  other  extremities  will  envelope 
a  conic  which  will  touch  the  two 
fixed  arcs  along  which  the  two  s^- 
ments  move. 


The  first  of  these  two  theorems  is  exactly  analogous  to  that 
of  Newton,  rektive  to  the  organic  description  of  the  plane 
conic  sections. 


57.  Problem, — Given  five  points 
of  a  spherical  conic,  to  determine  all 
the  other  points  of  the  curve  by  the 
movement  of  two  spherical  angles 
round  their  vertices. 

Let  A,  B,  c,  D,  E,  be  the  Jive 
given  points ;  let  us  take  the  first 
two  A,  B,  for  the  vertices  of  the 
two  moveable  angles^  and  these 
angles  wiU  be  (cab),  (cba). 


Now  let  these  angles  be  turned 
round  their  vertices  a,  b,  «o  that 
their  sides  ca,  cb,  may  pass  at  the 
same  time  through  the  paint  d,  and 
again  through  the  point  b;  their 
two  other  sides,  which  originally 
coincided  with  the  arc  ab,  unU  suc- 
cessively intersect  in  two  points 
d',  b'. 


Problem. — Given  ^ve  tangent 
arcs  to  a  spherical  conic,  to  deter- 
mine all  the  other  tahgent  arcs  of 
the  curve  by  the  movement  of  two 
arcs  along  the  circumferences  of 
two  great  circles. 

Let  a,  b,  c,  d,  e,  be  the  Jive 
given  arcs ;  let  us  take  the  eircum' 
ferences  of  the  great  circles  to  which 
thejirst  two,  a,  b,  belong,  far  those 
along  which  the  two  moveable  arcs 
are  to  be  measured  ;  the  third  arc  c, 
produced  if  necessary,  wiU  meet  the 
first  two  A,  B,  in  two  points,  and 
the  arcs  included  between  these  two 
points  and  the  point  of  intersection 
of  A  andtwiU  be  the  two  moveable 
arcs. 

Now  let  these  two  arcs  be  moved 
along  their  circuntferenoes,  so  that 
their  extremities,  which  before  were 
placed  tqwn  the  arc  c,  may  be  upon 
the  arc  d,  and  again  upon  the  arc 
b;  their  two  other  extremities, 
which  originally  coincided  with  the 
point  of  intersection  of  the  boo  arcs 
A,  B,  wUl  successively  determine  two 
arcs  d',  e'. 
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Let  the  point  of  intersection  of  Let  the  arc  joining  the  same  two 
the  same  two  sides  traverse  the  arc  extremities  turn  round  the  point  of 
of  a  great  circle  determined  by  intersection  of  these  two  arcs  d\  e'  ; 
the  two  points  d',  e';  the  point  of  the  arc  joining  the  two  other  ex- 
intersection  of  the  two  other  sides  tremities  of  the  two  moveable  arcs 
will  generate  the  required  conic,  as  will  envelope  the  required  conic,  as 
appears  from  the  preceding  theo-  appears  from  the  preceding  theo- 
rem, rem. 


SECTION   VII. 

PROPERTIES    OF    THE    PLANE    CONIC    SECTIONS    DEDUCED    AS 
CONSEQUENCES  FROM  THOSE  OF  THE  SPHERICAL  CONICS. 

58.  We  have  stated  (8),  that  from  the  propositions  relative 
to  the  spherical  conies,  contained  in  this  memoir,  we  might 
deduce  a  very  great  number  of  the  properties  of  the  foci  of 
the  plane  conic  sections,  and  some  properties  of  the  asymp- 
totes of  the  hyperbola. 

For  this  purpose,  it  is  sufficient  to  suppose  that  the  centre  of 
the  sphere  recedes  to  an  infinite  distance  upon  the  radius  which 
passes  through  the  centre  of  the  spherical  conic.  This  curve 
will  degenerate  into  a  plane  conic  which  will  be  an  ellipse  or 
a  hyperbola ;  and  the  properties  of  the  foci  of  the  spherical 
conies  will  become  those  of  the  plane  conies. 

In  the  case  where  the  conic  becomes  a  hyperbola,  the  cyclic 
arcs  will  become'two  fixed  right  lines  drawn  through  the  centre 
of  the  curve ;  and  the  properties  of  the  cyclic  arcs  will  apply 
to  these  two  right  lines,  wnich  each  of  these  properties  leacfs 
us  to  recognize  as  the  asymptotes  of  the  hyperbola.. 

59.  We  shall  state  the  various  theorems  which  may  be  de- 
duced in  this  way  from  the  properties  of  the  spherical  conies ; 
at  the  end  of  each  we  shall  refer  to  the  number  of  the  theorem 
from  which  it  is  a  consequence.  First,  we  shall  give  those 
which  relate  to  the  foci,  and  afterwards  those  which  relate  to 
the  asymptotes. 

These  two  classes  of  theorems  which  are  thus  found  to  have 
a  common  origin,  present  a  remarkable  connexion  between  the 
properties  of  the  foci  and  those  of  the  asymptotes ;  properties 
so  aiflferent  both  in  their  statement  and  in  the  proofs  usually 
given  of  them.  When  discussing  the  new  properties  of  the 
conic  sections  of  which  we  have  spoken  (8),  we  mean  to  shew 
how  close  a  relation  subsists  in  other  respects  between  the  foci 
of  the  conic  sections  and  the  asymptotes  of  the  hyperbola. 
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OBNERAL  PROPERTIES  OF  THB  TWO  FOCI  OF    THE  PLANE   CO- 
NIC SECTIONS  CONSIDERED   SIMULTANEOUSLY. 

1.  The  radii  vectores  drawn  firom  the  two  foci  to  any  point 
of  the  conic  section  make  equal  angles  with  the  tangent  at  that 
point  (11). 

2.  Conversely :  If  a  curve  be  such  that  the  radii  vectores 
drawn  from  two  fixed  points  to  each  point  on  it  make  equal 
angles  with  the  tangent  at  that  point,  the  curve  is  a  conic 
section  (12). 

3.  The  two  radii  vectores  drawn  from  the  two  foci  of  a  conic 
section  to  the  point  of  concourse  of  two  tangents  respectively 
make  eoual  angles  with  those  tangents  (13)- 

4.  Tne  four  radii  vectores  drawn  from  the  two  foci  of  a  conic 
section  to  any  two  points  on  it  are  tangents  to  the  same  circle, 
whose  centre  is  the  point  of  concourse  of  the  tangents  to  the 
conic  section  at  those  two  points  (14). 

5.  The  sum  or  the  difference  of  the  two  radii  vectores  drawn 
from  the  two  fod  of  a  conic  secticm  to  any  point  on  it  is  con- 
stant (l^)* 

6.  The  product  of  the  trig^onometric  tangents  of  the  semi- 
aneles,  which  the  two  radu  vectores,  drawn  from  the  two 
foci  of  the  conic  section  to  any  point  on  it,  make  with  its  major 
axis,  is  constant  (16). 

7.  The  rectangle  under  the  perpendiculars  let  fall  from  the 
two  foci  of  a  conic  section  on  each  tangent  to  the  curve  is  con- 
stant (17). 

8.  The  locus  of  the  feet  of  the  perpendiculars,  let  fall  from  the 
two  foci  of  a  conic  section  upon  its  tangents,  is  a  drde  (18). 

9.  If  from  a  focus  of  a  conic  section  perpendiculars  be  let  fgdl 
upon  two  tangents  to  the  curve,  and  if  a  right  line  be  drawn 
joinine  their  feet,  the  perpendicular  drawn  to  Uus  right  line  from 
the  point  of  concourse  of  the  two  tangents  will  pass  through 
the  second  focus  of  the  curve  (19). 

10.  If  two  conic  sections  which  have  the  same  fod  cut  one 
another,  they  are  at  right  angles  to  each  other  at  each  point 
of  intersection  (20). 

II. 

PROPERTIES  OF  THB  PLANE  CONIC  SECTIONS  RELATING    TO  A 
SINGLE    FOCUS. 

1.  The  ratio  of  the  distances  of  each  point  on  a  conic  sec- 
tion from  a  focus  and  from  the  corresponding  directrix  is 
constant  (22). 
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2.  The  radii  vectores  drawn  from  a  focus  of  a  conic  sec- 
tion to  a  point  on  the  curve,  and  to  the  point  where  the  tangent 
at  that  former  point  meets  the  directrix,  are  at  right 
angles  (^23). 

3.  The  radii  vectcwes  drawn  ftt)m  a  focus  of  a  conic  section 
to  two  points  on  the  curve  make  equal  angles  with  the  radius 
vector  drawn  to  the  point  of  concourse  of  Uie  two  tangents  at 
those  points  (24). 

4.  The  two  radii  vectores,  drawn  from  a  focus  of  a  conic 
section  to  two  points  on  the  curve,  make  equal  angles  with 
the  radius  vector  drawn  to  the  point  in  which  the  chord  join- 
ing the  two  points  on  the  curve  meets  the  directrix  (25). 

5.  The  radius  vector  drawn  from  a  focus  of  a  conic  sec- 
tion to  the  point  of  concourse  of  two  tangents  to  the  curve, 
and  the  radius  vector  drawn  to  the  point  m  which  the  chord 
joining  the  two  points  of  contact  meets  the  directrix,  are  at 
right  angles. 

The  two  right  lines  drawn  through  the  point  of  concourse 
(Of  the  two  tangents,  and  passing,  the  one  through  the  focus, 
and  the  other  through  the  point  in  which  the  chord  joining 
the  two  points  of  contact  meets  the  directrix,  are  harmonic 
conjugates  with  relation  to  the  two  tangents  f  26). 

6.  If  a  transversal  be  drawn  through  the  locus  of  a  conic 
section,  its  pole,  with  relation  to  the  curve,  will  be  upon  the 
directrix,  and  the  radius  vector  drawn  from  the  focus  to  this 
pole  will  be  perpendicular  to  the  transversal  (27). 

7.  When  a  quadrilateral  is  circumscribed  aoout  a  conic  sec- 
tion, two  opposite  sides  of  the  quadrilateral  subtend  at  either 
focus  two  angles  supplemental  one  to  the  other  (28). 

8.  Two  fixed  tangents  being  drawn  to  a  conic  section,  the 

S)art  of  another  moveable  tangent  intercepted  between  the  two 
brmer  ones  will  subtend  at  either  focus  an  angle  of  invariable 
magnitude. 

This  angle  will  be  right,  if  the  point  of  concourse  of  the 
two  fixed  tangents  be  upon  the  directrix  (29). 

9.  The  portion  of  any  tangent  of  a  conic  section  intercepted 
between  the  two  tangents  drawn  at  the  extremities  of  the 
major  axis  subtends  a  right  angle  at  either  focus  (30). 

10.  A  conic  section  and  a  fixed  tangent  to  it  being  given, 
if  round  either  focus,  as  vertex,  an  angle  of  invariable  magni- 
tude be  made  to  turn,  and  through  the  point  in  which  one  of 
its  sides  meets  the  fixed  tangent  we  draw  a  second  tangent  to 
the  curve,  this  second  tangent  will  meet  the  second  side  of 
the  angle  in  a  point,  the  geometric  locus  of  which  will  be  a 
tangent  to  the  conic  section  (31). 

1 1 .  Any  chord  of  a  conic  section  passing  through  a  focus 
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is  divided  at  that  point  into  two  parts  the  sum  of  the  reci- 
procals of  which  is  constant  (32). 

III. 

GEOMETRIC    LOCI    RELATING    TO    THE    FOCI     OF   THE    PLANE 
CONIC     SECTIONS. 

1.  If  an  angle  of  invariable  magnitude  be  made  to  turn 
round  a  fixed  point  as  vertex,  and  if  a  right  line  be  drawn 
joining  the  two  points  in  which  its  two  sides  respectively  meet 
two  given  riffht  lines,  this  right  line  will  envelope  a  conic  sec- 
tion whose  focus  will  be  the  vertex  of  the  moveable  angle, 
and  which  will  touch  the  two  given  right  lines  (33). 

2.  If  an  angle  of  invariable  magnitude  be  made  to  turn 
round  the  focus  of  a  conic  section  as  vertex,  the  chord  which 
it  will  subtend  will  envelope  a  second  conic  section. 

The  tangents  to  the  given  conic  section  at  the  extremities 
of  this  chord  will  intersect  in  a  point  the  geometric  locus  of 
which  will  be  a  third  conic  section. 

These  two  new  conic  sections  will  have  the  same  focus  as 
the  given  conic  section,  and  the  same  corresponding  direc- 
trix (34). 

3.  If  an  angle  of  given  magnitude  be  made  to  turn  round 
the  focus  of  a  conic  section  as  vertex,  and  through  the  points 
in  which  its  sides  meet  a  tangent  to  the  curve,  two  new  tan- 
gents be  drawn,  their  point  of  concourse  will  generate  a 
second  conic  section,  ofwnich  the  fixed  vertex  of  the  moveable 
angle  will  be  a  focus,  and  the  corresponding  directrix  will  be 
that  of  the  given  conic  section  (35). 

4.  If  in  the  plane  of  a  conic  section  a  riffht  angle  be  made 
to  turn  round  a  fixed  point  as  vertex,  the  chord  subtended  in 
the  conic  section  by  the  sides  of  this  angle  will  envelope  a 
second  conic  section,  one  of  whose  foci  will  be  at  the  nxed 
point,  and  the  corresponding  directrix  will  be  the  polar  of  this 
point  with  relation  to  the  given  conic  section  (36). 

If  the  vertex  of  the  moveable  angle  be  the  centre  of  the 
given  conic  section,  the  second  conic  section  will  be  a  circle(37). 

5.  A  conic  section  and  two  fixed  tangents  being  given,  if 
any  third  tangent  be  drawn,  and  through  the  points  in  which 
it  meets  the  two  fixed  tangents,  two  right  lines  be  drawn 
respectively  passinff  through  the  two  foci  of  the  curve,  these 
two  right  lines  will  intersect  in  a  point,  the  geometric  locus 
of  which  will  be  a  conic  section  passing  through  the  two  foci 
of  the  given  one  (38). 
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6.  Two  fixed  points  being  riven,  if  a  right  line  be  drawn, 
such  that  the  rectangle  under  its  distances  from  the  two  given 
fixed  points  shall  be  constant,  this  right  line,  and  all  the 
others  determined  in  like  manner,  will  envelope  a  conic  sec- 
tion whose  foci  will  be  the  two  fixed  points  (40). 

7.  A  point  and  a  right  line  being  given,  tne  geometric  locus 
of  a  point  whose  distances  from  the  given  point  and  right  line 
are  to  each  other  in  a  constant  ratio,  is  a  conic  section  in  which 
the  given  point  is  a  focus,  and  the  given  right  line  is  the  cor- 
responding directrix  (41). 

IV. 

PROBLEMS  RELATING  TO  THE  FOCI  OF  THE  PLANE  CONIC 
SECTIONS,  AND  GENERAL  PROPERTIES  OF  PLANE  TRIANGLES 
AND  QUDRILATERALS. 

1.  When  one  of  the  foci  of  a  conic  section  is  given,  only 
three  other  conditions  are  required  to  determine  this  curve. 

(43)-  .... 

2.  A  focus  and  two  tangents  of  a  conic  section  being  given, 

the  directrix  corresponding  to  that  focus  passes  through  the 
point  of  intersection  of  the  two  following  right  lines  : 

a.  The  right  line  which  passes  through  the  point  of  con- 
course of  the  two  given  tangents,  and  is  the  harmonic  conju- 
gate, with  relation  to  these  two  tangents,  of  the  right  line  drawn 
from  this  point  of  concourse  to  the  focus  of  the  curve : 

6.  The  right  line  drawn  through  the  focus  perpendicular 
to  the  right  Une  joining  this  focus  with  the  point  of  concourse 
of  the  two  given  tangents  (44). 

3.  A  focus  and  two  points  on  a  conic  section  being  given, 
the  directrix  corresponding  to  that  focus  passes  through  the 
point  in  which  the  nght  line  joining  the  two  given  points  meets 
the  right  line  which  oisects  the  angle,  or  the  supplement  of 
the  angle,  contained  between  the  two  radii  vectores  orawn  from 
the  focus  to  the  two  given  points  (45). 

4.  The  last  theorem  but  one  furnishes  the  solution  of  the 
following  problem : 

Given  tnree  tangents  and  one  of  the  foci  of  a  conic  sec- 
tion, to  determine  the  directrix  corresponding  to  that  focus. 

5.  The  last  theorem  enables  us  to  resolve  the  following 
problem,  which  admits  of  four  solutions : 

Given  three  points  and  one  of  the  foci  of  a  conic  section,  to 
determine  the  directrix  corresponding  to  that  focus. 

6.  Three  right  lines  being  drawn  from  a  fixed  point  to  the 
three  vertices  of  a  triangle,  if  through  each  vertex  a  new  right 
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line  be  drawn,  making  with  one  of  the  two  sides  adjacent  to 
that  vertex  an  anele  eoual  to  that  which  the  former  rieht 
line  makes  with  me  otner  side,  the  three  right  lines  thus 
drawn  will  pass  through  the  same  point. 

This  point  and  that  from  which  the  three  former  right  lines 
were  drawn,  will  be  the  fod  of  a  conic  section  inscribed  in  the 
given  triangle  (49). 

7.  This  theorem  furnishes  a  solution  of  the  following  prob- 
lem: 

Given  three  tangents  and  one  of  the  foci  of  a  conic  section, 
to  determine  the  other  focus. 

8.  If  from  a  point  assumed  arbitrarily  in  the  plane  of  a  tri- 
angle three  perpendiculars  be  let  fall  upon  its  sides,  and  a  circle 
be  described  passing  through  their  feet,  the  perpendiculars 
drawn  to  the  sides  of  the  tnan^le  at  the  three  new  points  in 
which  this  circle  meets  them,  will  all  pass  through  the  same 
point  (51). 

9.  If  from  a  point  assumed  in  the  plane  of  a  trianele  three 
perpendiculars  be  let  fall  upon  its  sides,  their  feet  will  be  the 
vertices  of  a  second  triangle  inscribed  in  the  former ;  and  if 
through  the  vertices  of  the  first  triangle  right  lines  be  drawn 
respectively  perpendicular  to  the  opposite  sides  of  the  second, 
these  three  nght  lines  will  pass  through  the  same  point  (52). 

The  feet  of  the  perpendiculars  let  fall  from  this  new  point 
upon  the  sides  of  tne  given  triangle,  and  those  of  the  three 
former  perpendiculars,  will  be  six  points  lying  on  the  drcum* 
ference  of  the  same  circle. 

10.  If  any  number  of  triangles  be  inscribed  in  a  conic  sec- 
tion, and  as  many  conic  sections  be  again  inscribed  in  these 
triangles,  having  all  of  them  for  their  common  focus  a  fixed 
point  on  the  given  conic  section,  all  these  curves  will  touch 
the  same  right  line  (53). 

11.  If  from  a  point  assumed  upon  a  conic  section  perpen- 
diculars be  let  fall  upon  the  sides  of  a  triangle  inscribed  in  the 
conic  section,  the  circle  described  through  the  feet  of  these  per- 
pendiculars will  pass  through  a  fixed  point,  whatever  be  the 
triangle  inscribed  in  the  conic  section  (54). 

12.  The  four  vertices  of  a  quadrilateral,  taken  three  by 
three,  determine  four  triangles ;  if  from  any  point  perpendicu- 
lars be  let  fall  upon  the  sides  of  each  triangle,  ana  a  circle  be 
described  passing  through  their  feet,  the  four  circles  thus  deter- 
mined will  pass  through  the  same  point  (55). 


Digitized  by 


Google 


OP  THE  SPHERICAL  eOKICS.  65 


V, 

PHOPERtlES  OF  THE  TWO   ASYMPTOTES   OF  THE   HYPERBOLA 
CONSIDERED    SIMULTANEOUSLY. 

1.  Every  tangent  to  a  hyperbola  meets  the  asymptotes  in 
two  points,  wBch  are  equally  distant  from  tne  point  of 
contact  (11). 

2.  Conversely  :  If  a  curve  be  such  that  the  portion  of  each 
tangent  intercepted  between  two  given  right  Imes  is  bisected 
at  the  point  of  contact,  this  curve  is  a  hyperbola  whose  asymp- 
totes are  the  two  given  right  lines  (12).. 

3.  The  portions  of  any  secant  intercepted  between  the 
hyperbola  and  its  asymptotes  are  equal  (13). 

4.  Every  tangent  to  a  hyperbola  meets  the  asymptotes  in 
two  points,  the  rectangle  under  the  distances  of  which  from 
the  centre  of  the  curve  is  constant  (16). 

5.  In  every  hyperbola  the  rectangle  under  the  distances  of 
any  point  on  the  curve  from  the  two  asymptotes  is  con- 
stant (IT). 


VI. 

PROPERTIES    OF   THE    HYPERBOLA   RELATING   TO    A    SINGLE 
ASYMPTOTE. 

1.  Two  tangents  to  a  hyperbola,  and  the  right  line  joining 
the  points  of  contact,  meet  an  asymptote  in  three  points, 
the  third  of  which  bisects  the  distance  between  the  first 
two  (24). 

2.  If  the  two  sides  of  a  variable  angle,  whose  vertex  tra- 
verses a  hyperbola,  pass  through  two  fixed  points  on  the 
curve,  the  segment  intercepted  between  the  sides  of  this 
angle  upon  an  asymptote  will  be  of  a  constant  length  (29). 

3.  lion  either  asymptote  of  a  hyperbola  a  portion  of  given 
length  be  arbitrarily  assumed,  and  through  one  of  its  extre- 
mities and  a  fixed  point  on  the  curve  a  nght  line  be  drawn 
meeting  the  curve  in  a  second  point,  the  right  line  joining 
this  second  point  with  the  second  extremity  of  the  portion 
assumed  on  the  asymptote  will  turn  round  a  fixed  point  on 
the  hyperbola  (31). 


-    K 
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VII. 

OBOMBTRIC   LOCI     RBLATIMO  TO    THB   ASYMPTOrBS  OF  THB 
HTPBRBOLA. 

1.  If  the  two  sides  of  an  angle  of  variable  magnitude  pass 
always  through  two  fixed  points,  and  intercept  upon  a  given 
.right  line  a  s^^ent  of  a  constant  length,  the  vertex  of  this 
angle  will  generate  a  hvperbola,  which  will  pass  throii^h  the 
two  fixed  points,  and  wmch  wUl  have  the  g^ven  right  une  for 
an  asymptote  (33). 

2.  If  two  tangents  to  a  hyperbola  intercept  between  them 
on  one  of  the  asymptotes  a  segment  of  a  constant  length,  the 
fl^metric  locus  of  their  point  of  concourse  will  be  a  second 
nyperbola. 

The  chord  joining  the  two  points  of  contact  will  envelope 
a  third  hyperbola. 

The  asymptote  on  which  are  measured  the  segments  inter- 
cepted between  the  tangents  will  be  an  asymptote  of  the  two 
new  hyperbolas  (34V 

3.  It  an  angle  ot  variable  magnitude  be  made  to  turn  round 
a  fixed  point  on  a  hyperbola  as  vertex,  intercepting  on  an  asymp- 
tote a  segment  of  a  constant  length,  the  chordsubtended  by 
this  angle  will  envelope  a  second  hjrperbola,  to  which  the 
riffht  line  on  which  the  intercepted  s^pnents  are  measured 
wfll  also  be  an  asymptote  (35). 

4.  If  the  sides  of  a  variable  anjple  pass  always  through  two 
fixed  points  on  a  hyperbola,  whust  its  vertex  traverses  the 
curve,  the  sides  of  this  angle  will  respectively  meet  the  two 
asymptotes  in  two  points,  and  the  right  line  joming  these  two 
points  will  envelope  a  conic  section  touching  the  two  asymp- 
totes of  the  hyperbola  (38). 

5.  Two  right  lines  being  fi^ven,  the  geometric  locus  of  the 
point,  the  rectangle  under  whose  distances  from  the  two  right 
lines  is  constant,  will  be  a  hyperbola  of  which  the  two  right 
lines  are  the  asymptotes  (40). 

VIII. 

6B0METRIC  LOCI  RELATING  TO  ANT    CONIC  SECTIONS. 

The  first  three  of  the  five  preceding  theorems  rive  rise 
to  new  theorems,  by  means  of  the  method  of  transformmg  geo- 
metrical^ relations  which  we  have  explained  in  a  prececUng 
Memoir ;  these  theorems,  which  relate  to  any  conic  section, 
are  the  following : 
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<^  1.  If  an  angle  of  variable  magnitude  be  made  to  turn 
round  a  fixed  point  as  vertex,  so  that  the  segment  which  it  in- 
tercepts upon  a  fixed  axis  may  be  of  a  constant  length,  the 
right  line  joining  the  two  points  in  which  the  sides  of  this 
angle  respectively  meet  two  given  right  lines  will  envelope  a 
conic  section,  which  will  touch  these  two  right  lines,  and  wnich 
will  pass  through  the  vertex  of  the  moveable  angle. 

"  JThe  tangent  to  the  curve  at  this  point  will  be  parallel  to 
the  axis  on  wnich  the  segments  are  measured." 

This  proposition  furnishes  the  solution  of  the  following 
problem : 

**  Given  four  tangents  to  a  conic  section,  and  the  point  of 
contact  of  one  of  these  tangents,  to  determine  all  the  other  tan- 
gents of  the  Curve,  by  the  continued  movement  of  a  segment  of 
a  constant  length  along  a  fixed  right  line." 

^<  2.  If  an  angle  of  variable  magnitude  be  made  to  turn 
round  a  point  on  a  conic  section  as  vertex,  so  that  the  segment 
which  it  intercepts  upon  a  fixed  axis  parallel  to  the  tangent 
at  that  point  shall  be  of  a  constant  lengtn,  the  chord  subtended 
by  this  angle  in  the  conic  section  wilfenvelope  a  second  conie 
section. 

*^  The  point  of  concourse  of  the  two  tangents  to  the  first 
conic  section  at  the  extremities  of  this  chord  will  generate  a 
third  conic  section. 

"  These  two  new  curves  will  touch  the  given  one  at  the 
vertex  of  the  moveable  angle." 

<<  3.  If  an  angle  of  variable  ma^tude  be  made  to  turn 
round  a  fixed  point  on  a  conic  section  as  vertex,  whilst  its. 
sides  intercept  a  segment  of  a  constant  length  upon  a  parallel 
to  the  right  line  touching  the  curve  at  that  point,  and  if 
through  the  points  in  which  the  sides  of  this  angle  meet  a 
fixed  tangent  to  the  curve  two  new  tangents  be  drawn,  their 
point  of  concourse  will  generate  a  conic  section,  which  will 
touch  the  given  one  at  the  vertex  of  the  moveable  angle*" 

IX. 

PROBLEM  RELATING  TO  THE  ASYMPTOTES  OF  THE  HYPER- 
BOLA, AND  GENERAL  PROPERTIES  OF  TRIANGLES. 

1.  One  of  the  asymptotes  of  a  hyperbola  being  given,  only 
three  other  conditions  are  required  to  determine  the  curve  (43). 

2.  If  any  transversal  be  drawn  in  the  plane  of  a  triangle, 
And  on  each  side  a  point  be  assumed*  whose  distance  from 
one  of  the  two  extremities  of  that  side  is  equal  to  the  distance 
of  the  other  extremity  from  the  point  in  which  the  transversal 
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meets  Aat  side,  the  three  points  thus  assumed  will  be  ia  the 
same  riffht  line  (49). 

3.  Tnis  theorem  furnishes  the  solution  of  the  following 
problem : 

Given  three  points  and  one  o!  the  asymptotes  of  a  hyperbola, 
to  find  the  second  asymptote. 

4.  If  any  number  of  triangles  be  circumscribed  about  a  hy- 
perbola, and  if  we  conceive  as  many  hyperbolas  to  be  circum- 
scribed about  these  triangles,  having  all  of  them  a  tangent  of 
the  g^ven  hyperbola  for  their  common  asymptote,  aU  these 
curves  will  pass  through  the  same  point  {5S). 

5.  By  means  of  the  method  of  transforming  geometrical  re- 
lations which  we  have  ahready  employed  ^No.  v  III.  in  this 
sectiim')  the  preceding  theorem  (2)  gives  nse  to  the  following 
general  property  of  tnangles : 

*<  If  through  each  vertex  of  a  triangle  two  right  lines  be 
drawn,  of  which  the  first  passes  through  a  ffiven  fixed  point, 
and  the  second  is  such  that  the  angles,  which  these  two  right 
lines  respectively  make  with  the  two  ddes  of  the  triangle  ad- 
jacent to  the  vertex,  intercept  equal  segments  upon  a  fixed 
transversal,  the  three  right  Imes  thus  determined  will  pass 
through  the  same  point." 


ORGANIC  DESCRIPTION  OF  THB  PLANE    CONIC  SECTIONS. 

The  two  theorems  (56)  relative  to  the  description  <^  die 
spherical  conies  lead  to  the  two  following : 

1.  If  two  angles  of  eiven  magnitudes  turn  round  two  fixed 
points  as  vertices,  so  that  the  point  of  concourse  of  two  of  their 
sides  traverses  a  right  line,  die  point  of  concourse  of  their  two 
other  sides  will  generate  a  conic  section,  which  will  pass  through 
the  two  fixed  points. 

2.  If  along  two  fixed  right  lines  two  segments  of  given 
lengths  be  made  to  move,  so  that  two  of  their  extremities  are 
always  in  the  same  rig^ht  line  with  a  fixed  point,  the  right 
line  joininfi^  their  two  ouer  extremities  will  envelope  a  conic 
section,  which  will  touch  the  two  fixed  right  lines. 

The  first  of  these  two  theorems  is  that  of  Newton,  and  en- 
ables us  to  describe  the  conic  section  by  points ;  the  second, 
which  is  new,  furnishes  a  very  simple  construction  of  the  tan- 
gents of  the  conic  sections,  as  we  shall  presently  see  in  the 
solution  of  the  following  problem : 

3.  Problem.  Given  five  tangents  of  a  conic  section,  to  de- 
termine all  its  other  tangents  by  the  movement  of  two  recti- 
lineal segments  along  two  fixed  right  lines.        ^ 
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Let  A,  s,  c,  D,  By  be  the  five  given  ri^ht  lines ;  let  us  take 
the  first  two  a,  b,  as  the  two  fixed  right  lines  along  which 
the  two  segments  are  to  move,  and  for  die  segments  them- 
selves let  us  take  the  distances  of  the  point  of  concourse 
of  these  two  ri^ht  lines  firom  the  points  in  which  they  are  inter- 
sected by  the  uiird  right  line  c.  These  two  segmentsmust  be 
made  to  move  respectively  alonc^  the  two  right  lines  a,  b,  so 
that  their  extremities  which  before  lay  upon  the  right  line  c, 
may  fall  upon  the  right  line  d,  and  again  upon  the  right  line 
E ;  their  two  other  extremities,  which  at  first  coincided  with 
the  point  of  intersection  of  the  two  right  lines  a,  b,  will  suc- 
cessively determine  two  right  lines  d',  b'. 

Let  tne  two  segments  move  so  that  these  same  two  extremi- 
ties may  always  be  in  the  same  right  Ime  with  the  point  of 
intersection  of  the  two  right  lines  d\  b';  the  right  line  joining 
the  two  other  extremities  of  the  two  segments  will  assume  aU 
the  positions  of  the  tangents  to  the  required  conic  section. 

4.  It  is  unnecessary  to  explain  the  construction  by  which,  as 
a  consequence  firom  "Newton's  theorem,  we  determine  all  the 
points  of  a  conic  section  subject  to  the  condition  of  passing 
through  five  given  points ;  it  would  be  a  mere  repetition  of 
what  we  have  already  said  in  the  solution  of  the  same  question 
with  respect  to  the  spherical  conies  (57). 

6.  Before  closing  this  Memoir,  we  may  observe  that  the 
theorem  (2),  which  enables  us  to  construct  the  tangents  of  the 
conic  sections,  eives  rise,  by  means  of  our  method  of  transform- 
ing geometric^  relations,  to  another  theorem  available  in  the 
construction  of  conic  sections  by  points,  and  which,  for  this 
purpose,  might  take  the  place  of  Newton's  theorem. 

This  new  theorem  may  be  thus  stated : 

*^  If  two  angles  intercepting  segments  of  constant  lengths 
upon  a  fixed  axis  turn  round  twp  fixed  points  as  vertices,  so 
that  two  of  their  sides  always  intersect  upon  a  given  right 
line,  the  point  of  concourse  of  their  two  other  sides  will  gene- 
rate a  conic  section  passing  through  the  two  fixed  points. ' 

This  theorem  may  be  employed  in  the  same  way  that 
Maclaurin,  in  his  Organic  Geometry,  made  use  of  Newton's 
theorem. 

6.  In  order  to  complete  this  chapter  on  the  organic  con- 
struction of  conic  sections  we  ougnt  to  add,  that  Newton's 
theorem  also  gives  rise  to  a  theorem  relating  to  the  construc- 
tion of  the  tangents  of  the  conic  section  by  the  movement  of 
two  angles  of  constant  magnitudes.  This  theorem  may  be 
obtained  by  a  polar  transformation,  a  circle  being  used  as 
the  auxiliary  conic,  as  M.  Poncelet  has  pointed  out  in  his 
Memoire  Sur  la  Theorie  des  Folaires  reciproques ;  we  may 
state  it  thus : 
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<<  If  round  a  fixed  point,  as  vertex,  two  angles  of  oonsttat 
magnitudes  be  made  to  turn,  bo  that  the  points  in  which  two 
of  dieir  sides  respectively  meet  two  given  right  lines  are 
always  in  the  same  right  line  with  a  g^ven  point,  the  right  line 
joining  the  points  in  which  the  two  other  sides  respectively 
meet  the  same  two  right  lines  will  envelope  a  conic  section 
which  will  touch  those  two  right  Hues." 
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Page  5,  S  6. — If  through  the  vertex  of  a  cone  of  the  second 
degree  right  lines  be  drawn  perpendicular  to  its  tangent  planes^  they 
vnUform  another  cone,  which  will  be  of  the  second  degree. 

The  analytical  proof  of  this  proposition,  though  not  quite  so 
shorty  may  appear  to  some  readers  more  satisfactory  than  the  geo- 
metrical one* 

Let 

be  the  equation  of  a  cone ;  the  axes  of  coordinates  being  rectangular. 
Then  the  equation  of  a  tangent  plane  at  the  point,  (0^,1/,  z*)  mil  be 

Now,  the  perpendicular  to  this  tangent  plane,  passing  through 
the  origin,  makes  angles  with  the  axes  of  or,  y^  and  js,  whose  cosines 

are  respectively  proportional  to  ~,  —-,  and  —  — ;  but  these  cosines 

are  also  proportional  to  the  coordinates  x,  t,  z,  of  any  point  on  that 
perpendicular.  Hence  we  find  a'x*  -f-  ^y*  —  c^z*  nz  0,  for  the  equa- 
tion of  the  second  or  supplementary  cone,  which  is  of  the  second 
degree ;  and  its  tangent  plane  at  the  point  (x,  t,  z)  is  evidently 
perpendicular  to  the  side  of  the  given  cone  passing  through  the  point 

Page  9,  §  17. — The  theorem  stated  in  this  paragraph  is  a  case  of 
the  following  general  one  : 

If  two  swfjaces  of  the  second  order  intersect  along  a  plane  curve^ 
they  will  also  intersect  along  a  second  plane  curve^  either  real  or 
imaginary. 

In  order  to  prove  this,  let  us  take  the  plane  of  the  first  curve  of 
intersection  as  the  plane  of  xy:  then  the  equations  of  the  two 
surfaces  being, 

As/'+Ay+k";i^+Byz+B'az  +  B"xyJ^cx+c'y+c"z+l=0, 

.na»  +  ay+a"a^+byz+b'xz+b"xyJ^cx^cfy+c"z+lz=:0, 
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we  must  have  the  coeffici^Dts  of  the  terms,  independent  ofz,  respec- 
tively equal  in  both  ;  since  the  traces  of  the  two  surfaces  upon  the 
plane  of  sy  are  identical ;  that  is,  we  must  have, 

A  =  a,A'  =  a',  B"=y^c  =  cc'  =  c'. 

Hence,  subtracting  and  dividing  by  z^  we  get, 

(4"  —  a")z  +  (B  -  %  +  (b'  —  hf)x+  c"  -c"  =  0, 

which  b  the  equation  of  a  second  plane,  on  which  the  surfaces  inter- 
sect. 

The  normal,  at  any  point  on  the  surface  of  a  cone  of  the  second 
degree^  meets  the  plane  of  its  least  section  at  the  centre  of  the 
sphere,  passing  through  the  two  subcontrary  circular  sections  which 
tntersect  in  the  point  at  which  the  normal  is  drawn. 

It  is  easy  to  see  that  the  centre  of  any  sphere  passing  through 
two  subcontrary  circular  sections,  must  lie  in  the  plane  of  the  least 
section  of  the  cone :  for  the  pUmes  of  the  circular  sections  are  per- 
pendicular to  that  plane,  and  their  centres  lie  iu  it.  But  further,  if 
the  two  circular  sections  meet  at  a  point  on  the  surface  of  the  cone, 
the  sphere  passing  through  them  must  necessarily  touch  the  cone,  so 
that  Its  centre  must  lie  on  the  normal  at  that  point.  Thus,  we  have 
proved  that  the  centre  of  the  sphere  is  at  the  point  where  the  normal 
meets  the  plane  of  the  least  section  of  the  cone. 

The  preceding  proposition  leads  to  an  easy  and  direct  proof  of  the 
first  theorem  in  No.  24,  p.  Id. 

Let  VA,  VB,  be  the  two  sides  of  the  cone  contained  in  the  plane 
of  its  least  section  $  and  let  ab,  a'b',  be  the  traces  on  this  plane  of 
the  two  subcontrary  circular  sections  which  pass  through  a  point  p  on 
the  surface  of  the  cone,  if  perpendiculars  be  drawn  to  ab,  a'b',  at 
their  middle  points  M,  m',  tney  will  meet  at  o,  the  centre  of  the 
sphere  passing  through  the  two  subcontrary  sections. 

Now,  the  plane  touching  the  cone  at  p  will  also  touch  the  sphere, 
and  consequently  it  will  be  perpendicular  to  the  radius  op  :  therefore, 
the  angles,  which  the  tangent  plane  makes  with  the  two  planes  of 
circular  section,  are  respectively  equal  to  the  angles  which  op  makes 
with  CM,  cm'  ;  or,  what  is  the  same  thing,  to  the  angles  A  cm,  a'om'. 
But  either  the  sum  or  the  difference  of  tnese  two  angles  is  constant, 
and  equal  to  the  supplement  of  the  angle  avb.  Hence  we  have 
proved  that 

The  sum  or  the  difference  of  the  anglesy  which  each  tangent  plane 
to  a  cone  of  the  second  degree  makes  with  the  two  cyclic  planes^  is 
constant. 

It  is  easy  to  extend  to  the  surfaces  of  the  second  order  in  gene- 
ral, the  construction  iust  given  for  determining  the  centre  of  the 
sphere  passing  througn  two  subcontrary  circular  sections  that  meet 
at  a  point  on  the  surface. 

Let 

M;»«  4-  My  +  M' V  +  N;P  4-  N'y  4-  n''x=  0  (1) 

be  Uie  equation  of  the  surfaces  of  the  second  order ;  the  axes  of 


Digitized  by 


Google 


NOTES  AND  ADDITIONS.  73 

coordinates  being  rectangular  and  parallel  to  conjugate  diameters, 
and  the  ori^n  on  the  surface. 

In  this  equation,  without  at  all  diminishing  its  generality,  we  may 
assume  that  m  is  intermediate  between  m'  and  m'',  regard  being  had 
to  the  signs  as  well  as  to  the  actual  magnitude  of  these  coefficients : 
for  this  relation  between  m,  m',  m",  may  be  always  obtained  by  inter- 
changing the  names  of  the  coordinates.     Let 

(^  — ^?  +  (y-y)*  +  (^-^)*~**  — 0  (2) 

be  the  equation  of  a  sphere,  in  which  ^,y,  j»',  r,  are  indeterminate. 
Multiplying  this  latter  equation  by  M,  and  subtracting  from  the  for- 
mer, we  get, 

(M'-M)3^  +  (M"-M)^  +  (N  +  2M;:/);ir  )         ^ 

4.(N'  +  2My)3^  +  (N"  +  2My)^— M(;2^«+y4-^— t-)j  '  ^ 

If  the  indeterminate  quantities  in  this  equation,  a/,  y ,  z'y  r,  be 
80  assumed  that  it  shall  represent  a  system  of  two  ptanes,  these 
planes  must  intersect  the  given  surface  along  two  circles.  Such  a 
determination  of  a;',  y\  z^y  r,  may  be  effected  in  an  infinite  number 
of  different  ways ;  but  in  all  cases  we  must  have 

N  +  2My=iO;  (4) 

as  appears  from  comparing  equation  (3)  with  the  product  of  the 
equations  of  two  planes :  and  this  shows  that  all  the  planes  of  the 
circular  sections  are  perpendicular  to  the  plane  of  xy. 

The  coefficient  of  z  in  equation  (3)  being  thus  made  =  0,  the 
conditions  to  be  fulfilled,  in  order  that  it  shaU  represent  two  planes, 
are,  1st,  that 

and  2nd,  that  the  product  (m— m')  (m— m")  may  not  be  positive. 
This  latter  condition  is  already  complied  with,  since  M  is  intermediate 
between  m'  and  m". 

The  value  of  z  being  determined  by  equation  (4)  we  still  have 
three  quantities,  ^,  y,  r,  to  dispose  of,  and  may  at  once  satisfy 
equation  (5)  by  putting 

R'  +  2My=:0,  N"  +  2Ma?'=:0,  ;^*  +  y*  +  a;« - f*  =  0. 

By  these  assumptions,  along  with  equation  (4),  the  equation  (3) 
18  reduced  to  the  form, 

(m'  —  M)y  +  (m"  —  m)  Jb«  =  0, 

representing  two  planes  perpendicular  to  the  plane  of  xy,  and  whose 
traces  on  that  plane  make  angles  with  the  axis  of  x,  the  tangents  of 
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which  are  4-  4/  — — — r,  and  —  y^     _^, .  These  values  of  the 

tangents  must  plainly  be  real. 

The  values  for  the  coordinates  of  the  centre  of  the  sphere,  and 
for  its  radius,  are  next  to  be  considered.    The  three  equations, 

N  +  2BUr'  =  0,  N'  +  2iiy  =  0,  N"4-2iur'  =  0, 

show  that  the  centre  is  on  the  normal  to  the  given  surface  at  the 
oriffin  :  for  x'^  y\  s^  are  proportional  to  n",  n^  n  ;  and  the  equation 
of  the  tangent  plane  at  the  origin  is, 

N^  +  N'y +  li"jr  =  0. 

Moreover,  the  equation,  n  -f-  Sm^  iz:  0,  shows  that  the  centre  of 
the  sphere  is  in  the  principal  plane  of  the  surface,  parallel  to  the 
plane  of  xy. 

Hence,  we  have  proved  that  in  general. 

The  circular  tectionSf  patting  through  a  given  point  on  a  «i«r- 
Jace  of  the  second  order ^  may  be  determined  by  tJieJbUotting  construe^ 
Hon  :  At  the  given  point  Ut  a  normal  to  the  surface  be  drawn  to 
meet  the  prtnetptd  plah^y  to  which  the  circular  sections  are  perpen^ 
dicular  :  the  point  of  intersection  will  be  the  centre  ^  and  the  normal 
itself  will  be  the  raaiusy  of  the  sphere  which  cuts  the  given  surface  in 
the  two  circular  sections  pitssing  through  the  given  point. 

In  the  analysis  of  this  question  there  is  one  case  which  requires 
particular  notice,  viz.  that  of  the  hyperbolic  paraboloid,  where  m'  and 
M^'  have  different  signs,  and  m  z=  0.  Here  we  have  real  values  for 
the  tangents  of  the  angles  between  the  planes  of  circular  section  and 
the  axis  of  Jt :  but  the  values  of  x*,  y,  z\  become  infinite,  shewing 
that  the  sphere  degenerates  into  a  plane,  and  the  circular  into  rectili- 
near sections. 

Confined  within  the  narrow  limits  of  a  note,  I  must  either  leave 
to  the  student,  or  defer  until  some  other  occasion,  the  fuller  discus- 
sion of  the  analytical  method  which  I  have  here  used  in  determining 
the  circular  sections  of  the  surfaces  of  the  second  degree.  It  will  be 
found  to  conduct  easily  to  many  interesting  results  relative  to  these 
sections. 

If  we  are  only  allowed  to  assume  that  the  circular  sections  of  any 
surface  of  the  second  degree  are  perpendicular  to  one  of  its  principal 
planes,  we  may  apply  to  these  surfaces  in  general  the  geometrical 
proof  given  above  in  the  case  of  the  cone.  For  the  sphere  which 
passes  through  two  circular  sections  that  meet  at  a  point  on  the  sur- 
face, must  touch  the  surface,  and  its  centre  must  therefore  be  on  the 
normal  to  the  surface  at  that  point.  And  since  the  two  circular 
sections  are  perpendicular  to  a  principal  plane,  the  centre  of  the  sphere 
passing  through  them  must  lie  in  that  plane. 

Page  12,  §  22.  These  two  theorems  lead  to  the  following  pro- 
perties of  cones  having  the  same  cyclic  planes  or  the  same  focal 
lines. 
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"When  two  cones  of  the  second  degree         When  two  cones  of  the  second  degree 

haye  a  common  vertex  and  the  same  have  a  common  vertex  and  the  same 

cyclic  planes,  if  a  plane  be  drawn  through  focal  lines,  the  angle  contained  between 

their  vertex  cutting  the  two  cones,  the  two  planes  touching  the  two  cones  will 

sides  along  which  it  meets   one   cone  be  equal  to  that  contained  between  the 

will  respectively  make  equal  angles  with  two  other  tangent  planes  which  pass 

the  sides  of  the  other  cone,  through  through  the  right  line  in  which  the  two 

which  the  secant  plane  passes.  former  tangent  planes  intersect. 

Cones  which  have  the  same  focal  lines  are  called  by  M.  Chasles 
hiconfocal  cones  :  in  like  manner,  cones  which  have  the  same  cyclic 
planes  may  be  called  hiconcyclic  cones.  An  investigation  of  the  pro- 
perties of  these  latter  would  be  found  to  guide  the  student  to  many 
new  theorems  analogous  to  those  relative  to  similar  and  similarly 
placed  conic  sections. 

In  future,  for  the  sake  of  brevity,  I  shall  dispense  with  the 
enunciation  of  those  properties  of  cones  of  the  second  degree  which 
admit  of  being  stated  as  properties  of  spherical  conies :  the  latter 
mode  of  statement  being  in  general  more  concise,  as  well  as  more 
readily  understood. 

Page  14,  §  25. — I  have  not  succeeded  in  finding  the  elementary 
geometrical  proofs,  which  M.  Chasles  has  promised  to  give,  of  the 
two  theorems  contained  in  this  pariagraph.  The  following  demon- 
stration of  the  theorem  in  the  first  column  appears  to  be  as  simple  as 
could  be  desired. 

Let  APB,  a'pb'  be  two  circular  sections  of  the  cone,  passing 
through  a  point  p  on  its  surface  ;  let  ab,  a'b',  their  traces  on  the 
plane  of  the  least  section  of  the  cone,  intersect  in  o  ;  and  at  p  let 
tangents  be  drawn  to  the  two  circular  sections,  respectively  meeting 
AB  and  a'b'  in  T  and  t'.  Then  op  is  parallel  to  the  line  in  which 
the  cyclic  planes  intersect,  and  the  tangents  pt,  pt^  are  parallel  to 
the  lines  in  which  the  tangent  plane  at  p  intersects  the  cyclic  planes. 
But  the  angles  opt,  opt',  are  respectively  double  the  angles  pao, 

pa'o,  whose  tangents  are  —  and  -7-  :  and  smce  po'zz:  ao.ob,  the 
'  °  AO         a'o 

OB 

product  of  the  tangents  of  the  halves  of  opt,  opt^  is  equal  to  — ^^, 

which  is  constant :  OB  and  oa'  being  to  each  other  as  the  sines  of 
the  angles  which  the  side  of  the  cone  ba'  makes  with  the  two  cyclic 
planes. 

Page  43,  §  6,  2nd  Mem. — In  his  Histoire  de  la  Geometries 
p.  236,  M.  Chasles  informs  us,  that  M.  Magnus  was  anticipated  in 
the  discovery  of  the  first  of  these  two  theorems  by  Fuss,  a  Russian 
geometer,  who,  in  discussing  the  curve  which  is  the  locus  of  the 
vertices  of  all  the  spherical  triangles  having  the  same  base  and  sum 
of  sides,  discovered  that  this  curve  is  the  intersection  of  a  sphere 
with  a  cone  of  the  second  degree,  whose  vertex  is  at  the  centre  of 
the  sphere.— (iVbva  Acta,  tom.  iii.  a.  d.  1787.)  The  formulae  em- 
ployed by  Fuss  conducted  him  to  the  following  result,  which  he  calls 
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**  maxime  fMmorahUem^*  vis.  that  if  the  sum  of  the  sides  be  given 
eaual  to  half  the  circamference  of  the  sphere,  the  locas  of  the  vertex 
will  be  an  arc  of  a  great  circle,  whatever  be  the  base  of  the  triangle. 
This  is  evident  from  the  most  elementary  considerations  of  sphencal 
geometry.  M.  Chasles  observes  (Bisiotre  de  la  Geometries  p.  239,) 
that  M.  Steiner  was  the  first  who  proved  that  the  base  of  a  spherical 
triangle  whose  area  and  vertical  angle  are  given,  envelopes  a  spherical 


conic 


Paob  46,  §  11. — From  the  two  theorems  in  this  article  we  may 
deduce  the  two  following : 


If  two  tpherical  conies  have  the  same 
cjcUc  arcs,  every  arc  of  a  great  circle 
touching  the  inner  cunremeeti  the  outer 
one  in  two  points  which  are  equaUj 
distant  from  the  point  of  contact. 


If  two  spherical  conies  have  the  same 
fbci,  two  arcs  drawn  from  a  point  in 
the  outer  curve  to  touch  the  inner  one 
make  equal  angles  with  the  tangent  to 
the  outer  eonio  at  the  point  from  whidi 
the  tangents  are  drawn. 

These  last  two  theorems  are  only  particular  cases  of  the  two  fol- 
lowing : 


If  two  spherical  oonieshave  the  same 
cyclic  arcs,  every  arc  of  a  great  circle 
which  cuts  both  of  them  intersects  one 
curve  in  two  points,  which  are  equally 
distant  from  the  points  in  which  this 
arc  meets  the  other  curve. 


If  two  spherical  conies  have  the  same 
foci,  the  angle  contained  between  two 
arcs  touching  the  two  curves  wiH  be 
equal  to  the  angle  between  the  two 
other  tangent  arcs  which  may  be  drawn 
to  the  conies  from  the  same  point. 


Paob  47,  §  14. — ^If  M.  Chasles  had  not  restricted  himself  to  the 
consideration  of  the  hemisphere  on  which  the  conic  is  traced,  ^see 
page  45,  §  10,)  he  might  have  stated  the  theorems  in  this  article 
more  elegantly. 

For  each  arc  touching  the  conic  meets  a  cyclic  arc  in  two  points 
diametrically  opposite ;  so  that,  if  the  points  of  intersection  be  rightly 
chosen^  we  might  assert  that 


(1.)  Two  tangent  arcs  to  a  spherical 
eonic  intersect  the  two  cyclic  ares  in  four 
points,  which  lie  in  the  circumference 
of  a  small  circle,  whose  centre  is  the 
pole  of  the  great  circle  passing  through 
the  two  points  of  contact  of  the  tangent 
arcs. 


The  four  vector  arcs,  drawn  from 
the  two  foci  of  a  spherical  conic  to  any 
two  points  of  the  curve,  will  all  touch 
the  same  small  circle,  whose  centre  is 
the  point  of  concourse  of  the  two  arcs 
touching  the  curve  at  these  two  points. 


This  mode  of  stating  the  preceding  theorems  is  valuable ;  for 
from  them  we  are  led  to  those  contained  in  §  16,  by  the  aid  of  the 
following  propositions,  which  are  very  useful  in  spherical  geometry, 
and  may  be  easily  proved  : 


(2.)  If  an  arc  of  a  great  circle,  passing 
through  a  fixed  point  on  the  surface  of 
the  sphere,  intersect  a  given  small  cir- 
cle in  two  points,  the  product  of  the 
tangents  of  the  semi-arcs,  lying  between 
these  two  points  and  the  fixed  point, 
will  be  constant. 


If  from  any  point  in  a  fixed  arc  of  a 
great  circle  tangent  arcs  be  drawn  to  a 
given  small  circle,  the  product  of  the 
tangents  of  the  semi-angles,  which 
these  tangent  arcs  make  with  the  fixed 
arc,  will  be  constant. 
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Page  47,  §  15. — These  theorems  might  be  readily  deduced  from 
those  in  No.  11,  by  the  following  method: 

Let  o  be  the  point  of  intersection  of  the  cyclic  arcs ;  then,  since 
the  portion  of  a  tangent  arc  ab,  intercepted  between  the  two  cyclic 
arcs,  is  bisected  at  the  point  of  contact  p,  the  two  consecutive  tan- 
gents AB,  a'b',  must  bisect  one  another  in  p ;  hence,  the  elementary 
spherical  triangles  apa^,  bpb^  are  equal,  and  the  area  of  the  whole 
triangle  aob,  will  remain  invariable  ;  the  sum  of  its  three  angles  is 
therefore  constant :  but  the  angle  aob  is  fixed,  therefore,  the  sum  of 
the  angles  abo,  bao,  must  be  constant.  Having  proved  the  first 
theorem  thus,  we  may  deduce  the  second  from  it  by  reference  to 
the  supplementary  cone.  Precisely  in  the  same  way  we  might  prove 
the  first  of  the  two  following  theorems,  and  then  derive  the  second 
from  it  by  means  of  the  supplementary  cone. 

If  two  spherical  conies  have  the  same  If  from  any  point  in  the  outer  of  two  | 
cyclic  arcs,  any  arc  touching  the  inner  biconfocal  conies,  two  tangent  arcs  bej 
curre,  will  cut  off  from  the  outer  one  a  drawn  to  the  inner  curve,  the  sum  of 
segment  of  a  constant  area.  these  two  arcs  and  of  the  concare  part 

of  the  circumference  of  the  conic  in- 
cluded between  them  will  be  constant. 

Page  47,  §  17. — By  means  of  the  known  formula 

sins  sin(*— a) 


»'iA: 


sin  b  sin  c 


expressing  the  cosine  of  the  half  of  one  angle  of  a  spherical  triangle 
in  terms  of  the  three  sides,  we  might  at  once  show  that  if  the  base 
a  and  the  sum  of  the  sides  b,  c,  of  a  spherical  triangle  be  constant, 
the  product  of  the  sines  of  the  two  arcs  drawn  from  the  extremities 
of  the  base  perpendicular  to  the  arc  bisecting  the  supplement  of  the 
vertical  angle  is  constant,  and  equal  to 

sin*i(5  +  ^)  ~  sin*^a. 

Page  48,  §  21. — It  is  evident  that  any  arc,  passing  through  a 
fixed  point,  and  cutting  a  spherical  conic  and  the  polar  arc  of  the 
fixed  point,  will  be  harmonically  divided. 

Page  50,  §  28. — If  a  plane  quadrilateral  be  circumscribed  about 
a  circle,  the  angles  which  two  opposite  sides  subtend  at  the  centre  ' 
will  be  supplemental.     Hence  we  derive  the  following  theorems : 

A  spherical  quadrilateral  being  cir-         A  spherical  quadrilateral  being  in- 

cumscribed  about  a  spherical  conic,  if  scribed  in  a  spherical  conic,  if  arcs  be 

arcs  be  drawn  from  the  pole  of  one  of  drawn  from  one  focus  to  the  four  points 

its  cyclic  arcs  through  the  four  rertices  in  which  the  four  sides  meet  the  corres- 

of  the  quadrilateral,  so  as  to  meet  that  ponding  .director  arc,   the  portion  of 

cyclic  arc,  the  arcs  drawn  to  two  adja-  that  arc  included  between  two  adjacent 

cent  vertices  of  the  quadrilateral  will  sides  of  the  quadrilateral  will  subtend 

include  between  them  a  portion  of  the  at  the  focus  an  angle  supplemental  to 

cyclic  arc  supplemental  to  that  included  that  subtended  by  the  portion  of  the 

between  the  two  remaining  arcs.  director  arc  included  between  the  two 

other  sides. 


f 
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Pagb  50,  §  29. — From  the  theorems  in  this  article  we  may  de- 
duce two  others,  which  are  most  powerful  instruments  in  discussing 
questions  of  spherical  ffeometry. 

It  is  easy  to  show  that  if  four  arcs  diverging  from  the  same  point 
o  be  cut  in  the  points  A,  B,  c,  D,  by  any  fifth  arc,  we  shall  always  iia?e 

sin  AB  sin  CD      sin  aob  sin  cod 


sm  AD  sin  BC      sm  add  sm  bog 
or,  as  M.  Chasles  designates  it,  the  anharmonic  relation  of  the  four 
points  is  the  same  as  that  of  the  four  arcs. 

Hence  we  arrive  at  the  following  theorems : 

(1.)Iffroinfoiirfixedpoint8onasphe-  If  four  fixed  tangent  arcs  be  drawn 
rical  conic  arot  be  drawn  to  any  fifth  to  a  spherical  conic,  any  fifth  tangent 
point  on  the  cnrre,  their  anharmonic  arc  will  cut  them  in  foor  points,  the 
relation  will  be  constant.  anharmonic  relation  of  which  will  be 

constant. 

The  first  of  these  theorems,  or  rather  its  converse,  may  often  be 
used  with  success  when  we  have  to  investigate  the  locus  described  by 
the  vertex  of  a  spherical  triangle, two  of  whose  sides  pass  through  two 
fixed  points  p,  p',  whilst  it  also  fulfils  some  other  conditions.  Let  c,  c', 
c'^,  c%  be  four  positions  of  the  vertex ;  then,  if  we  can  show  that  the 
anharmonic  relation  of  the  arcs  PC,  pc',  pc'^  pc'",  is  the  same  as  that 
of  the  arcs  p'c,  p'c',  p'c",  p'c'",  it  follows  that  the  locus  of  c  will  be  a 
spherical  conic  passing  through  the  points  P,  p'. 

And  in  like  manner,  the  second  theorem  may  be  employed  as  ad. 
vantageously  in  ascertaining  the  envelope  of  the  base  of  a  spherical 
triangle,  two  of  whose  angles  a,  b,  are  on  given  arcs  L,  l',  and  which 
is  further  limited  by  some  other  conditions.  Let  a,  a',  a^',  a'^^  be  four 
positions  of  one  angle,  and  B,  b',  b",  b'",  the  four  corresponding  posi- 
tions of  the  other,  then,  if  we  can  show  that  the  anharmonic  relation 
of  A,  a',  a",  a'^',  is  the  same  as  that  of  b,  b',  b",  b"',  the  six  arcs  ab, 
a'b',  a"b",  a''',b"',  l,  l',  must  all  touch  the  same  spherical  conic, which 
will  be  the  required  envelope.  In  what  follows  we  shall  give  several 
examples  of  the  application  of  these  principles. 

Six  points,  a,  a^  b,  b',  c,  c^  lying  in  the  arc  of  a  great  circle, 
and  corresponding  to  each  other  two  by  two,  are  said  to  be  in  invo- 
lutiony  when  the  anharmonic  relation  of  four  of  them  is  the  same  as 
that  of  their  four  conjugates  : 

For  instance,  if  the  anharmonic  relation  of  a,  b,  c,  c',  is  the  same 
as  that  of  k\  b\  c%  c,the  three  couples  of  points  a,  a\  b,  b^  c,c^,  are  in 
involution.  And  it  may  be  proved  that  if  this  relation  holds  for  one 
set  of  four  points  and  their  conjugates,  it  will  also  hold  for  any  other : 
that  is,  if  the  anharmonic  relation  of  A,  B,  c,  c^  is  the  same  as  that  of 
a',  b',  c^  c,  we  shall  also  have  the  anharmonic  relation  of  a,  b,  c,  b', 
the  same  as  that  of  a'  b^  c^,  b,  and  so  on. 

Again,  from  the  definition  which  has  been  given  for  the  involution 
of  six  points,  it  may  be  shown  that  if  there  be  three  or  more  couples 
of  points  such,  that  the  first  two  couples,  taken  along  with  any  other 
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couple,  form  a  system  in  involution,  any  three  of  these  couples  will 
likewise  form  a  sytem  in  involution. 

Three  couples  of  arcs  which  pass  through  the  same  point  are  said 
to  be  in  involution,  if  the  anharmonic  relation  of  any  four  of  them  is 
the  same  as  that  of  their  four  conjugates :  and  such  a  system  possesses 
properties  analagous  to  those  of  a  system  of  six  points  in  involution. 

Using  the  preceding  definitions  and  properties  of  systems  of 
points  or  arcs  in  involution,  we  may  deduce  the  following  theorems : 


(2.)  A  spherical  quadrilateral  being 
inscribed  in  a  conic,  any  transversal 
arc  will  cut  the  curye  and  the  four  sides 
of  the  quadrilateral  in  six  points,  which 
are  in  involution. 


A  spherical  quadrilateral  being  cir- 
cumscribed about  a  conic,  the  four  arcs 
drawn  to  its  four  vertices  from  any 
point  without  the  curve,  taken  along 
with  the  two  tangent  arcs  drawn  from 
the  same  point,  form  a  system  of  six 
arcs  in  involution. 


The  theorem  in  the  first  column  may  be  thus  proved.  Let  the  trans- 
versal arc  meet  two  opposite  sides  of  the  Quadrilateral,  eidy  bcy  in  a,  a^, 
the  two  other  sides  ab,  cdy  in  b,  b',  and  tne  conic  in  c,  c' ;  then,  by 
the  first  of  the  theorems  (1),  the  anharmonic  relation  of  the  four  arcs 
drawn  from  a  to  d,  c,  6,  c',  is  the  same  as  that  of  the  arcs  drawn  from 
c  to  hy  c%  dy  c ;  therefore  the  anharmonic  relation  of  the  points  a,  c,  b, 
c^,  is  the  same  at  that  of  a^,  c^,  b^,  c  ;  hence  the  points  a,  a',  b,  b^, 
c,  c^  are  in  involution. 

From  the  preceding  we  may  successively  deduce  the  following 
pairs  of  theorems: 


(3.)  Two  spherical  conies  being  cir- 
cumscribed about  a  spherical  quadri- 
lateral, any  transversal  arc  of  a  great 
circle  meets  the  two  curves,  and  also 
two  opposite  sides  of  the  quadrilateral 
in  six  points,  which  are  in  involution. 

(4.)  Three  spherical  conies  being 
circimiscribed  about  the  same  quadrila- 
teral, any  transversal  arc  of  a  great 
circle  meets  the  three  curves  in  six 
points,  which  are  in  involution. 


Two  spherical  conies  being  inscribed 
in  a  quadrilateral,  four  tangent  arcs 
drawn  to  them  from  the  same  point, 
together  with  the  twb  arcs  drawn  from 
the  same  point  to  two  opposite  vertices 
of  the  quadrilateral,  form  a  system  of 
six  arcs  in  involution. 

Three  spherical  conies  being  in- 
scribed in  the  same  quadrilateral,  the 
six  tangent  arcs,  drawn  to  them  from 
any  point,  will  form  a  system  of  six 
arcs  in  involution. 


Page  61,  §  32. — To  the  theorems  contained  in  this  section  we 
may  be  permitted  to  add  the  following,  which  are  derived  from  known 
properties  of  the  circle. 

(1)  The  angle  which  an  arc  of  a  circle  subtends  at  the  centre  is 
double  of  that  which  it  subtends  at  any  point  in  the  remaining  part  of 
the  circumference.     Hence, 


If  from  two  fixed  points  on  a  spheri- 
cal conic  arcs  be  drawn  through  any 
third  point  on  the  curve,  they  will 
include  between  them,  on  one  of  the 


If  any  tangent  arc  be  drawn  to  a 
sphericcd  conic,  intersecting  two  fixed 
tangent  arcs  in  two  points,  and  through 
these  points  arcs  be  drawn  to  one  of  the 
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eyelio  tret,  a  portion  which  will  be 
the  hidf  of  that  included  between  two 
arcs  drawn  from  the  two  fixed  points 
through  the  pole  of  the  cyclic  arc 


fod  of  the  eooie,  thej  will  eontain  be- 
tween them  an  angle  which  will  be  the 
half  of  that  contained  between  the  two 
Tector  arcs  drawn  to  the  points  of  eon> 
tact  of  the  fixed  tangent  arcs. 


(2.)  The  portion  of  a  tangent  to  a  circle  intercepted  between 
two  fixed  tangents,  subtends  a  constant  angle  at  the  centre.  Hence 


If  two  fixed  tangent  arcs  be  drawn 
to  a  spherical  conic,  and  any  third  tan- 
gent arc  be  drawn  meeting  them  in  two 
points,  the  ares  passing  through  these 
two  points  and  through  the  pole  of  a 
cyclic  arc,  will  intercept  on  that  cyclic 
arc  a  portion  of  a  constant  length. 


If  from  two  fixed  points  in  a  spheri> 
eal  conic  arcs  be  drawn  to  any  third 
point  on  the  curre,  and  produced  to  meet 
one  of  the  director  arcs,  tiiey  will  in- 
tercept between  them,  on  that  director 
arc,  a  portion  which  will  subtend  a 
constant  angle  at  the  correq>onding 
focus. 


(3.)  If  from  any  point  in  a  given  right  line  tangents  be  drawn  to 
a  given  circle,  they  will  make  with  the  given  right  line  angles  the 
product  of  the  trigonometric  tangents  of  whose  halves  is  constant 
Hence, 


If  from  any  point  in  a  fixed  arc  two 
arcs  be  drawn  touching  a  giren  spheri- 
cal conic,  they  wiU  intersect  either  of 
its  cyclic  arcs  in  two  points,  such  that 
the  product  of  the  trigonometric  tan- 
gents of  the  halves  of  their  distances 
from  the  point  in  which  the  fixed  arc 
meets  the  given  cyclic  arc  wiU  be  con- 
stant. 


If  through  a  fixed  point  on  the  sur- 
face of  the  sphere  any  arc  be  drawn 
meeting  a  spherical  conic  in  two  points, 
the  arcs  drawn  from  either  focus  to 
these  two  points  will  make,  with  the 
arc  drawn  from  the  same  focus  to  the 
given  point,  two  angles,  the  product  of 
the  trigonometric  tangents  of  whose 
halves  wiU  be  constant. 


(4.)  If  any  right  line  be  drawn  through  a  fixed  point  in  the 
plane  of  a  given  circle,  intersecting  it  in  two  points,  the  radii  drawn 
to  these  points  will  make  angles  with  the  radius  passing  through 
the  given  point  such  that  the  product  of  the  trigon(»netric  tangents 
of  their  halves  will  be  constant.  Hence  we  derive  the  two  foUow- 
ing  theorems : 


If  any  arc  be  drawn  through  a  fixed 
point,  intersecting  a  given  spherical 
conic  in  two  points,  the  arcs  drawn 
through  these  two  points  and  through 
the  fixed  point  from  the  pole  of  one  of 
the  cyclic  arcs  oi  the  conic  will  meet 
that  cyclic  arc  in  three  points,  such  that 
the  product  of  the  trigonometric  tan- 
gents of  the  halves  of  the  distances  of 
the  first  two  from  the  third  wiU  be 
constant. 


If  fr^m  any  point  in  a  fixed  are 
tangent  arcs  be  drawn  to  a  given 
spherical  conic,  and  arcs  be  drawn 
from  one  of  the  foci  to  the  points  in 
which  these  tangent  arcs  meet  the 
correq>onding  director  arc,  these  vec- 
tor arcs  wiU  make,  with  the  vector  arc 
drawn  to  the  point  in  which  the  fixed 
arc  meets  the  director  arc,  two  angles, 
the  product  of  the  trigonometric  tan- 
gents of  whose  halves  will  be  constant 


(5.)  A  plane  triangle  being  inscribed  in  a  circle,  if  from  any 
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point  p  in  the  circumference  right  lines  pa,  p&,  r^,  be  drawn,  re- 
spectively meeting  the  three  sides  bc,  ca,  ab,  and  making  with  them 
equal  angles  on  the  same  side  of  the  lines  pa,  p5,  tc^  then  the  three 
points,  a,  b,  c,  will  lie  in  the  same  straight  line.     Hence, 


If  the  three  sides,  a,  &,  c,  of  a  spheri- 
cal triangle  inscribed  in  a  conic,  be 
successiyely  produced  to  meet  one  of 
the  cyclic  arcs  in  the  points  a,  /3,  y,  and 
equal  portions  aX,  /3^,  yv,  be  measured 
on  the  cyclic  arc  in  the  same  direction, 
arcs  drawn  from  the  points  X,  fi,  v, 
through  any  point  on  the  curve  will 
meet  the  sides  a,  h,  c,  in  three  points 
lying  in  the  arc  of  a  great  circle. 


From  the' three  vertices  of  a  spheri- 
cal triangle  abc  circumscribed  about  a 
conic,  if  arcs  be  drawn  to  one  of  the 
foci  F,  and  three  other  vector  arcs  fZ, 
Fm,  Fn,  be  drawn  so  that  the  angles 
afZ,  BFm,  CFA,  may  be  equal  and  lie  at 
the  same  side  of  the  arcs  fa,  fb,  fc  ; 
these  three  arcs,  fZ,  Fm,  Fn,  will  meet 
any  tangent  arc  in  three  points  /,  m,  n,. 
such  that  the  arcs  a/,  Btn,  en,  will  pass 
through  the  same  point.  ^ 


Page  51,  §  33.— Two  right  lines  and  a  fixed  point  being.given, 
if  a  constant  angle  be  made  to  turn  round  this  point  as  vertex,  the 
right  line  joining  the  points  in  which  its  sides  meet  the  two  given 
right  lines  will  envelope  a  conic  section  (p.  62,  iii.  1).     Hence, 


If  a  variable  spherical  angle  turn 
round  a  fixed  point  on  the  surface  of  a 
sphere  so  as  to  intercept  between  its 
sides  a  constant  segment  on  a  given  arc, 
the  arc  joining  the  points  in  which  its 
sides  'meet  two  other  fixed  arcs  will 
envelope  a  spherical  conic  touching 
those  two  fixed  arcs. 


If  a  constant  spherical  angle  turn 
round  a  given  point  as  vertex,  the  arcs 
joining  the  points  in  which  its  sides 
meet  a  fixed  arc  with  two  other  fixed 
points  will  intersect  in  a  point,  the 
locus  of  which  will  be  a  spherical  conic 
passing  through  those  two  fixed  points. 


Page  53,  §  38. — The  theorems  contained  in  this  article  might 
be  stated  more  generally  as  follows  : 


If  two  arcs  be  made  to  turn  round 
two  fixed  points  on  a  spherical  conic, 
so  as  to  intersect  in  any  third  point  of 
the  curve,  the  arc  joining  the  points  in 
which  they  respectively  meet  two  fixed 
arcs  will  envelope  a  spherical  conic 
touching  these  two  fixed  arcs. 


Two  fixed  tangent  arcs  being  drawn 
to  a  spherical  conic,  any  third  tangent 
arc  win  intersect  them  in  two  points, 
and  the  arcs  respectively  drawn  through 
these  points  and  through  two  fixed 
points  will  intersect  in  a  point  the  locus 
of  which  will  be  a  spherical  conic  pass- 
ing through  the  two  fixed  points. 


The  principles  stated  in  page  78  furnish  us  with  easy  proofs 
of  these  theorems  ;  that  in  the  first  column  may  be  proved  thus  : 
Let  p,  p',  be  the  two  fixed  points  ;  c,  c',  c",  c'",  four  other  points 
on  the  curve ;  then,  since  the  anharmonic  function  of  the  arcs  PC, 
PC',  PC",  Pc"',  is  the  same  as  that  of  p'c,  p'c',  p'c'',  p'c''^,  the  an- 
harmonic function  of  the  four  points  A,  a',  a'',  a"',  in  which  pc, 
pc',  Pc'',  Pc''',  intersect  one  given  arc,  will  be  the  same  as  that  of 
the  four  points  b,  b',  b",  b'",  in  which  p'c,  p'c',  p'c",  p'c'",  meet 
the  other  given  arc;  therefore,  the  arcs  ab,  a'b',  a"b",  a"'b'",  are 
tangents  to  a  spherical  conic  touching  the  two  given  arcs. 
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The  theorem  in  the  second  column  might  be  similarly  proved, 
or  we  may  infer  it  from  the  first  by  reference  to  the  supplementary 
cone. 

Pagb  53,  §  39.— Since  the  arc  which  bisects  any  angle  of  a 
spherical  triangle  divides  the  opposite  side  into  segments,  me  sines 
of  which  are  proportional  to  the  sines  of  the  conterminous  sides, 
we  infer  from  the  theorem  in  this  article,  that 

If  tiie  base  of  a  tpherioal  triangle  be  If  the  Tertioal  angle  of  a  spherical 
glren,  and  also  the  ratio  of  the  sinei  of  triangle  be  giren,  and  also  the  ratio  of 
the  two  remaining  ddes,  the  locus  of  the  sines  of  the  two  remaining  angles, 
the  Tertex  win  be  a  spherical  conic,  the  base  wiU  enrelope  a  spherical  conic, 
whose  cyclic  arcs  win  be  in  the  two  whosefoci  win  be  the  extremities  of  the 
planes  perpendicnlar  to  the  radii  of  the  radii  of  the  sphere  perpendicular  to  the 
sphere  drawn  to  the  points  which  di-  planes  of  the  two  arcs  which  diride  the 
Tide  the  giren  base  internally  and  ex-  giren  rertical  angle  internally  and  ex- 
ternally, so  that  the  sines  of  the  seg-  temally,.so  that  the  sines  of  the  seg- 
ments may  be  in  the  giTcn  ratio.  ments  may  be  in  the  giyen  ratio. 

Page  53,  §  40. — ^The  theorem  in  the  second  column  shows  that 
if  the  base  of  a  spherical  triangle  be  given,  and  also  the  product  of 
the  cosines  of  the  two  remaining  sides,  the  locus  of  the  vertex  will 
be  a  spherical  conic. 

Page  53,  §  42.— To  the  theorems  given  by  M.  Chasles  in  this 
section,  we  may  add  the  following : 

(1).  The  chord  in  a  circle  joming  the  extremities  of  two  radii 
which  contain  between  them  a  constant  angle  envelopes  a  circle 
concentric  with  the  given  one.  From  this  property  of  the  circle  we 
derive  the  following  theorons  relative  to  spherical  conies. 

A  spherical  conic  and  one  of  its  cyclic        A  spherical  conic  and  one  of  its  foci 

arcs  being  given,  if  round  the  pole  of  being  giren,  if  round  that  focus,  as  ver- 

this  cyclic  arc,  as  rertex,  a  spherical  tex,  a  constant  spherical  angle  be  made 

angle  of  variable  magnitude  be  made  to  to  turn,  and  from  the  points  in  idiich 

turn,   whose  sides  intercept   between  the  sides  of  this  angle  meet  the  director 

them  on  the  cyclic  arc  a  portion  of  a  arc  corresponding  to  the  given  focus 

constant  length,   the  arc  joining  the  two  tangent  arcs  be  drawn  to  the  given 

points  in  which  the  sides  of  the  movea-  conic,  their  point  of  concourse  will  ge- 

ble  angle  meet  the  given  conic  will  en-  nerate  a  second  q>herical  conic 
velope  a  second  conic. 

The  given  cyclic  arc  will  be  a  cyclic         The  given  focus  wiU  be  a  focus  of  the 

arc  of  the  new  conic  ;  and  this  arc  will  new  conic ;  and  the  correqwnding  di- 

have  the  same  pole  with  relation  to  the  rector  arc  will  be  the  same  for  the  two 

two  curves.  curves. 

(2).  K  right  lines  be  drawn  from  two  fixed  points  in  the  circum- 
ference of  a  circle  through  the  extremities  of  anv  diameter,  they 
will  intersect  in  a  ppint  the  locus  of  which  will  be  circle,  which 
passes  through  the  two  fixed  points,  and  whose  centre  is  the  pole  of 
the  right  line  joining  them.  Hence  we  derive  the  following 
theorems. 
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A  spherical  conic  and  one  of  its 
cyclic  arcs  being  giren,  if  arcs  be  drawn 
from  two  fixed  points  on  the  curve  to 
the  extremities  of  any  arc  passing 
tBrough  the  pole  of  that  cyclic  arc, 
and  terminated  by  the  cmrve,  they  will 
intersect  in  a  point  the  locos  of  which 
will  be  a  second  spherical  conic. 

The  given  cyclic  arc  will  be  a  cyclic 
arc  of  the  new  conic,  and  its  pole,  with 
relation  to  that  curve,  will  be  the  same 
as  the  pole,  with  relation  to  the  given 
conic,  of  the  arc  joining  the  two  fixed 
points. 


A  spherical  conic  and  one  of  its  foci 
being  given,  if  tangent  arcs  be  drawn 
to  the  curve  from  any  point  in  the  cor- 
responding director  arc,  the  arc  joining 
the  points  in  which  these  tangent  arcs 
meet  two  fixed  tangent  arcs  will  en- 
velope a  second  spherical  conic. 

The  given  focus  will  be  one  of  the 
foci  of  the  new  conic,  and  its  corres- 
ponding director  arc,  for  that  curve,  will 
be  the  arc  joining  the  points  of  con- 
tact of  the  two  fixed  tangent  arcs. 


(3).  The  principles  stated  in  page  78  furnish  us  with  easy 
proofs  of  the  following  theorems : 


In  a  spherical  triangle,  if  the  base 
and  the  difference  of  the  base  angles 
be  given,  the  locus  of  the  vertex  wiU 
be  a  spherical  conic,  passing  through 
the  extremities  of  the  given  base. 


In  a  spherical  triangle,  if  the  verti- 
cal angle  and  the  difference  of  the  sides 
containing  it  be  given,  the  base  wiU 
envelope  a  spherical  conic  touching  the 
two  sides  which  contain  the  given  angle. 


(4).  If  two  tangents  to  a  parabola  intersect  at  a  constant  angle, 
the  radii  vectores  (bawn  firom  the  focus  to  the  two  points  of  contact 
wiU  also  contain  between  them  a  constant  angle.  But  in  any  conic 
section  the  point  of  concourse  of  the  tangents  at  the  extremities  of 
two  focal  radii  vectores,  which  contain  between  them  a  constant 
angle,  will  generate  a  conic  section,  (see  page  62,  iii.  2).  Hence 
we  derive  the  following  very  general  properties  of  spherical  conies : 

If  two  tangent  arcs  to  a  given  spheri- 
cal conic  intercept  between  them  a 
segment  of  a  constant  length  on  a  fixed 
tangent  arc  to  the  curve,  their  point  of 
concourse  wiU  generate  a  second  spheri- 
cal conic. 

If  the  segment  intercepted  on  the 
fixed  tangent  be  a  quadrant,  the  point 
of  concourse  of  the  two  tangent  arcs 
will  move  along  an  arc  of  a  great  circle. 


If  a  constant  spherical  angle  turn 
round  a  fixed  point  on  a  given  conic, 
as  vertex,  the  arc  joining  the  points  in 
which  its  sides  meet  the  curve  wiU 
envelope  a  second  spherical  conic 

If  the  constant  spherical  angle  be  a 
right  angle,  the  arc  which  it  subtends 
in  the  spherical  conic  will  pass  through 
a  fixed  point. 


(5).  From  the  theorem  in  the  second  column  it  appears  that  if  a 
constant  angle  turn  round  a  fixed  point  on  a  conic  section  as  vertex, 
the  chord  which  it  subtends  will  envelope  a  second  conic  section. 
Hence  we  deduce  the  following  theorems : 


If  a  variable  spherical  angle  turn 
round  a  fixed  point  on  a  spherical  conic 
so  that  the  segment  intercepted  between 
its  sides  on  a  fixed  arc  may  be  of  a 
constant  length,  the  arc  joining  the 


If  a  constant  spherical  angle  turn 
round  a  fixed  point  as  vertex,  and  if 
from  the  points  in  which  its  sides  meet 
a  fixed  tangent  arc  to  a  given  spherical 
conic  two  arcs  be  drawn  touching  the 
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pointo  in  wMdi  Umm  ddet  meet  thm    cmrw%  tbeir  poiot  of  cupeourie  wiBge- 
eoak  win  eoTelope  a  laoood  wfheriewX    ncnte  a  Meoad  iphericil  conie. 
conic* 

(6).  Again,  from  the  lecond  of  these  latter  theorems  we  learn, 
that  if  a  constant  angle  turn  roond  a  fixed  point  in  the  plane  of  a 
conic  section  as  vertex,  and  if  from  the  pomts  in  which  its  sides 
meet  a  fixed  tangent  two  other  tangents  be  drawn  to  the  cnrve,  their 
point  of  concourse  will  generate  a  second  conic  section.  From  this 
we  deduce  the  following  theorems : 

If  a  Ttriablc   iplierical  angle  torn         If  a  cooitant  qpheiical  angle  torn 

roond  a  fixed  point  on  the  nir&ce  of  a  roond  a  fixed  point  on  tiie  waritce  of 

sphere  lo  that  the  segment  intercepted  a  sphere,  and,  from  the  points  in  whidi 

between  its  sides  on  a  fixed  arc  maj  be  its  sides  meet  a  fixed  arc,  two  arcs  be 

of  a  given  leogth,  and  if,  from  the  points  drawn  to  a  fixed  point  on  a  giTen 

in  which  its  sides  meet  a  fixed  tangent  spherical  conic,  the  are   joining  the 

arc  to  a  given  spherical  conic,  two  other  points  in  which  these  two  arcs  meet 

tangent  arcs  be  drawn  to  the  corre,  the  corre  will  eoTelope  a  second  ^heri- 

tiieir  point  of  concoorse  will  generate  cal  conic, 
a  second  spherical  conic. 

As  hefore,  we  might,  from  the  theorem  in  the  second  column, 
deduce  a  property  of  me  plane  conic  sections,  and  from  it  in  turn 
derive  a  pair  of  theorems  relating  to  spherical  conies.  In  fact  there 
is  no  limit  to  the  number  of  theorems  which  might  be  obtained  in 
this  way. 

Pagk  58,  §  56. — ^The  following  theorems,  which  are  more  ge< 
neral  than  those  given  by  M.  Chasles  in  this  article,  may  be  proved 
by  means  of  the  principles  laid  down  in  page  78. 

If  any  two  spherical  angles,  each  of  If  along  two  fixed  arcs  any  two  seg- 

^  invariable  magnitude,  torn  round  two  ments,  each  of  invariable  msgnitude» 

fixed  points  as  vertices,  so  that  two  of  be  made  to  move,  so  that  the  arc  join> 

''  their  sides  intersect  on  a  given  spheri-  ing  two  of  their  extremities  maj  be  a 

'  cal  conic  passing  through  the  two  fixed  tangent  to  a  given  spherical  conic  which 

points,  the  point  of  intersection  of  their  touches  the  two   fixed  arcs,  the  arc 

two  other  sides  will  generate  a  q>heri*  joining  tbeir  two  other  extremities  will 

cal  conic,  which  will  pass  through  the  envelope  a  ^herical  conic  which  will 

two  fixed  vertices   of  the    moveable  touch  the  two  fixed  arcs  along  which 

angles.  the  segments  move. 

The  first  theorem  may  be  proved  in  the  following  manner : 
Let  p,  p',  be  the  two  fixed  points  round  whi(£  the  constant 
angles,  mpc,  mp'c,  turn ;  let  m,  m^  m",  m"%  be  four  points  on  the 
given  conic,  and  c,  c',  &\  &^\  four  positions  of  the  point  the  locus 
of  which  is  sought.  Then,  since  the  angles  jipc,  m'pc',  m"pc", 
u'"pc"\  are  eoual,  the  anharmonic  relation  of  the  arcs  pm,  pm', 
i^m'',  PM''^  is  the  same  as  that  of  the  four  arcs,  Pc,  pc',  pc'^  pc'"  ; 
and  since  the  angles  mp'c,  m'p'c',  m'Vc",  m^'Vc'",  are  equal,  the 
anharmonic  relation  of  the  four  arcs,  p'm,  p'm',  p'm",  f'm'",  is  the 
same  as  that  of  the  foiu:  arcs,  p'c,  p'c',  p'c",  p'c'^^   But  by  the  first 
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theorem  given  in  the  note  to  ps^e  50,  §  29,  the  anharmonic  relation 
of  PM,  pm',  pm'^,  pm''',  is  the  same  as  that  of  p'm,  p'm',  p'm'^  p'm'''  ; 
hence  the  anharmonic  relations  of  the  two  systems  of  arcs  pc,  Pc', 
pc^',  PC'",  and  p'c,  p'c',  p'c'',  p'c"',  are  the  same:  consequently  a 
conic  section  will  pass  through  the  points  p,  p',  c,  c',  c",  c'". 

The  second  theorem  might  be  proved  in  a  similar  manner,  or 
we  may  derive  it  from  the  first  by  means  of  the  supplementary 
cone. 

Page  66,  cap.  viii. — ^The  theorems  contained  in  this  chapter  are 
deduced  by  M.  Chasles  from  preceding  ones  by  means  of  that  par- 
ticular polar  transformation  in  which  a  parabola  is  used  as  the 
auxiliary  conic. — (See  Quetelefs  Correspondance  Mathematique  et 
Physique,  Tom.  V.  p.  281.) 

We  may,  however,  arrive  at  them  without  having  recourse  to 
this  method. 

The  first  follows  immediately  from  the  theorem  given  in  the 
note  to  page  51,  §  33. 

The  second  and  third  are  particular  cases  of  the  theorems  re- 
lative  to  the  plane  conic  sections  which  may  be  derived  from  the 
theorems  (5)  and  (6)  first  column,  in  the  note  to  page  53,  §  42. 

Page  68,  cap.  ix.  §  5. — ^This  theorem,  which  M.  Chasles  ob- 
tains by  a  polar  transformation,  follows  directly  from  that  given  in 
page  63,  cap.  iv.  §  6. 

Page  69,  cap.  x.  §  5. — The  theorem  which  M.  Chasles  here 
gives  for  the  construction  of  the  conic  sections  by  points  admits  of 
a  great  extension. 

If  two  spherical  angles,  which  intercept  segments  of  constant 
lengths  on  two  fixed  arcs,  turn  rourd  two  fixed  points  as  vertices,  so 
that  two  of  their  sides  always  intersect  upon  a  given  spherical  conic 
passing  through  the  two  fixed  points,  the  point  of  concourse  of  their 
two  other  sides  will  generate  a  second  spherical  conic  passing  through 
the  two  fixed  points. 

This  may  be  readily  proved.    Foriet  p,  p',  be  the  two  fixed 

Eoints,  and  mpc,  mp'c,  the  two  constant  angles :  let  m,  m',  m'^  m'^', 
e  four  points  on  the  given  conic,  and  c,  c',  &^,  q'",  four  positions 
of  the  point  whose  locus  is  sought,  then  the  anharmonic  relations 
of  the  two  systems  of  arcs,  pm,  pm',  pm",  pm'",  and  PC,  pc',  pc", 
pc'",  must  be  the  same;  since  the  angles  mpc,  m'pc',  m"pc", 
m"'pc"',  intercept  equal  segments  on  the  same  arc.  For  a  similar 
reason,  the  anharmonic  relations  of  the  two  systems  p'm,  p'm', 
p'm",  p'm'",  and  p'c,  p'c',  p'c",  p'c'",  must  be  the  same:  but 
since  the  systems  pm,  pm',  pm",  pm'",  and  p'm,  p'm',  p'm",  p'm'", 
have  the  same  anharmonic  relation,  it  follows  that  the  two  systems 
PC,  pc',  PC",  pc'",  and  p'c,  p'c',  p'c",  p'c'",  must  also  have  ibe 
same  anharmonic  relation :  so  that  a  spherical  conic  must  pass 
through  the  six  points  p,  p',  c,  c',  c",  c'". 
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Pa61  70,  cap.  X.  §  6. — ^This  last  theorem  may  also  be  ex- 
tended. 

If  two  tpherictU  angU$  ofcomUuU  magnUudes  be  made  to  turn 
round  two  jised  points^  $o  that  the  arc  Joining  the  points  in  which 
two  of  their  sides  respectively  meet  twoduced  arcsy  may  always  he  a 
tmngent  to  a  given  spherical  conic  touching  those  two  fixed  arcSf  the 
arc  joining  the  points  in  which  the  two  ower  sides  respectively  meet 
the  same  two  arcs  will  envelope  a  second  spherical  conicy  which  will 
also  touch  these  two  fixed  arcs. 

For  let  Py  p',  be  the  two  fixed  points,  round  which  the  constant 
angles  ap«,  bp^/3,  turn;  a«,  b/3,  beinff  the  two  fixed  arcs.  Let 
a',  a",  a'",  be  three  other  positions  of  tne  point  A,  and  mf,  «",  «"', 
B%  b'%  b^'%  fif^  fi>'\  (^'\  the  corresponding  positions  of  the  points 
«,  B,  /3 ;  then  ^e  anharmonic  relations  of  the  two  systems  of  points 
A,  A',  h!\  k!"y  and  »,  mf^  a!\  al''^  are  the  same :  likewise  the  anhar- 
monic rdations  of  b,  b^  b'%  b^'%  and  /8,  ^\  fi"^  fi!'\  are  the  same : 
but  if  AB,  a'b',  a"b",  a'"b"',  be  tangents  to  the  same  conic  which 
touches  the  two  arcs  a«,  and  b/3,  the  anharmonic  relations  of  the 
two  systems  a,  a',  a",  a'",  and  b,  b',  b",  b'",  will  be  the  same, 
and  therefore  »,  k',  a/^,  alf\  and  /8,  /3',  /S^',  ^'*\  will  be  similar  systems ; 
consequently  the  arcs  o^,  aip>\  a"fi>'\  af"fi>"\  must  all  be  tangents  to 
asphencal  conic  which  touches  the  two  arcs  a«,  b/3. 

The  theorem  just  proved  might  have  been  deduced  from  the  one 
contained  in  the  preceding  note,  by  onploying  two  supplementary 
cones. 
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ON   THE  APPLICATION  OF  ANALYSIS   TO   SPHERICAL  GEOMETRY* 

§  1. — On  the  Use  of  Spherical  Coordinates. 

As  the  position  of  a  point  on  a  plane  is  determined  by  reference 
to  two  fixed  right  lines,  or  axes  of  coordinates,  in  that  plane,  so  the 
position  of  a  point  on  the  surface  of  a  sphere  may  be  determined  by 
referring  it  to  two  fixed  arcs  of  great  circles. 

Through  a  point  o  on  the  surface  of  a  sphere,  which  we  shall  call 
the  origin^  let  two  fixed  arcs  of  great  circles  ox,  ot,  be  drawn,  and 
let  the  points  x  and  y  be  90«>  distant  from  o  ;  then  iS  arcs  be  drawn 
from  Y  and  x  through  any  point  p  on  the  sphere,  and  respectively 
meeting  ox  and  oy  in  if  and  n,  the  trigonometric  tangents  of  the 
arcs  OM,  ON,  are  to  be  considered  as  the  spherical  coordinates  of  the 
point  p,  and  we  shall  denote  them  by  a  and  ^.  To  the  fixed  arcs  I 
propose  to  give  the  name  of  arcs  of  reference. 

If  the  arcs  ox,  oy,  xn,  ym,  be  projected,  by  means  of  radii  of 
the  sphere,  into  right  lines  upon  a  tangent  plane  at  the  point  o,  the 
projections  of  the  arcs  xn,  ym,  will  be  respectively  parallel  to  the 
projections  of  ox  and  oy  ;  consequently,  the  projections  of  the  arcs 
OM,  ON,  which  are  the  trigonometric  tangents  of  those  arcs,  or  the 
spherical  coordinates  of  the  point  p,  are  the  rectihnear  coordinates, 
in  the  tangent  plane,  of  the  projection  of  the  point  p ;  the  axes  of 
coordinates  being  the  projections  of  the  arcs  of  reference.  This 
consideration  leads  to  an  important  consequence,  viz. :  that  an  equa^ 
turn  of  the  n^  degree  between  the  spherical  coordinates  x  andy  repre- 
sents a  curve  formed  by  the  intersection  of  the  sphere  with  a  cone  of 
the  n'*  degree  having  its  vertex  at  the  centre  of  the  sphere. 

Each  side  of  such  a  cone  would  meet  the  surface  of  the  sphere 
in  two  points  diametrically  opposite,  which,  however,  will  have  the 
same  spherical  coordinates  since  tan  d:=:tan  (ISO^'  -|-  d). 

Thus  the  equation  of  the  first  degree  between  x  and  y  represents 
an  arc  of  a  great  circle.  An  equation  of  the  second  degree  repre- 
sents a  spherical  conic,  and  so  on. 

In  what  follows,  for  the  sake  of  simplicity,  I  shall  suppose  the 
arcs  of  reference  to  be  at  right  angles  to  each  other.  In  this  case 
the  arcs  pm,  pn,  are  perpendicular  to  ox  and  oy,  and  I  call  such  a 
system  of  spherical  coordinate^  rectangular. 
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§  2—- 7^  Equatitm  of  on  Ai^  of  a  great  Circle. 
The  equation  of  the  m-st  d^ree  between  *  and  y  may  in  general 
be  written  in  the  fonn 

-*  +  /flly=l.  (1) 

The  great  circle,  represented  by  this  equation,  meets  the  arcs  of 
reference  in  two  points,  the  cotangents  of  whose  distances  from  the 
origm  are, «  and  (^,  Hence,  denoting  the  coordinates  of  the  pole  of 
this  great  circle  by  ^  and  y,  we  shall  have 

jr'zr-^andyzz: -/8.  (2) 

It  appears  from  this  that  if  «t  and  /8,  instead  of  being  fixed,  are 
mereljr  connected  by  an  equation  of  the  first  degree,  the  great  circle 
(1)  will  turn  round  a  fixed  point.  If  the  equation  connecting  «  and 
/8  be  of  the  second  degree,  tne  great  circle  will  envelope  a  spherical 
conic.  And,  in  general,  if  m  and  /8  be  connected  by  an  equation  of 
the  n'*  degree,  the  great  circle  will  envelope  a  spherical  curve  to 
which  n  tangent  arcs  may  be  drawn  from  a  point  without  it.  For 
the  pole  of  this  great  circle  will  generate  a  curve  formed  by  the  in- 
tersection of  the  sphere  with  a  cone  of  the  n<*  d^ee,  and  as  a 
transversal  arc  of  a  great  circle  may  meet  this  curve  m  n  points,  the 
great  circle  (1)  may  assume  n  different  positions  whilst  it  passes 
through  the  same  point 

But  the  general  equation  of  the  first  degree  may  be  written  in 
the  form 

yz=:mx+n  (3) 

and  it  is  desirable  to  explain  the  geometric  meaning  of  the  constants 
m  and  n.  As  to  n,  it  is  evidently  the  coordinate  of  the  point  in  which 
the  great  circle  (3)  meets  the  y  arc  of  reference. 

If  we  take  another  great  circle  whose  equation  is  y  =  wix,  and 
seek  the  coordinates  of  the  point  in  which  this  great  circle  meets 
the  circle  (3),  we  should  find  infinite  values  for  x  and  y.  These 
two  great  circles  will  therefore  intersect  on  the  great  circle  of  which 
the  origin  is  the  pole :  and,  consequently,  in  the  equations  of  two 
arcs  of  great  circles  y  =  mx  +  w,  y  =:  m'x  4-  n',  if  m  =:  in',  these 
two  arcs  will  pass  through  the  same  point  in  the  great  circle  of 
which  the  origm  is  the  pole.  Another  geometric  meaning  may  be 
given  to  the  constant  m :  for  «  and  fi  are  evidently  proportional  to 
the  cosines  of  the  angles  which  the  arc  (1)  makes  with  the  arcs  of 

reference,  and  w  =  —  — . 

p 

The  equation  of  an  arc  of  a  great  circle  passing  through  a  fixed 
point  or',  y,  is 

3f-y  =  m(^-4r')  (4) 

where  m  is  indeterminate ;  and  the  equation  of  the  great  circle 
passing  through  two  given  points  ^',  y',  and  s^\  y,  is 


Digitized  by 


Google 


APPENDl^r.  89 

y-y'  _  y"  -y' 

§  3.  To  express  the  Distance  between  two  Points  on  ike  Sphere 
in  Terms  of  their  Coordinates  x\  y\  and  xff^y'\ 

Let  3  be  the  distance  between  the  points  ;  ^  and  ^'  their  dis- 
tances from  the  origin  ;  and  «',  «^  the  angles  which  ^  and  e''  make 
with  the  X  arc  of  reference.  Then  we  shall  have  the  following 
equation  ° 

cos  3  =  cos  ^*  cos  i^'  +  sin  ^  sm  ^''  cos  («'^— «')> 
but  we  alsa  have 

cos  v^zizx^  cot  ^'        cos  •''  =  4?^'  cot  ^'' 
sin  ft/z^y  cot  ^'        sin  •/'  rz:y^  cot  g'' 

and  by  squaring  these  last  equations  and  adding  them  two  by  two 
we  shall  find 


cos  g'  =  - —  —  and  cos  e''  =: 


±Vl  +  a?"  +  3(^  ±  Vi  +^/»4.y'«* 

Substituting  from  the  last  six  equations  in  the  preceding  one  we 
obtain^ 

±  V  (1  ^^/^  +  y«}  (1  +  ;r'^  4.y«)  ^  ^ 

From  this  we  get  the  following  formulae  which  are  more  generally 
useful, 

.;^  ^  ^  ^  a/P'  -  ^0'  +  (y^^  -  y^y  +  (^y  -  ^ V)^     ,7. 

'^      (i+^+r)(i  +  ^^+y'')        ^^ 

tan?-  "^ \^(^^^  -^)^+(3^^^ - yy  +  (^y^ - ^yy  ..v 
i  +  ^or^+yy  •  ^^'^ 

The  last  three  formulae  have  double  signs,  because  they  give 
the  distance  of  the  point  ^,  y ,  from  the  point  diametrically  opposite 
to  x'\  y,  as  well  as  from  the  point  ^',  y  itself.  And  it  must  also 
be  remembered  that  two  points  on  the  surface  of  a  sphere  may  be 
joined  by  two  differ^t  arcs  of  great  circles,  which  taken  together 
mabe  up  the  whole  circumference  of  a  great  circle. 

§  4. — To  express  the  Length  of  the  Arc  a,  drawn  from  a  given 
Point  x\  y\  at  right  Angles  to  the  Arc  of  a  great  Circle  whose  Equa- 
tion is  etx-^-  fiy:=z  I. 

The  required  arc  is  the  complement  of  the  distance  of  the  given 
point  from  the  pole  of  the  given  circle,  whose  coordinates  are  —  «, 
and  —  /3 ;  substituting  these  values  for  4?",  y"  in  (6)  we  find, 
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§  5.— To  exprtiM  the  Angle  I  between  two  Arc$  whoee  EqwUions 
are  mx^fiy=.  I  and  ^^^r-l- /S'yzzl. 

Since  the  angle  between  the  arcs  is  e^nal  to  the  distance  betweoi 
their  poles,  we  find  firom  (6) 

1  +  Mi'  +  /8^ 

This  fonnnla  shows  that  the  two  arcs  will  be  at  ri^t  an^es  to 
each  other  if 

l  +  ««'+/M'=o.  (11) 

§  6. — To  find  the  Equation  of  the  great  Circle  |mu*^  through 
the  Point  x^  f/^  and  perpendicular  to  the  Arc  whose  JSputUon  it 
ttx  +  fiyznl. 

The  great  circle  whose  equation  is  reanired  must  pass  thron^h 
the  pole  of  the  given  great  circle,  as  well  as  througn  the  pomt 
of,  tr  ;  hence  from  (5)  it  appears  that  its  equation  will  be 

§  7.-^  Traniformation  of  spherical  Coordinates. 

Spherical  coordinates  maj  be  transformed  b j  assuming  a  new 
origin  and  new  arcs  of  reference.  It  is  not,  however,  very  easy  to 
establish  the  general  formulae  which  enable  us  to  pass  firom  any  one 
system  of  soherical  coordinates  to  another.  I  have  investigated 
these  formulae  and  will  furnish  them  on  another  occasion,  having 
at  present  no  need  to  employ  any  but  the  8imi>le8t  modes  o£  trans- 
formation. In  the  first  place,  the  formulae  which  are  to  be  used,  in 
passing  from  one  system  of  rectangular  coordinates  to  another, 
whilst  the  origin  remains  the  same,  are 

a?  =  «?'co8«— y'sin*  r,o\ 

y=y'cos«+ a?'8in«  ^^ 

a  being  the  angle  between  the  given  and  the  new  referrace  arcs  of 
a.  This  becomes  evident  if  we  project  the  two  systems  of  arcs  of 
reference  into  right  lines  upon  the  tangent  plane  at  the  common 
origin.  Next,  we  may  change  the  origin,  whilst  the  reference  arc  of 
a^  remains  the  same ;  the  new  system  of  coordinates  as  well  as  the 
given  one  being  rectangular.  The  formulae  for  this  transformation 
are 

a/4-tana  y'seca  . 

*-l-a?'tana  *^-l  -  ar'tana  ^^^^ 

where  »  denotes  the  distance  between  the  two  origins* 
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To  prove  thia,  let  ox,  oy,  be  the  given  arcs  of  reference,  and 
o'x,  o'y,  the  new  ones ;  and  from  any  point  p  draw  arcs  pit,  pw, 
pn',  respectively  perpendicular  to  ox,  oy,  o'y  ;  then,  as  the  arc  pm 
passes  through  y 

tan  yn'      cos  pyn'  cos  o'm 


tan  yn       cos  pyn       cos  (oo'  4-  o'h)  ' 

yn'  are  res 

',  we  get 

^^    y'seca 


hence,  since  cot  yn,  cot  yn'  are  respectively  equal  to  y  and  y' 
00'  =:  Of  and  tan  o'm  =  w'f  we  get 


l-ar'tanflf' 

also,  since  om  =:  00'  -|-  o'm, 

tan  00'  +  tan  o'm 

tanOM  =  -j — r- 7—; 

1  —  tanoo'tano'M 

-therefore 

or'  +  tan  « 

I  —  a/tanet 

In  like  manner,  if  we  wbhed  to  transfer  the  origin  to  a  point  on  the 
y  arc  of  reference,  that  arc  being  still  retained,  and  the  new  system 
of  coordinates  being  rectangular,  we  should  have  to  use  the  for- 
.mulae, 

.  or^sec^  y  +  tan^  ^. 

l-ytan/S'    ^       l-ytan/s'  ^    ^ 

where  fi  denotes  the  distance  between  the  origins. 

§  8. — A  Curve  on  the  Surface  of  the  Sphere  being  represented 
hy  an  Equation  between  spherical  Coordinates^  to  determine  the 
Equation  of  the  great  Circle  touching  it  at  a  given  Point  ^,  y'» 

The  equation  of  a  great  circle,  passing  through  the  points  o^,  y» 
and  4?",  y,  on  the  curve,  is 

and  if  x"^  y''  approach  indefinitely  near  to  or',  y ,  this  equation  be- 
comes 

y:zt.-%,  (16) 

This  is  the  equation  of  the  tangent  arc  at  the  pomt  oi^^  x  we  may 
jput  it  into  the  following  symmetrical  form : 

xdy'  ydx^         _^  jyv 

x'dy'  -y'dx''^  y'dx^  "  9^dy'^    '  ^     ' 
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The  formtilie  (16)  and  (17)  will  evidentlj  hdd  good  whedier 
the  arcs  of  iderence  be  rectangular  on  not 

§  9. — To  determine  the  Equaium  of  the  normal  Arc  to  a  ephe- 
rical  Curve  at  a  given  Point  4/,  y. 

It  appears  from  (12)  that  the  equation  of  the  arc  passing  through 
the  point  ^^  y»  a^  perpendicular  to  the  arc  whose  equation  is  (17) 

(y /)  W+*  (*V-f'-<*')]  +  («-0[^'+jr'(y^'-»*')]=<>  08) 

This  is  the  eauation  of  the  ncmnal  arc  at  the  point  ^^  y .    The  co- 
ordinates in  this  last  formula  are  supposed  to  be  rectangular. 


81^ 
of  the  1 


10. — ^The  ipherical  evolute  of  a  curve  described  on  the  surface 
le  sphere  is  the  locus  of  the  pcnnt  in  which  two  consecutive 
normal  arcs  to  the  curve  intersect  In  finding  the  spherical  evolute, 
we  may  follow  a  course  exactly  analogous  to  Siat  by  which  we  inves- 
tigate the  evolutes  of  plane  curves.  We  must  take  the  equation 
of  the  normal  arc  (18)  and  differentiate  it  with  respect  to  j^  and 
y :  supposing  at  and  ^  to  be  constant;  the  resulting  equation  may 
be  written  in  the  form 

+  (ar «  y)  [rf«y  +  y  (yc^y  -  ^rf'y) + (y^*'  -  a^dt/)  rfy]  i(i9) 
=  rf*'«  +  rfy*  +  (*'i(5^-yrf*')«  J 

From  this  and  the  equation  of  the  normal  arc  (18)  we  find 


2f  — y  = 


(20) 


By  these  last  equations  taken  along  with  that  of  the  given  curve 
and  its  first  and  second  differentials,  we  may  eliminate  a/>  y ,  dx'^ 
rfy,  d*x',  rf*y ;  and  the  resulting  equation  between  jp  and  y  wiU 
be  thereqmred  equation  of  the  spherical  evolute. 

§  11. — To  determine  the  Circle  of  the  Sphere  which  osculates  a 
spherical  Curve  at  a  given  Point  ^,  y'* 

The  spherical  coordinates  of  the  centre  of  the  osculating  circle 
are  evidentiy  the  or  and  y  in  formulae  (20).  To  ascertain  the  mag- 
nitude of  this  circle  we  must  have  recourse  to  the  formula  (8), 
from  which  we  find  the  tangent  of  the  arc  joining  the  points  ^,  y, 
and  ^,  y .     In  the  formulae  (20)  kt  us  put  for  shortness, 
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dx'd^y'  —  dy'd^x^  =  B, 

B  (1 4.^r^  +  y^)  4-  (^rfy  — yrf^o  a  =  c, 

then  we  shall  find  from  them 

B(14-a;^4-y)y  +  Ae^a^^     ^      B(l+^^+y^O^^-Ae(y^ 

^-   .  ■  ■ — E~:  "^^ 1 ^^*^ 

and 

Hence, 

c  {\+Xi^+y^)-c-k{a^di/^lfdaf)  +  j^{\^a^^+y^%a^^J^y'^) 

Also, 

c«  [  (^-4?)'  +  0^'-y)'+  (^-^a?')']  =  A^  (1  +  «"  +  y*)- 

Therefore,  if  y  be  the  arc  joining  the  points  x^  y^  and  al^  y , 

Af 


(1  +  a:"  +  y«)i  (dte'tPif'-di/d'x'y 


(22) 


This  remarkable  formula,  exactly  analogous  to  that  which  expresses 
the  radius  of  the  circle  osculating  a  given  plane  curve  at  the  point 
OL'f  ^'^  might  be  obtained  frx)m  the  equation  of  a  circle  of  the  sphere 
by  the  following  method.  It  appears  from  formula  (6)  that  the  equa- 
tion of  a  circle  of  the  sphere,  whose  spherical  raaius  is  y,  and  the 
coordinates  of  whose  centre  are  j/',  y'\  is 

,,,  _  i+^^"+^y' 

cosyiir- 


now  this  equation  may  be  written  in  the  form 


a:c  +  by  +  c=y/l  +  a^+^,  (23) 

where 

a*  4.  6«  +  c'  zr  sec  'y, 

and  in  order  that  the  circle,  whose  equation  is  (23)  may  osculate  a 
given  spherical  curve  at  the  point  ^,  y',  we  must  be  able  to  change 
a;  and  v,  into  a/  and  y,  both  in  the  equation  (23)  and  in  its  first  and 
second  differentials.  Thus,  a,  h,  c,  are  completely  determined  from 
the  three  equations 
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Hence,  using  the  abbreviations  employed  in  the  preceding  investiga- 
lion,  we  obtain 

__B(i  +  *«+y)*^-Arfy 

-  B(i+*«+y)j     ' 

_  B  (i+;t"  +y»).|.  A(Wy-yrfr^) 

—  B(i+*«+y)j 

and  these  three  equations  give  us,  since 

A» 


tan*y  ^ 


B»(l+*«  +  y)» 


8  12. — To  find  the  diffirential  of  the  Arc  of  a  tpherieai  Cane. 
rbe  equation  (7)  may  be  put  into  the  form 


8in3=±y^' 


(i+*«+y«)(i  +  «'«+y) 


therefore,  if  we  use  ds  to  denote  the  differential  of  the  arc  of  a  sphe- 
rical curve,  we  shall  have 

_  ^/dx» + rfy  +  {x'dy'-^d^Y 
"*-  i  +  *"+y         *  ^^ 

This  expression  enables  us  to  present  the  equation  (22),  which  gives 
the  tangent  of  the  radius  of  the  osculating  circle,  in  a  new  forui) 

5  13. — On  the  Use  of  polar  Coordinates  in  spherical  Geometry. 

In  the  analytic  geometry  of  the  plane,  polar  coordinates  may 
sometimes  be  employed  more  advantageously  than  rectilinear  ones : 
S0|  it  is  sometimes  most  convenient  to  express  the  position  of  a  point 
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on  the  surface  of  the  sphere  by  means  of  the  vector  arc  sp  drawn  to 
it  from  a  fixed  point  s,  and  the  angle  psx  between  this  vector  arc 
and  a  fixed  arc  passing  through  s« 

The  following  formulae,  in  which  ^  denotes  the  arc  sp,  and  «r  the 
angle  psx,  are  those  most  commonly  used  in  applications  of  the  me* 
thod  of  spherical  polar  coordinates. 

A  curve  being  represented  by  an  equation  between  ^  and  i»,  it 
may  be  required  to  find  the  angle  0  between  the  vector  arc  sp  and 
an  arc  of  a  great  circle  touching  the  curve  at  the  point  p.  This  may 
be  readily  done.  For,  let  a  vector  arc  be  drawn  to  another  point  q, 
on  the  curve  infinitely  near  to  P ;  and  from  Q  let  an  arc  QT  be  drawn 
perpendicular  to  sp  ;  then 

QT 

tanQPT=  — . 

PT 

But  ultimately  qpt  =:  ^,  qt  =  sin  ^  ds^  and  PT  zz  cf^,  hevice  we  ob- 
tain the  desired  formulae 

sin#Av  ^^v 

tan  tf  =  — 3 — •  (^"/ 

Since  qp  is  ultimately  the  differential  of  the  arc  dSf  we  find 

A  ==  ±  Vsin^^dt^  +  d^K  (27) 

and 

8in9  =  !!ll|^.  (28) 

From  (28)  we  obtain  an  expression  for  the  arc  p,  drawn  from  s 
perpendicular  to  the  tangent  arc  at  P. 

sin«^  d4t  ,^Q. 

sm  p  = .        ^  j>  (29) 

=4z  V  sin*5  c?«»*  +  *^§* 

Next,  we  may  find  the  area  of  the  elementary  spherical  triangle 
whose  base  is  qp,  the  differential  of  the  arc,  and  whose  vertex  is  the 
pole  s.    The  known  formula 

^  tan  4^  a  tan  4  &  sin  c 

tan  *  (area)  =  -    .  , — ; — : — -r -t 

*  ^       ''       1  +  tan  i  a  tan  ^  6  cos  c 

which  gives  the  area  of  a  spherical  triangle  in  terms  of  two  sides  and 
the  included  angle,  becomes,  when  we  substitute  ^  for  a  and  6,  and 
dtt  for  Cy 

area  3=  2  sin*  ^  ^  rf«»  =  (1  —  cos  {)  dtt^  (30) 

An  elegant  expression  may  be  obtained  for  the  radius  of  the  oscu- 
lating circle  in  terms  of  g  and^.  Let  c  be  the  centre  of  this  circle, 
let  y  be  its  radius,  and  let  the  arc  sc  be  denoted  by  3 :  then,  using 
the  notation  already  established,  we  shall  have 
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CO*  )  :=  COS  (  COS  y  .f-  fin  (  sin  y  sin  I, 
or, 

cos  }  =1:  cos  (  cos  y  4-  9*°  p  SIB  y, 

and  this  eqnatioo  nuj  be  diflferentiated  on  the  suppositioD  that }  and 
y  remain  constant.    Thus  we  obtain 

U„y  =  j!^.  (81) 

If  we  differentiate  (29),  considering  tt  as  the  independent  vari- 
able, we  shall  find  cos  pap  in  terms  of  ^  and  tt ;  so  that  we  arrive 
finally  at  the  following  equation  which  gives  the  tangent  of  the  radius 
of  the  osculating  circle  in  terms  of  ^  and  «r, 

±(8in»#cfW»  +  if#»)J 

tan  y  = ^ — 2 ^^   ^  ^ ^       /32) 

(siB*(Cos(</«*4-2coe(^^— sia(if'()i^         ^ 

§  14. — Mode  of  passing  from  rectangular  to  polar  spherical 
Coordinates. 

To  effect  this  change  we  have  only  to  put 

ar  =:  tan  (  COS  AT,  and  ^r  r=  tan  ^  sin  «i.  (83) 

From  these  equations  we  may  deduce  the  following  formula  which  is 
often  useful, 

§  15. — Quadrature  of  a  spherical  Curve  givem  b^  an  EquoHom 
between  rectangular  spliericat  Coordinates. 

We  may  derive  from  ^34)  and  (30)  a  formula  for  the  quadrature 
of  a  spherical  curve,  whieb  is  given  by  an  equation  between  rectan- 
gular spherical  coordinates. 

area  =z  {f^LZl^ «  C  ^^Jf-^^^  ^ggx 

The  portion  of  the  sphere  whose  area  is  determined  by  this  last  for- 
mula is  included  by  an  arc  of  the  curve  and  two  arcs  of  great  circles 
drawn  to  its  extremities  from  the  origin.  But  we  may  derive  from 
(30)  a  formula  for  the  quadrature  of  spherical  curves  more  analagous 
to  that  which  is  ordinarily  employed  in  the  quadrature  of  plane 
curves. 

Let  PM|  p^M^  be  two  arcs  drawn  perpendicular  to  ox  from  two 
consecutive  points  on  the  curve.  It  is  to  be  observed  that  the  letters 
here  employed  refer  to  the  coustruction  indicated  in  §  1.  Then  the 
area  of  tne  elementary  spherical  quadrilateral  pmmV,  which  we  shall 
consider  as  the  differential  of  the  area  of  the  curve  described  by  p, 
may  be  easily  found.    For,  y  being  the  pole  of  ox,  since  the  area  of 
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the  elementary  spherical  triangle  pyp'  is  by  (30)  equal  to 

(1  —cos  py)  mm'=  (1— sin  pm)  mm', 
it  appears  that  the  area  of 

pmmV  =  sin  pm.mm'. 


Now 


and 


y 
sm  PM  iz:  sm  ^  sm  «r  zr ^ 


^/\J^af^f' 


therefore, 


dx 
MM'  =  d  (tan)  -1^  =  -= -, 

^       '  1  +  0?' 

ydx 


area  =  C '^  ^  (36) 

J(l+^)Vl+^  +  / 

§  15. — Equation  of  a  spheiHccU  Conic  in  rectangular  Coordi- 
nates. 

Any  equation  of  the  second  degree  between  the  spherical  coor- 
dinates X  and  ^,  represents  a  spherical  conic. — (See  §  L)  But  in 
order  to  obtain  the  equation  of  a  spherical  conic  in  a  simple  form, 
we  may  take  its  principal  diametral  arcs  for  the  arcs  of  reference. 
The  equation  of  the  conic  referred  to  them  will  be 

ay  +  6«^  =  o«6«,  (37) 

where  a  and  b  are  the  tangents  of  the  distances  of  the  origin  from 
the  points  in  which  the  curve  meets  the  x  and  y  arcs  of  reference. 

After  what  has  been  said  in  §  1,  it  is  scarcely  necessary  to  give 
any  detailed  proof  of  this.  For,  if  the  conic  and  its  diametral  arcs 
be  projected  by  means  of  radii  of  the  sphere  upon  a  plane  touching 
the  sphere  at  the  centre  of  the  conic,  the  projection  of  the  curve 
will  be  an  ellipse  having  for  its  semiaxes  the  lines  a  and  b,  which  are 
the  projections  of  the  principal  semidiametral  arcs  of  the  spherical 
conic.  Moreover,  the  equation  of  the  spherical  conic  is  identically 
the  same  as  that  of  the  ellipse  referred  to  its  principal  axes.  It  will 
be  convenient  to  denote  the  greatest  and  least  semidiametral  arcs,  or 
as  I  shall  henceforth  call  them,  semidiameters  of  the  conic  by  »  and 
/3,  so  that  a  =  tan  «,  6  zz  tan  /3.  We  may  define  the  foci  of  the 
conic  as  two  points  on  the  greatest  diameter,  whose  distances  from 
the  centre,  4"  7  ^^^  ~  y>  *r®  determined  by  the  equation 

cos  y  zz .  (38) 

^       cos/3  ^     ' 

From  this  relation  we  find 

sinV_a^-6^  tanV_    a' -6^  sin»2y  _(a'-&0  (1  +  h^)    s^g. 

sin'**""    a^    '  tan««t~"a2(l+fe«)'^"    sin«2^  ""  a«  *  ^'    ' 

o 
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These  three  quantities 

siny  tany  ,  sin2y 
-: — >  : — »  and  .  , 
8in«    tan«  sin  2k 

as  we  shall  see  presently,  will  be  found  to  appear  in  theorems  and 
formulae  relating  to  spherical  conies,  in  place  of  the  excentricity 
which  we  meet  in  the  theory  of  the  plane  conic  sections.  I  shall  de- 
note them  respectively  by  e,  i,  and  %'. 

If  in  the  formuls  already  given  for  the  transformation  of  coordi- 
nates (14)  we  make  «  =90*^,  tbey  would  become 

1  y' 

«  =: ;,  and  v  =  —  -,. 

Substituting  these  values  of  x  and  y  in  (37),  and  removing  the  ac- 
cents from  x*  and  y,  we  should  obtain  the  equation 

which  is  that  of  a  spherical  conic ;  the  y  and  x  arcs  of  reference 
being  the  great  circles  respectively  lying  in  the  principal  plane,  and 
in  the  plane  of  the  greatest  section  of  the  cone  whose  generatrices 
are  the  radii  drawn  to  all  the  points  of  the  conic. 

Transferring  the  origin  from  the  centre  to  the  vertex  at  the  extre- 
mity of  the  greatest  diameter,  by  putting  —  a  for  tan  «,  in  formulae 
(14),  wo  should  find  for  the  equation  of  the  conic 

y  =  — or ^T— ^^-  (41) 

If  a  =  1,  that  is,  if  the  greatest  diameter  of  the  curve  be- 
comes a  quadrant,  the  last  eouation  loses  the  term  involving  ^,  and 
the  curve  becomes  what  Mr.  Davies  calls  a  spherical  parabola. 

2^ 
The  quantity  —  appears  to  hold  the  same  place  in  the  theory 

of  the  spherical  conies  that  it  does  in  that  of  the  plane  conic  sections. 
It  may  be  called  the  principal  parameter^  and  denoted  by  p. 

Transferring  the  origin  from  the  centre  to  th«  focus,  by  putting 
±  y  for  <e  in  formulsc  (14)  and  afterwards  removing  the  accents  from 
x'  and  y,  we  should  obtain  the  equation  of  a  spherical  conic  in 
the  following  form, 

y^  +  ^  =  iip^:i'xy.  (42) 

Now,  this  equation  represents,  not  only  the  spherical  conic,  but  also 
the  plane  curve  formed  by  the  intersection  of  the  tangent  plane  at 
the  focus  with  the  cone  whose  generatrices  are  the  radii  of  the 
sphere  drawn  to  all  the  points  of  the  conic  :  and  it  is  evident  from 
the  form  of  equation  (42;  that  this  plane  curve  will  be  a  conic  section 
having  its  focus  at  the  point  of  contact,  its  semiparameter  equal  to  p, 
and  its  excentricity  equal  to  %\ 
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Making  a;  =  0  in  (42),  we  shall  find  that  the  tangent  of  the  arc, 
drawn  from  the  focus  to  the  curve,  and  perpendicular  to  the  greatest 
diameter,  is  equal  to  half  the  principal  parameter. 

Again,  without  resorting  to  the  formula  (22),  we  may  show  that 
the  tangent  of  the  radius  of  the  small  circle  osculating  the  conic 
at  the  extremity  of  the  greatest  diameter,  is  half  the  principal  para- 
meter. In  order  to  prove  this,  1  must  premise  the  following  propo- 
sition. 

If  an  arc  k  be  drawn  from  any  point  in  the  circumference  of  a 
small  circle  of  the  sphere,  perpendicular  to  a  fixed  diametral  arc  d  of 
the  circle,  and  dividing  it  into  two  segments  s  and  ^,  we  should 
always  have 

tan«fe=   ^'°^f/  : 
cos  •J  a 

and  the  value  of  rr— : — ;,  when  k  and  «'  are  both  -zz  0,  is  evidently 
2  sm  y  ^ 

tan  ^  d. 

Hence,  if  the  equation  of  a  spherical  curve  be  given  in  rectan- 
gular coordinates,  the  arcs  of  reference  being  the  tangent  and  normal 
arcs  at  a  point  on  the  curve,  we  should  obtain  the  tangent  of  the 
radius  of  the  circle  of  the  sphere  which  osculates  the  curve  at  the 

origin  by  finding  the  value  of  ^,  when  x  and  y  are  each  =:  0. 

Applying  this  principle  to  the  spherical  conic,  represented  by  the 
equation  (41),  we  should  find  the  tangent  of  the  radius  of  the  circle 
osculating  the  conic  at  the  origin  to  be  equal  to  half  the  principal 
parameter. 

§16. — Polar  Equation  of  a  spherical  Conic. 

The  polar  equation  of  a  spherical  conic  referred  to  its  centre  as 
pole  may  be  obtained  from  (37)  by  the  method  stated  in  §  14.  We 
thus  find  it  to  be 

(43) 


tan',-       **"'^ 

""«-  1_«.C08««' 

which  also  gives 

3i„,,_       «n«^ 

""«-l_,.cosV 

(44) 

It  appears  from  (43)  that  the  sum  of  the  squares  of  the  cotan- 
gents of  two  rectangular  semidiameters  is  constant. 

Equation  (44)  shows  that  the  orthographic  projection  of  a  sphe- 
rical conic,  upon  a  plane  touching  the  sphere  at  the  centre  of  the 
conic  will  be  an  ellipse. 

Hence,  if  arcs  pm,  pn,  be  drawn  from  a  point  on  a  spherical 
conic  perpendicular  to  its  greatest  and  least  diameters,  we  should 
have 
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«n^      «n^  (45) 

It  would  not,  howerer,  be  adTtnUgeons  in  general  to  take  the 
sines  of  the  arcs  drawn  from  a  point  on  the  sphere  perpendicalar  to 
two  fixed  rectangular  arcs  as  the  spherical  coordinates  of  that  point. 

Using  these  coordinates,  and  calling  them  x  and  t,  we  should 
find  that  the  equation  of  a  great  circle  was  of  the  second  degree. 
Tic: 


sin*«  ^  tan  «  tan /8       sin*/8 

where  «  and  fi  denote  the  distances  of  the  origin  from  the  points  in 
which  the  great  circle  meets  the  arcs  of  reference. 

The  poUur  equation  of  a  spherical  conic  referred  to  its  focus  as 
pole  is  found  from  (42)  to  be 

We  infer  frt>m  this,  that  if  any  arc  be  drawn  through  the  focus  of  a 
spherical  conic,  meeting  the  cunre  in  two  points,  the  sum  of  the 
trigonometric  cotanffents  of  the  arcs  lying  between  the  focus  and 
these  two  points  will  be  constant. 
It  is  easy  to  show  that 

tan*/8 cos  2y  —  cos  2« 

tan  «  sin  2« 

Equation  (46)  may  therefore  be  put  into  the  following  form, 

cos2y^cos2«  ^^„^ 

Un^=  «    o   -u   •    Q •  (47) 

^       sm2«(±sm2yco8«r  ^     ' 

If  we  investigate  by  polar  coordinates  the  locus  of  a  point  on  the 
surface  of  a  sphere  the  sioes  of  whose  distances  from  a  fixed  point  on 
the  sphere  and  a  fixed  arc  are  always  in  the  ratio  of  m  to  1,  we 
should  find  for  the  equation  of  the  locus 


m  sin  2 

^  cos)  cos  AT 


tan  ^  == ,  (48) 


where  ^  is  the  distance  of  the  fixed  point  from  the  fixed  arc 
Comparing  this  equation  with  (46)  we  have 

msinizz^p,  and  m cos ^  =i i^ 
so  that 

w'  =  ^p*  +  i'',  and  tan  3=:^,  (49) 
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§  17. — Equations  of  the  cyclic  Arcs  of  a  spherical  Conic. 

A  spherical  conic  being  formed  by  the  intersection  of  the  sphere 
with  a  cone  of  the  second  degree,  having  its  vertex  at  the  centre  of 
the  sphere,  the  C2fclic  arcs  of  this  conic  are  the  great  circles  whose 
planes  are  parallel  to  two  subcontrary  circular  sections  of  the  cone. 
Consequently,  if  a  plane  be  drawn  touching  the  sphere  at  the  pole  of 
one  of  these  great  circles,  it  will  intersect  the  cone  in  a  circle.  Now, 
the  equation  of  that  circle  in  the  tangent  plane  is  the  same  as  that  of 
the  spherical  conic,  if  the  point  of  contact  be  made  the  origin  of 
rectangular  coordinates  in  both  cases.  Further,  we  may  assume 
that  the  poles  of  the  cyclic  arcs  are  on  the  least  diameter  of  the 
conic.  The  question  of  finding  the  cyclic  arcs  is,  therefore,  reduced 
to  this, — to  transfer  the  origin  of  rectangular  spherical  coordinates 
from  the  centre  of  the  conic  to  a  point  in  its  least  diameter,  that 
diameter  being  retained  as  the  y  arc  of  reference,  and  the  new  coor- 
dinates being  rectangular,  so  that  in  the  transformed  equation  ^  and 
p*  may  have  the  same  coefficient.  In  order  to  effect  this  we  must 
use  the  formulae  (15)  for  the  transformation  of  coordinates,  putting 
^  in  them  instead  of  fi,  so  as  to  avoid  ambiguity,  and  then  determine 
^  by  the  condition  that  the  coefficients  of  ^  and  ^  may  be  equal. 
We  thus  obtain 


a«  — ft« 


Hence,  we  find  the  equations  of  the  cyclic  arcs  of  a  conic  given  by 
the  equation 

to  be  

^^hVl+a^  (50) 

Denoting  by  $  the  angle  between  one  of  the  cyclic  arcs  and  the 
greatest  diameter,  we  get  from  this,  since  ^  +  ^J/  =  90°, 

tany         ,    .    ^      sin/3  ,„,. 

cos  0  = : ,  and  sm  C>  =  -; .  (51 ) 

^       tan «  sin «  ^     ^ 

These  equations  show  that  if  two  spherical  conies  have  the  same 
cyclic  arcs,  the  quantity  t,  in  their  polar  equations  (44)  referred  to 
the  centre  as  pole,  will  be  the  same  for  both:  consequently,  the 
ratio  of  the  sines  of  those  semidiameters  of  two  hiconcyclic  conies 
which  make  equal  angles  with  the  greatest  diametral  arc  will  he 
constant:  and  hence,  if  two  hiconcyclic  conies  heprofected  orthogra^ 
phically  upon  a  plane  touching  the  sphere  at  their  common  centre, 
the  projections  will  he  two  similar y  similarly  pUicedy  an<t  concentric 
ellipses. 
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§  IS^^^EqtMtion  of  the  great  Circle  tamcMmg  a  epkeriad  Comic 
at  ^g^^>^^  Point  ^,  y. 

The  equation  of  the  spherical  conic  referred  to  its  priodpal  dia- 
meters being 

we  find  from  (16)  the  equation  of  the  tangent  arc  at  the  point  s'^  y, 
to  be 

rf«yy  +  ^JF'jr  =  rt«ft«.  (52) 

Hence»  also,  we  may  prove,  in  the  same  way  as  the  similar  result  b 
arrived  at  in  the  theory  of  the  plane  conic  sections,  that  if  tangent 
arcs  be  drawn  to  a  conic  from  a  point  without  it,  jt',  y,  the  equation 
of  the  arc  joining  the  points  of  contact  will  be 

rf«yy  +  6«jF'x:=<i«6«.  (58) 

Since  x  and  y  may  be  interchanged  with  x*  and  y,  without  alter- 
ing the  form  of  the  equation  (53),  it  must  also  represent  the  locus 
of  the  point  of  concourse  of  the  two  tangent  arcs  drawn  to  a  conic  at 
the  points  where  any  arc  passing  through  a  fixed  point  j/,  y,  meets 
the  curve. 

The  arc  touching  the  conic  at  the  point  x*^  y,  meets  the  prin- 
cipal diameters  of  the  conic  in  points,  the  tangents  of  whose  distances 

<^         ^ 
from  the  centre  are  -j  and  -— :  call  these  x  and  t,  and  we  shall  have, 
X'        y 

since  ri"y*  4-  6*x^:i:o'  h\ 

x«^  +  Y«ri«  =  x«Y«. 

This  shows  that  the  spherical  conic,  the  tangents  of  whose  prin- 
cipal semidiameters  are  x  and  y,  will  pass  through  the  point  whose 
coordinates  are  a  and  h. 

§19. — Conjugate  Diameteri  of  a  spherical  Conic, 

Conjugate  diameters  of  a  spherical  conic  are  those  each  of  which 

passes  through  the  pole  of  the  other  with  relation  to  the  conic.  The 

poles  of  both  of  them  are  evidently  on  the  great  circle  whose  pole  is 

the  centre  of  the  conic 

From  what  has  been  said  in  §  1,  with  reference  to  the  meaning 

of  the  constants  in  the  equation  of  an  arc  of  a  great  circle,  it  appears 

that  the  diameter  whose  equation  is 

«'yy  +  ft'^*  =  0,  (54) 

is  conjugate  to  the  diameter  drawn  to  the  point  x^^  y,  and  whose 
equation  is  thcurefore, 

x'tf-t^'xzzO; 

for  it  meets  the  great  circle  whose  pole  is  the  centre  of  the  conic  in 
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the  same  point  that  the  tangent  arc  at  the  point  x'^  y,  meets  that 
same  circle. 

Any  two  conjugate  diameters  of  a  spherical  conic  will  evidently 
make  with  the  greatest  diameter  two  angles  the  product  of  whose 

tangents  is  constant  and  equal  to -, 

The  diameter  conjugate  to  that  which  passes  through  the  point 
no'^  y',  on  the  conic,  will  meet  the  curve  in  two  points  whose  coordir 
nates  ^'^  y'^^  are  found  from  the  equations  (54)  and  (37)  to  be 

x'f  =  ±^ y',  and y'  =  ±-^.  (55) 

Let  us  denote  the  semidiameter  drawn  to  the  point  ^,  y\  by  »•', 
and  the  semiconjugate  diameter  by  r'^  then  as  tan  Vzr^p'^  +y*» 
we  shall  have 

tanV'  =  -iLJL ,  (56) 

The  equation  of  the  tangent  arc  at  that  extremity  of  the  conju- 
gate diameter,  for  which  the  coordinates  are 

a  h 

^r^'  =1  —  T-y>  and  y^'  zzz-x^^  is  x^y-^y'x  =:  ah.        (57) 

It  may  be  observed  that  since 

;r^  4-  a/'*  =  a%  and  ^^  -fy*  =  &% 

the  sum  of  the  squares  of  the  tangents  of  two  conjugate  semidia- 
meters  of  a  spherical  conic  is  constant. 

§  20. —  To  determine  the  lengths  of  the  Arcs  drawn  from  the 
Centre  or  Focus  perpendicular  to  Tangent  Arc  at  the  Point  ^,  y\ 

Let  A  be  the  arc  drawn  from  the  centre,  perpendicular  to  the 
tangent  arc  at  the  point  ^,  y :  by  the  aid  of  formulae  (9)  and  (52), 
we  find 

sm  A  zz  • 


and  V(58) 

tan  A  zz     , 

Va*y^*  +  b*a/*  J 

The  last  formula  compared  with  (56)  shows  that  tan  r^'  tan  A  z=i 
ah :  that  is 

In  a  spherical  conic,  the  product  of  the  trigonometric  tangents  of 
the  perpendicular  let  fall  from  the  centre  of  the  conic  on  a  tangent 
arc,  and  of  the  semidiameter  conjugate  to  that  which  passes  through 
the  point  of  contact^  is  constant. 
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Let  /  be  the  arc  drawn  from  the  focoi,  whose  eoordinate  is 
-I-  tao  y,  (=r  a§f)  perpendicular  to  the  tansfent  arc  at  the  point 
4/,  y ;  and  let  /'  be  the  arc  drawn  from  the  omer  focus,  whose  coor- 
dinate is  —  ai,  perpendicular  to  the  same  tangent  arc     Then,  from 


rpenc 
(52), 


and 


formula  (9)  and  (52),  we  have 

sin  /  =     .  ^  .  »  (59) 

l/(a*^  +  a*y'  +  A*«^)(l  +  aV) 

■  r  -  '^(-  +  *'')  (60) 

V(a*^  +  d*y+ft*ar«)(l  +  f^t*) 

Now,  the  quantity  a^b^-^-^a^y^  +  b^x'*  maj  be  pot  into  the  form 
a*  6*  (1  -f.  ft*)  (rf"  —  iP*^) :  consequently, 

8in/8in^  =  y-^.  (61) 

Therefore,  in  any  spherical  conic,  the  product  of  the  sines  of  the 
arcs  drawn  from  the  two  foci  perpendicular  to  any  tangent  arc  is 
constant. 

§  21. — A  spherical  Conic  being  represented  by  the  Equation 
a*y  4-  6»;r*  =1  o*i^,  to  express  the  Distances  ^,  ^',  of  a  Point 


accomplish  this  we  have  only  to  put  =t:  a%  and  0,  in  place  of 
x^^  and  y,  in  formula  (8) :  we  thus  find 


x^y  y,  on  the  Curve  from  the  two  Foci. 
To  •       • 

y,  in  fori 

^a°  C  -  (l+a.^)t y^^) 

Now  the  quantity  (of'—oty  +  y*  (1  +  «^  ••)  may  be  put  into  the 
form  (a— ar')«;  we  nave,  therefore, 

a tx' 

and  in  like  manner 

From  the  form  of  these  two  last  equations  it  b  plain  that 

g'  =  »—  (tan)  — ^ur',  and  {"=:«  +  (tan) i— or' ; 
hence 

e'  +  c"=2«.  (65) 

Therefore,  the  sum  of  the  distances  of  any  point  on  a  spherical  conic 
from  the  two  foci  b  constant. 
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It  is  to  be  observed,  that  the  tangent  of  the  distance  of  any  point 
or^,  y»  on  a  spherical  conic  from  either  focus  is  a  rational  function 
of  or'. 

Had  we  employed  formula  (7)  instead  of  (8)  we  should  have 
found  the  following  values  of  sin^^  and  sin^'',  which  we  shall  have 
occasion  presently  to  refer  to : 

sin  ^'  =     ,  — ^  (66) 

V  (1 4- o«  i«)  (1  +  ^r'*  4- y*) 


sin c''=  "*  "^  '^  (67) 

V(l+aU^)(l  +  :c^+y^) 


Since 


sm 


I         sin  /' 


sm  ^'        sm  ^ 


if  follows  that  the  arcs  drawn  from  the  two  foci  to  any  point  on  the 
curve  make  equal  angles  with  the  tangent  arc  at  that  point. 

Let  $  denote  the  angle  between  either  of  these  vector  arcs  and 
the  tangent  arc  ;  then  we  shall  have 

sin  ^  sin  /' 


sm  ^'  sm  ^'' 
Hence 

S  22. — Equation  of  the  normal  Arc  of  a  spherical  Conic. 

We  find  from  equations  (12)  and  (53)  that  the  equation  of  the 
arc  passing  through  the  point  x\  y'^  and  perpendicular  to  the  arc 
which  joins  the  points  of  contact  of  the  two  tangent  arcs  drawn  to 
the  conic  from  the  point  x\  y,  is 

y—y' .,./ «'(^  +  ^')  —  ysin«» 

ar--a;'"~a;'6«(l +a«)"'a;'sin«/3  '  '     ' 

If  the  point  x'^  y'y  be  on  the  curve,  this  same  equation  becomes 
that  of  the  normal  arc  at  the  point. 

By  making  y  and  x  successively  =z  0  in  (69),  we  find  the  coordi- 
nates x''  and  y ,  of  the  points  in  which  the  arc  represented  by  equa- 
tion (69)  meets  the  greatest  and  least  diameters  to  be 

But  the  arc  which  joins  the  points  of  contact  of  the  two  tangent  arcs 

p 
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drawn  to  th«  conic  from  the  point  •r',  y,  meets  the  greatest  and 
least  diameters  in  points  whose  coordinates  ^,  and  ^j,  are  giren  by 
the  equations 

jr,  =z  — ,  and  y,  =  —• 

comparing  these  values  with  those  of  x*'  and  y%  giren  in  (70),  we 
have 


«^  -  ** 
ft*  —  a« 


(71) 


These  last  equations  show,  that  if  two  tangent  arcs  be  drawn  from 
any  point  to  a  spherical  conic,  and  another  arc  be  drawn  from  the  same 
pomt  perpendicular  to  the  arc  which  joins  the  points  of  contact,  these 
two  arcs,  which  are  at  right  angles  to  each  other,  will  meet  either 
of  the  principal  diameters  of  the  conic  in  two  points,  the  product  of 
the  coordinates  of  which  is  constant. 

Hence,  if  two  tangent  arcs  be  drawn  to  a  spherical  conic,  and  if 
the  arc  joining  the  points  of  contact  touch  a  second  spherical  conic 
which  has  the  same  foci  as  the  first,  the  arc  joining  the  point  of  con- 
course of  the  tangents  to  the  first  conic  with  the  point  of  contact  on 
the  second  curve,  will  be  a  normal  to  the  latter. 

As  a  particular  case  of  the  last  theorem  we  may  deduce  the  fol- 
lowing : 

Any  arc  passing  through  the  focus  of  a  spherical  conic  is  perpen- 
dicular to  the  arc  joining  that  focus  with  the  poyit  of  concourse  or  the 
tangent  arcs  drawn  to  the  conic  at  the  two  points  in  which  the  arc 
passing  through  the  focus  meets  the  curve. 

It  appears  from  (51),  that  equation  (69)  is  the  same  for  all  sphe- 
rical conies  which  have  the  same  cyclic  arcs.  Hence,  if  tangent  arcs 
be  drawn  to  one  of  two  biconcyclic  conies  from  a  point  on  the  other, 
the  arc  drawn  firom  that  point  perpendicular  to  the  arc  joining  the 
points  of  contact  on  the  first  conic,  will  be  a  normal  to  the  other 
curve. 

Equations  (70)  show  that  if  any  number  of  spherical  conies,  which 
have  the  same  cyclic  arcs,  be  cut  by  an  arc  perpendicular  to  either 
of  the  principal  diameters  common  to  all  the  curves,  the  normals  at 
the  points  in  which  this  arc  meets  the  several  conies  will  all  pass 
through  the  same  point  on  that  principal  diameter. 

In  order  to  find  the  length  of  the  normal  arc  y,  drawn  from  the 
point  jr',  y'i  to  meet  the  greatest  diameter  we  must  put  in  (8) 
y,f  ---  Q^  ^^^  x''  ^  i«  df' ;  (see  70) :  thus  we  obtain 

tans  -  ^(l-^)*  +  y(l +  «'*")  . 
tan,_— ^         (l  +  .«x"7 
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to  this  expression  we  may  give  an  elegant  and  symmetrical  form  ;  for 

l-i»  =  ^](l +««•*),  and3^^  =  -*(a«      a;^); 
the  numerator  in  the  value  of  tan*f  may,  therefore,  be  written  thus, 

%  [^  (1  -  0  (1  +  «*•')  +  K  -  ^'*)  (1  +  i*^'*)], 
which  is  evidently  pqual  to 

Expunging  the  common  factor  1  -|-  i*  ^,  and  observing  that 

a* 6*  +  a*y^  +  ft*  JT^  =  a« 5«(1  +  ft«) (a«  -  i« a^), 

and 

1  +  s^  +y«  =  (1  +b*)  (1  +  s«4r^),  (72) 


we  obtain  finally 


tanS  =        ./       ^1  X     «  (73) 


In  like  manner  we  find  the  length  of  the  normal  arc  t\  drawn  from 
the  point  3^9  y,  to  meet  the  least  diameter. 

It  is  evident  that 

tan  F   ft* 

tan  /        a*' 

From  equations  (68),  (73),  and  (74)  we  have 

tan  y  sin  tf  =  ^^,  and  tan  y'  sin  tf  =  a. 

Hence,  since  the  angle  between  the  normal  and  either  of  the 
focal  vector  arcs  drawn  to  the  point  a;',  y,  is  the  complement  of  ^, 
we  derive  the  following  theorem. 

From  the  points  where  the  normal  to  a  spherical  conic  meets  its 
greatest  and  least  diameters,  if  arcs  be  drawn  perpendicular  to  either 
of  the  focal  vector  arcs  passing  through  the  point  on  the  curve  at 
which  the  normal  is  drawn,  these  arcs  will  cut  off  constant  portions 
from  the  vector  arc. 
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Comparing  equations  (66)  and  (67)  with  (73)  and  (74)  we  find 

tan  y  tan  f'  :=  sin  ^  sin  f'  (1  +  u*).  (75) 

Let  us  denote  by  ^  the  angle  between  the  normal  and  the  arc 
drawn  from  the  centre  to  the  point  x^y  y,  then  we  shall  have 

sin  A  ^  sin  r^  006  {^  and  sin  a  tan  y  :^  ^  cos  r^ ; 

therefore, 

tan  y  tan  r'  cos  (  ^  bK  (76) 

Consequently,  if  we  denote  by  (  the  portion  cut  off  from  the  normal 
by  a  perpendicular  let  fall  upon  it  from  the  centre,  we  obtain 

tan  y  tan  { =  6».  ^  (77) 

8  23. — Equatiam  of  the  director  Arcs  of  a  spherical  Conic. 

fhe  director  arc  of  a  spheric^d  conic  is  the  locus  of  the  point  of 
concourse  of  the  two  tangent  arcs  drawn  to  the  conic  at  the  points 
where  any  arc  passing  through  the  focus  meets  the  curve. 

The  equations  of  the  director  arcs  corresponding  to  the  two  foci 
are  found  from  (53)  to  be 


x=±t.  (78) 

f 


In  formula  (9),  let  us  make 

/3  =  0,  and  «  zi:  ±  -, 
a 

and  it  will  give  for  the  value  of  the  sine  of  the  perpendicular  »  let 
fall  from  the  point  x^^  y'^  on  the  director  arc 

a  iz  up' 


Comparing  this  equation  with  (66)  and  (67),  we  see  that  the  sines  of 
the  distances  of  any  point  on  the  conic  from  a  focus  and  the  corres- 
ponding director  arc  are  to  each  other  in  a  constant  ratio.  If  m  be 
the  exponent  of  this  ratio, 

§  24. — Equation  of  the  spherical  Conic  supplementary  to  the  one 
represented  by  the  Equation 

The  spherical  curve  supplementary  to  a  given  one  is  the  locus  of 
the  poles  of  all  the  great  circles  which  touch  the  given  curve. 
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The  equation  of  the  tangent  arc  at  the  point  a?',  y\  to  the  conic 
represented  by  the  equation  0*^4- 6*  or*  =i  a*  6*,  has  been  shown 
to  be 

The  coordinates  of  the  pole  of  this  circle  or"  and  ^",  are  by  (2) 

^'  =  -J'««»'*^"  =  -J-  (81) 

Hence,  putting  the  values  of  x^  and  y  found  from  these  last  equa- 
tions in  o*  y'^  4-  6«  ^i?'*  =  a'  5*,  and  removing  the  accents  from 
x^f  and  y ,  as  no  longer  necessary,  we  find  the  equation  of  the  pro- 
posed locus  to  be 

hy^^a^aflznl;  (82) 

as  the  equation  of  the  given  conic  may  be  written  in  the  form 

^  +  ^-1 

it  is  plainly  supplementary  to  the  conic  represented  by  the  equa- 
tion (82). 

Since  a  >  h^  the  foci  of  the  supplementary  conic  are  on  the 
least  diameter  of  the  given  one.  Let  us  denote  the  greatest  and 
least  semidiameters  of  the  supplementary  conic  by  «'  and  /3^,  and 
the  distance  between  its  foci  by  2y  ;  then  we  shall  plainly  have 

«'  -^  /8  =  *  +  /3'  =  90«, 

so  that 

cosflf'       sin/S         .    ^ 

cos  y'  zz r  HI  -. =1  sm  ^. 

COS/3'       sm« 

Therefore,  the^^>ct  of  'the  supplementary  conic  are  the  poles  of  the 
cyclic  arcs  of  the  given  conic  :  and,  since  the  curves  are  mutually 
supplementary,  the  foci  of  the  given  conic  are  the  poles  of  the 
cyclic  arcs  of  the  supplementary  one. 

But  we  may  prove  the  existence  of  a  more  general  relation  be- 
tween the  two  curves  in  the  following  manner : 

The  equation  of  the  locus  of  the  point  of  concourse  of  tangents 
drawn  to  the  given  conic  at  the  points  in  which  any  arc  passing 
through  the  point  x\  y\  meets  the  curve,  being 

a^y'y  ^  b*  x'  x:iza*b*  ; 

the  coordinates  of  the  pole  of  this  great  circle  are 

x^        .      y' 
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Again,  the  equation  of  the  locus  of  the  point  of  concourse  of 
tangents  drawn  to  the  supplementary  conic  at  the  points  in  which 
any  arc  passing  through  the  point  whose  coordinates  are 

meets  the  curve,  will  be 

jr'*+yj^  =  -  1; 

and  the  coordinates  of  the  pole  of  this  great  circle  are  x*  and  y . 

Thus,  we  have  proved  that  to  a  point  and  its  polar  arc,  with 
relation  to  a  given  spherical  conic,  correspond  an  arc  and  its  pole 
with  relation  to  the  supplementary  conic.  It  appears  from  this 
that  to  a  focus  and  its  director  arc  in  a  given  conic,  correspond  a 
cyclic  arc  in  the  supplementary  conic,  and  its  pole  with  relation  to 
that  curve. 

The  two  supplementary  conies  being  thus  connected,  we  are 
able,  when  a  theorem  has  been  proved  with  relation  to  points  and 
arcs  belonging  to  a  spherical  conic,  to  deduce  from  it  at  once 
another  theorem  relating  to  the  corresponding  arcs  and  points  be- 
longing to  the  supplementary  conic. 

25. — EvoluU  and  otculating  Circle  of  a  upherical  Conic. 
ty  differentiating  the  equation  (37)  twice  we  should  find 

yrf^-4r'rfy=^. 
dx^  +  df^  +  (Wy -y(/j^)«  =  '^^ "^^^"^"^^  dx^.    (83) 

<**' + y  (yti»'  -  "'dtf')  ==  (1  +  6»)  dxf. 

dy  Arx'ix'dy  -  ydx>)  =  _  ^,  (1  +  ««)  dx'. 

b'dx" 
dyd'x'-dx'd>y'  =  —-.  (84) 

Making  these  substitutions  in  formulae  (20),  and  observing  that 
o*ft*  +o*y'«  +  fc*jf^  =  d»6«(l  +6«)(a«-i«4?'«), 

and 

(1+ ««  4.y«)  =  (1  4- i-)  (1  +  ^  a:«). 
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We  obtain  finally  the  coordinates  of  the  centre  of  the  osculating 
circle 

So  that  the  equation  of  the  evolute  will  be 

©•+(!)*='■ 

where 

Substituting  from  (83)  and  (84)  in  formula  (22),  we  get  for  the 
semidiameter  of  the  osculating  circle 

_  (a*6^4.o*y  4-6^ar^*)f  _  tan^ 
*^^""     a*fe*(l-|-^  +  y'«)i    ""    jo«  • 

§  26. — Rectification  and  Quadrature  of  a  spherical  Conic. 
The  formula  already  given  (24)  for  the  differential  of  the  arc 
of  a  spherical  curve  becomes,  when  we  put  in  their  values  (83)  and 
'  for 


(72)  for 
and 


i  +  ^^'+ys 

hdx  yfoF^^^TlF 


ds 


a^\  +6«(l  +  i«ar«)3^ 


Let  us  make  a;  =  a  sin  ^,  then,  by  the  equation  of  the  conic 
(37),  y-^zh  cos  f ;  and  the  differential  may  be  brought  into  the  fol- 
lowing form 

d.-      '      S     '  +  -' 1^       ^f       . 

a\/l+6»  f  l  +  «'«'sin«?         S   \/l-i«sin«<p 

The  arc  is,  therefore,  represented  by  means  of  two  elliptic  integrals 
of  the  first  and  third  orders,  having  i  for  their  common  modulus; 
the  parameter  of  the  latter  being  a«  €«. 

To  find  the  area  of  the  conic  we  may  employ  the  formula  (36). 
In  it  let  us  make 

x-zza  cos  ^,  and  ^  =  6  sin  ^, 
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as  the  equation  of  the  conic  permits,  then  we  shall  have 

aVl+c^i         l-8m«asm*tf>   Vl-sinVsin'^ 

The  area  may,  therefore,  be  made  to  depend  upon  two  elliptic 
integrals  of  the  first  and  third  orders  ;  the  parameter  of  the  latter 
beiiu;  —  sin*«,  and  their  common  modulus  siny. 

It  may  be  observed,  that  the  elliptic  integral  of  the  third  order 
which  presents  itself  in  the  quadrature  of  a  spherical  conic  is  of 
the  circular  and  not  of  the  log^arithmic  kmd,  since  sin*«  is  inter- 
mediate between  sin  V  an<l  1  • 


THE  END. 
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